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A. Theorem on the Unitary Groups over Rings
By
Takayuki Nono

(Received July 24, 1953)

1. It is well known® that the unitary group U(z, Q) over the sfield @ of
quaternions is isomorphic to the intersection of the unitary group U (2n,C) and the
symplectic group Sp (2n, C) over the field C of complex numbers. We shall extend
this theorem for the unitary groups over rings with unit element and with an
involution.

Let R be an arbitrary ring with unit element e, and with an involution 7, that
is, a one-to-one mapping £—£7 of R onto itself, distinct from the identity, such that
EADI =L 4nl, (En)=nlEl, and (&) =f. Let Vg be a right and left vector
space over R; an hermitian form over ¥y is a mapping (%,3)—>f(x,¥) of VexVz
into R, which for any z, is linear in y, and such that f(y,x)=f(x, ). This implies
that f(x,y) is additive in x and such that f(a\, y)=MAf(x,5). And suppose that
the form f is nondegenerate, or in other words that if f(x,¥)=0 for all ye V&, then
x=0. A unitary transformation # of Vz is a one-to-one linear mapping of Vz onto
itself such that f(u(x),#(y))=f(%,») identically, these transformations constitute
the unitary group U (Vpg, f ). As for these definitions, we followed J. Dieudonné® .

Let R be the ring, which is the 2-dimensional right and left vectot space over
R having ¢, and e; as a basis; in which the multiplication is defined by (i) the
distributive law, (ii) eoeo=eo,’e0e1=e1e0=ei, eie;=¢yp (peR), and (iii) e,ax=waey,
e a*=ne, for every ae R, where the mapping a—«a* is a one-to-one mapping of R
onto itself; and in which the involution J is defined by ey —e;, e/ —ew (v € R), and
aJ=qal for every a€R.

Moreover let Vi be the extension of Vz for the extension B of R, then Vi is
the 2-dimensional right and left vector space over Vp having ¢, and e¢; as a basis.
And suppose that epx=xe;, e;x=x%¢; for every xe Vg, where the mapping x—x* is a
one-to-one mapping of Vx onto itself.

2. We shall consider the condition for the R stated in 1 to be a ring with an
involution J.

Lemma 1. R is a ring, if and only if p*=up and p&**=gu for every &€ R.

Proor. For the R stated in 1, the multiplication is defined by (ko e em,
+em=eq(Emo+pEr*m)+e(E1mo+E¢*n); and the axioms of ring, except for the

1) Cf. C. Chevalley, Theory of Lie groups, Princeton University Press, 1946, p. 22.
2) ). Diedonné, On the structure of wunitary groups, Trans. Amer. Math. Soc, vol, 72 (1952),
p. 367.
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associativity of multiplication, are satisfied. The associativity of multiplication is
written as ((eo+ef) (e +en)) eotel)=Ceto+eE ) ((emotern) etotelr)),
that is, g **n*C =Eoun*1 and p*E**n 28 =E1um*E, for every &y, &, m and ¢
Therefore we have pb**=fu and u*=pu, as the necessary and sufficient condition
to be found. ‘ ‘

Lemma 2. In the ring R, the necessary and sufficient condition that the mapping
E-if defined by tey=e7 be a one-to-one mapping of R onto ilself is that u be neither
zero element nor zero divisor of R. ‘

Proor. If we write E=ekoteit) and G=emy+erm, then we have £¢¢=n, and
p(E*—n)=0. Since £,=0 must imply #,=0, pa=0 must imply a=0 for every
a€eR, and therefore pui=0 implies &=0 for every &eR. By Lemma 1, we have
ap=pa**; and so ap=0 implies =0, and therefore &u=0 implies ¥=0 for every
&eR. Thus we see that 4 must be neither zero element nor zero divisor of IR.
And the converse is evident.

In the following we shall always suppose that the mapping Z——»ﬁ defined by Eelzeﬁ
is a one-to-one mapping of P onto itself. Then we have fi=ek* +eé1*, and denote
it by ¥*. Obviously we have (Z#f)*=F*i* and (F*+i)*=F*+i* for every § ije R.

LemMa 3. The one-to-one mapping J of R onto itself such that &J =E! for every
teR, ef =ew(veR) is an involution, if and only if vI*v=vyI* =e, and E*I*v
=vEl for every E€R.

And then v has the inverse element; EJ is expressed by EJ=eyt! +et1* v.

Proor. If the mapping J is an involution, then £/ is expressed by &/ =(e,
et ) =¢E e +E 1 =epfo! +ef*v. Obviously this mapping is additive. And
(etot e )IT =ef (1 +e(EI* v)I* v=efotefr; that is, vix§IxIxp=f, for every
£,eR. In particular if we put &;==¢, then we have v/*v=¢, Furtheremore the map-
ping J satisfies ((efo-+e,&1)(eonot+erm))T =(egmo-+erm)’ (eéo+ei1), thatis, gl E* pl
=pqI**p*E I*p and g% g Ixv=nI*pEyl; here if we put §;=m,=¢, then we have
W =pr¥v, and E xI*v=vf!. Moreover if we take £, such as £*=v, then we have
e=vI*p=pfl, hence v has the inverse element. Thus, as the necessary condi-
tion that the mapping J be an involution, we obtain vI*y=pyI* =¢, ul =uv*y, and
ExIxy=ptl for every £cR. :

Conversely, from vI*v=¢ and (&I Y¥I*p=pf, it follows vI* £ IxI* p=£ ; and by
means of Eg*I*y=vf)! we have nI*Ep*I*v=nI*pEl; and moreover from »§,!
=g %y, ur¥v=pl, ppl**=plp and wE*)**=£* (Lemma 1), we have
popIx*pRE Iy —q T £ ¥ T Therefore these conditions are also sufficient for the
mapping to be an involution.

ReMARK. By means of Lemmas 1 and 3, it is easily verified that p*=Fu and
ErJxp=p}J for everyie R. ’ ‘ ‘

3. Let X be an element of V3, then X=eyx;+ex where x5, x € Vr. We assign
to # the element x' of VpxVp such that x'=(x,%). Let (%,9)—>f( 7 be a
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mapping of Vgx Vg into B, then £ (%, 7) is expressed as f (%, 5)=efo(Z, 7)+ei fi(Z, ),
where fo(%,9), fi(%,9)eR. If we put fo(Z, D=Ff(¥,y) and fi(Z, P=1i(#,y'), then
the mapping («/,y' )~ fo(x,y") and (&,y)->fi(¥,y) are mappings of (VX Vg)
X (Vgx Vg) into R. ’ )

In this section, we shall prove the following lemmas.

LemMA 4. The form F(%,9) is nondegenerate, if and only if fi(x,y') and fi(x',y")
are nondegenerate.

Proor. f(% #)=0, if and only if f(#,9)=0 and f£,(#,5)=0, since ¥=0 is
equivalent to x'=0, hence the lemma is proved.

LEMMA 5. The form f(%,9) is hermitian, if and only if fo(x,y') is an hermitian
form, satisfying fo(x"™,9"*)=pv*fy(x,y")*, and fi(x,y') satisfies pfi(x!,y")*=F, 9™,
where x"*=_uxy*, %*).

Proor. The condition 7(&, #+2)=F (% )+ f(%,2) is equivalent to that fo(x/,y'+2')
=f(&, )+ fo(«,2') and fi(x,y'+2)=fi(¥,¥)+fi(«,2’). And the condition that
F@)=Ff (%, X for every Xe? is that F(& M)=F(Z A for every AeR and
F(Z ye)=F (% 9e;. For, obviously the condition is necessary, and coversely, for
A=NoertMen, Mo, M€ R, 7 (3, IN)=F (% F(hoeo+Mer1) =7 (, FNoeo) +F (%, FNer)

=7 (% Phoeo+7 (&, INe=F (%, DNy +7 (%, ey

=7 (%7 Noeg+Me)=F (%, HX .
And F(& #m)=F(, 7\ for every AeR, if and only if fo(&,yAN)=f(x,)L and
&, ¥y =f1(«/,y)N. For, A corresponds to y'A, for ‘AeR. Next, since Yer=(eyy,
+ey)e=euy *+e 3¢ for F=eyy,+ey1, e corresponds to (uy*,y:*), (we denote it
by ¥*). That is, y*=(uy* ), and hence y**=(uy**, uy**)=Cnp, np)=y'n,
(by Lemma 1). And then we have f(&,7¥e)=efo(x,y*)+e fi(x,¥*), and, on the
other hand, (%, Me;==(eofo(«, y') +e fi(x, ¥ Ver=eopufi(x, ¥ )* +e1 fo(x/, »)*. Therefore
we see that f(&, ¥e))=F (%, ey, is equivalent to

1) foild, y®=pfi(f,y)*

and
@) AW,y =f(, ¥)*

Moreover we shall show that (1) implies (2) under the assumption that f,(s’,y')
is linear in ¥ over R . If we substitute y'* for y in (1), then we have

B, YFO*=fio( &, y*%)
=fo(¥,y'n)  (since y™**=y'u)
=f(x, ¥ p (fo(x', ") is linear in ¥ over R),
and by means of Lemma 1, fy(«,y ) *u=pfi(x,y***=f(«',y*)u. Therefore, by
Lemma 2, we have fy(«/,y' Y*=£A(x', y'*). ‘
Next we shall consider the condition for f(z, ¥)/=7(5, x).

1) (2) implies (1) under the assumption that f; (#/,5') is linear in »' over R.
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- FEDT=(eofolx, ¥+ e filx, YD =e fi(x, y)+e fi(x, )%y,
and, on the other hand, F(F,%)=eyfo(¥, x’)+e1f1(y #").  Hence we see that f(%,9)
=7(3,3), if and only if . .
@) folx, ¥ =Sfo(, &)
and

(4) fl(x,) J")I*I’:fl(.’v’, x/) .

Furthermore we have

fo(x* YR =pfix*, 9y (by (1))
=pfi(y, ) Ixx* " (by (4)
=f(¥', &%) pr* " (by Lemma 1)
=f ', &' Y pv* (by (2))
=uv¥*fo’ y, 2/ YI* (by Lemma 3)
=pr*fy(x, /)% (by (3)),

that is, we have

(B)  folx* y*)=p*fo(x, 3%,
or, in the other expression, o k

&) vh(x, ) p=f(x*,y™*).
And similarly we have V

®6) Ay =vpfix,y)*.

Conversely, it is easily seen that (4) follows from (1), (2), (3) and (5). ‘

Moreover we remark that under fhe condition (1), if fy(«,»') is linear in ¥/,
then f1(«#/,5’) is linear in y’. Indeed, if fo(«',') is linear in /, then, by (1), it holds
that pfi(a,y'+2))*=fi(«, (9 +2'Y)=fo(&, y"™* +2"*) = fo(&', ) + fo (&', 2* )= p( f1( ¥, )
+/i(#,2))*, and pfi(#, yA)*=fo(#, (AY)=Ffo(&, y*N)=fo (&', y*)N*=p(fi(«, Y IN)*.
Since u iS neither zero element nor zero divisor of R and =#-correspondence is a
one-to-one mapping of R onto itself, fi(#,»') is linear in ». Thus this lemma is
completely proved.

4. As before, let % correspond to the element ¥ of VzpxVp, then this corre-
spondence is a one-to-one mapping of V3 onto Vpx Vg; and therefore there corre-
sponds to every one-to-one mapping # of V# onto itself a one-to-one mapping #’ of
Virx Vg onto itself such that #(Z)—>u/(x’) if Z—x'. Moreover, to the product #7 of
two one-to-one mappings # and ¥ of Vg onto itself, there corresponds the product
u'v'of the corresponding one-to-one mappings of Vgx Vz onto itself.

We shall prove the lemma.

LemMA 6. The mapping ¥—>it(Z) of Vi onto itself is linear over R, if and only
if the corresponding mapping x'—u'(x') is linear over R and satzsﬁes the condition

W ()= (' )*.
ProorV . If we write #(Z)= eouo(x’)+e1u1(x’), uy(x), ) (x')eVg, then we have

1) This proof is similar as in Lemma 5.
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w (x)=(u(x"), uy(x)). It is obviously seen that # is additive, if and .only if #' is
additive. The condition #(ZX)=#(%)X for every X e R is equivalent to that #(Zx)
=a(Z)N for every Ae R and #(3e))=i#(Z)e;. That #(EA)==at(Z)M for every AER is
equivalent to that «/ is linear over R. And that #(Xe)=#(X)e, is equivalent to
that ey (2™ )+ eyue) (2% Y=(epteg(x' )+ 1001 (x') ey =eppu, (X ) * 4+ e109(x')*, hence we have
peey (X)) ¥=ug(x™*) and uy(a)Y*=u,(x'*), i.e.,, (/(#'))*=u/(x'*). This proves Lemma 6.
(Moreover we remark that under the assumption that #y(x’) and #;(x’) are.linear
over R, uy(x)*=u,;(x*), if and only if wuu;(x)*=u(x"*)).

5. Let f be a nondegenerate hermitian form over Vp and let # be a unitary
transformation of Vz with respect to f, that is, # is a one-to-one linear mapping
V# onto itself satisfying Fa@), % F))=F(% 7) identically. Then the condition
F@, #(¥)=F(%%) is equivalent to that fo(a/'(x), W (¥y))=Ff(¥,y') and
fi(a! (), w!' (¥))=Ff1(#',%'); hence #' is a unitary transformation® with respect to
fo of VexVp Here we shall define that #' is a symplectic transformation with
respect to fy if #/ is a one-to-one linear mapping of Vyrx Vi onto itself such that
fi(u' (), W (Y)=1i(x',y') where fo(a,y*)=pfi(x',y')*. These transformations con-
stitute the symplectic group Sp(VeXx Vg fo). And therefore we can say that if
#te UVEJ), then w' € U(Vex Vg, fo) ~Sp(Vex Vg, fo)-

- Conversely if w' e U(Vrx Vg, fo) ~SH(Vr X V&, f3), then we have fy(#/(x'), 2'(3y'))
=fo(#,3') and fi(#'(x"), u' (9))=f1(«,¥'), that is, f(ﬂ(x),u(y) 7). And more-
over # is linear over R ; because, for any X € R,

F G, aCOR =R =F (@), n(@X—a(¥))
(since # is a one-to-one mapping of V# onto 1tse1f
any ¥ of V3 is expressed in the form #(2))

=F (@), #(@)IXN—F(#Z), #(Z\))  (f is linear over R)
=F(@,DX—F (2 2\) (% is unitary)
=Ff (& HX—F (2, HX=0 (f is linear over R),

that is, we have f(¥,@#()X—a#(AX))=0 for every e R, and hence, as f is nondege-
herate, we have #(Z)A=##(#\), thus # is linear over R. ' )

Let GL(V#%) be the group of all one-to-one linear mapping of V& onto itself,
then, by the correspondence #%—#’; this group is isomorphic to a subgroup L(Vgx Vg)
of GL(VgxVg).

Now we shall prove that, under the condition #/(x'*)=Ca/(x'))*, fo(u/(x'), ' (¥"))
=fy(x',¥') identically if and only if fi(«/(x’), #'(y'))=/f1(«/,y') identically. By means
of (1) in 3, we have pfi(«,y')*=Ffo(¥,*) and pfi(w/(x'), &' (3" ))*=Ffo(u'(x"), u'(¥')*);
by the hypothesis #/(y*)=u/(3")*, we have pfi(u@'(x'), w' (¥ )3*=Ffo(s/'(x), v (3"*)).
Hence fy(#/ (), W/ (y'*))=fy(#'(«,y™*) - implies fi(#'(x), %' (¥ ))=f(#,5). Similarly

2) 4 is linear over R by Lemma 6.
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by means of (2) in 3, fi(«/(x'), w'(¥'))=fi(x,y') implies fo(a' (&), w' (y))=Ffo(¥',¥").

Summarizing theszs results, we obtain the following

Tueorem. The unitary group UV, f) is isomorphic to the group U(Vgx Ve Jo)
~SPp(Vrx VR, fo), and moreover U(Vr> Vg, fo) ~SH(Vex Ve f)=L(Vex Ve)~U(Vz
XV, JO=L(Verx V&) ~ Sp(Vex Vi, fo), where F(Z ¥)=ef(x,y)+eifi(x,y') and
L(VrxVg) is a subgroup of GL(VRx V) isomorphic to GL(VE) by the correspondence
n—>u.

6. As an example, we shall consider the Clifford algebra as the ring R. Let 4
be a commutative ring with unit element e, and let C,(py, p1,, pm) be a Clifford
algebra of dimension 2m over A with py,p1, ,Pm as a basis, that is, the basic
elements satisfy

Bi=po, Dobi=bibv=pi, Di=—bv, Dipi=—bip; (i <j) £,j=1,2,,m
apy=pia, api=pia (i=1,2,--,m) for acA.

Then the element & of C,, (py, p1, -, D) is expressed as
A=) Guyay - ap PV D3* ~ Dy*,  Where  Guay-am€Ad, ai=0,1;

and we-see that &=pyg+Pma;, where o, 1€ Cm-1(bo, b1, > Pm-1). If we define
the involution J of Cu(Py,p1, ~»Pm) by the following conditions: (ax+b8)7
=acat + 087, (a,beA), (aB)/=pBJal and pJ=—p; then we have &/
=3 (—1)"2;‘ K Aoy ay DT D3 - Dp. And we define the %-mapping by the condi-
tions (aa+bB)Y*=aa*+bB*, (a,be A), (aB)¢=a*B*, and pf=ps, DE=Dm, D¥= — Di
(=1,2, -, m—1), then we have @*= 3 (—1)®:1+da* = +@n-1 @y, .. 4., PI* P3* - P and
&Ppm=&*Pm.

If we consider Cum (D, D1, -~ Pm) and Cm—y (Do, D1, =, Pm-1) as R and R in the
preceding sections respectively, then we easily see that pu=p*=—p, v=r*=v/*=—p,
pE**=tu, wl/=pv*v, and E*J*=E£J(¢e Cm-1(Po, 1, bm-1)), and therefore that
Cum (Do D1, -+, bm) is a ring with an involution J over Cpu-1(py,B1, =« Pm-1)- Let C,

n
be an #m-dimensional vector space over Cp, and let us define f (%)= 212{ iy
=
F=(%1, & s £n), J7=(771,’77'z, -, 7x), then f(&7) is evidently hermitian, and then
S, )= zx{ Yoi + xh y1i and fi(x, y) E(xu, yi—x* y) where Fi=eyti-teityi,

i=eoYoit+ e, %oi, %i, Yoi and yii € Con-1(po, b1, > Pm-1)-
As a special case of the theorem, we obtain the following theorem which
contains the theorem stated at the beginning of this note as the case m=2.

TurorEM. The unitary group U(CH) is isomorphic to the group U(CZE;)
~SH(CZ), and UCCY-1) ~ Sp(CH-1)=L(CY-1) ~ U(C-1)=L(C4-1) ~ Sp(Ch-p),
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where L(Ch-1) is a subgroup of GL(Ck-1) isomorphic to GL(Cp) by the correspon-
dence o — /.
I wish to express my thanks to Professor Kakutaro Morinaga for suggesting

this investigation as well as for constant guidance in the course of the work.

Mathematical Institute,
Hiroshima University
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