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§ 1. Character of the new fundamental 
group of transformations. 

In the previous paper [1], we have shown that the special Lorentz trans
formations are available only in the case where the properties under con
sideration are assumed to be spherically symmetric. In the case where it is 

• not assumed whether the properties considered are spherically symmetric or 
not, a new fundamental group of transformations should be taken in place of 

special Lorentz transformations, as representing the relations between the 
coordinates of two systems one of which is moving with uniform velocity to 

the other. Such a new fundamental group of transformations has been 
searched in the previous paper [2]. The form of the equations of the trans

formations of this group, has been given by the expression (1.2) of the 
previous paper [3], as follows 

x'i=xJ [o~- /~(;~;;c d1 -di Cii(~:)/& - -~J~~(d<:)?:& }] 
+t[di (uu)/c-(du}{l- ✓1-(uu)/c2} _ ui ] 

{1-(du)/chll-(uu)/& 1-(du)/c ' 
(1.1) 

t' =[t-(ux)/&]j✓ 1-=-(uu)/c2 (i,j=l, 2, 3) 

the notations which appear in the expression, being explained there. 
The essential difference between the transformations (1.1) and the special 

Lorentz transformations, is that the former transformations (1.1) contains 
constants di, d2, d3 which are considered as representing the direction cosines 
of certain direction because of (dd)=l. Thus by the new fundamental group 
of transformations, certain direction whose direction cosines are di, d2, d3, is 
introduced. Concerning such a direction determined by the direction cosines 

di, <h, d3, we can show that the following statements hold. 
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I. When the direction of progress of light coincides with the direction 

whose direction cosines are di, d2, d3 in a coordinate system K(x,y, z, t), an 

aberration of light is not found along the direction perpendicular to the direc

tion of the progress of light. 

II. In the case where the properties under consideration are assumed to 

be axially symmetric, the direction of the axis of axial symmetry coincides 

with the direction determined by the direction cosines d1, d2, d3• 

In the following sections (2,3), we give the proof of the above statements. 

§ 2. Aberration of light. 

We consider two coordinate systems K(x,y, z, t) and K' (x', y', z', t) one of 

w.hich K' is moving with ur{iform velocity to K, ;the x-,y-, z components of 

the velocity being u1, u2, u3 with re3pect to K. The relations between the 

coordinates of K and K', are given by the equations (1.1), where xi (i= l, 2, 3) 

are used in place of x, y, z. Now we. suppose t~at the direction of the 

uniform velocity of K' with respect to K, is perpendicular to the direction 

whose direction cosines are di, d2, d3, i.e. (du)=O. Under this supposition, 

we can show that the progress of light . in the direction whose direction 

cosines being di, d2, d3 in the system K, is observed unaltered by the trans

formations of coordinates from K to K', namely, by the transformations (1.1), 

the velocity dxi/dt=cdi is transformed to dx'i/dt' =cdi. This result is easily 

deduced, from (1.1), by calculating dx'i/dt' under the conditions (du)=O and 

dxi/dt=cdi. Hence, in this ease, the aberration of light is not found. Thus 

the first statement of § 1 is proved. 
In other cases, however, we see that the aberration of light is found. · 

l'.e>r example, to compare the aberration of light introduced by the special 

Lorentz transformations with the result deduced from (1.1), · we consider the 

case where the direction whose direction cosines are di, d2, d3, is perpendicular 
to the direction of the progress of light and the former direction coincides 

with the direction of the uniform velocity of K', . viz. ui=diu, u being the 
' 

magnitude of the uniform velocity of K'. In · this case,· substituting ui = diu 

into (1.1), the relations between the coordinates of K and K' are- expressed 

as follows 
' 

x'i=x1[s~-did1{1-vi!u2/c2 }J-V~u__~2/& (2.1)-

t'=Ei-~(ux)'.c2Jj-vT--ii21c2 · (i,l=1, 2;-3) 
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Hence, from the above, we have 

d x'i _ [d x1/dt][{Bi. -di d •hl1-u21c2 +di d ·]-u di 
--- J J I J 
dt' 1-ud1 [dxl/dt] ___ _ (2.2) 

From these equations, an aberration of light is introduced similarly as de-
duced from the special Lorentz transformations: 

§ 3. Axis of symmetry in the case of axial symmetry. 

In this section we shall prove the second statement of.§ 1. For. this 
purpose we take the case where_ the properties under consideration are axially 
symmetric (not spherically symmetric),. and suppose that the direction cosines 
of the axis of axial symmetry are a1, a2, a3• In this case physical laws should 
be expressed in the forms which are invariant not only by the transformations 
(Ll) but also by the rotations about 'the axis of axial symmetry. Hence t~e 

transformations (1.1) and the rotations about the axis of axial symmetry 
should constitute a fundamental group of transformations. The rotations 
about the axis determined by the direction cosines a1, a2, a3, are generated 
by the infinitesimal transformations with the operator 

where Rh=EMJ xi a/axl 

1 if h, i, j is an even permutation of 1, 2, 3, 
EhiJ= { ~ 1 if h, ·i, / is an odd permutation of 1, 2, 3, 

0 in any other cases. · 

(3.1) 

and double suffixes are summed from 1 to 3. On the other hand,. the group 
of transformations (1.1), u1! u2, u3 being regarded as parameters, are gene~at~q 
by; the infinitesimal transformations with the operators 

S;=L ~ + [{c!-(dx)} oi +d;xi]~1 · 
cat ax 

=Qi-EiJk dk R,1 

where · Q·= ~_§__+ct-a-
• ·cat - axi 

. (3:Z) 

(3.3~ 

(The' equations· (3.2) are obtained from the equations (3.3) of the previous 
paper [3], and (3.3) are obtained from the equations (2.4) of the previous 
paper [2], by putting h=k=O and replacing d1 by -d1). Therefore, the 

condition that the transformations .(1.1) and the- rotations. about the axis of 
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axial symmetry constitute a group, is equivalent to the condition that the 
operators (3.1) and (3.3) generate a group, i.e. the commutators of (3.1) and 

(3.3) are expressed by linear combinations of (3.1) and (3.3) with constant 
coefficients bi and b{ as follows 

[A S;]=b; A+h/ Sj. 

The left hand side of the above is calculated as follows 

[A S,·]=ah [Rh Q;]-ah E;Jk dk [Rh R 1]=ah e;hJ Q1-ah dk e;;k EJhl R, 

=ah E;hJ Q1+ah dk (B;h Bk1-Bkh Bu) R, 

=ah E;hj Q1+ai dk Rk-ah dh R;, 

white tbe right hand side of (3.4) is expressed as 

b; ak Rk+b{ (Q1-em d 1 Rk). 

(3.4) 

(3.5) 

(3.6) 

Hence, in order that (3.5) may be equal to (3.6), the coefficients of the 
operators Qj and Rk of (3.5) and (3.6), must be equal to each other, i.e. 

(3.7) 

(3.8) 

Substituting the left hand member of (3. 7) into the place of bf of (3.8), we 

have 

(3.9) 

The last term of the above is calculated as 

(3.10) 

Hence (3.9) becomes 

(3.11) 

Multiplying (3.11) by dk and summing the resulting equations for k=l, 2, 3, 

we have 

ai =h; (ad)+ (ad) di (i=l, 2, 3) (3.12) 

From these equations, if follows that (ad) =I= 0. Because if (a d)=O, (3.12) 

become ai =O which contradict the supposition that the direction cosines of the 
axis of axial symmetry are denoted by a1, a2, a3• Hence, dividing each term 

of (3.12) by (ad), it follows that 

b;=-d; +ai/(a d). 
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Substituting (3.13) into (3.11), we have dk=ak/(a d), which shows that the 

direction whose direction cosines are a1, a2, a3, coincides with the direction 

determined by the direction cosines d1, d 2, d 3• So we have proved the second 

statement of § 1. 

In the following section, we will consider some results which will be 

deduced from the transformations of the group generated by the operators 
(3.1) and (3.2). 

§ 4. Momentum and _mass in the case of axial symmetry. 

In the previous paper [3], we have defined momentum and mass as an 

invariant vector of the group of transformations (1.1). Namely, the momentum 

Afi and mass M of a particle moving with the velocity whose x-,y-, z-com

ponents being v1, v2, v1, have been defined by the equations (2.2) of the 

previous paper [3], as follows 

Mi- ___ 'I'!!_ __ vi+ ni/I-(vv)lc2 +(lv)/c cdi+c/i 
ill-(vv)/c2 1-,(dv)/c 

(4.1) 
M= __ m_~- + n111-(vv)/c2 +(lv)/c (" 1 2 3) 

i/l-(vv)/c2 1-(dv)/c i= ' ' 

where m and n are arbitrary constants and /i (i=l, 2, 3) are any constants 

subject to the condition (d l)=O. 

In this section, we will determine Mi and Mas an invariant vector not 

only of the group of transformations (1.1) but also of the group of rotations 

about the axis of axial symmetry. Such an invariant vector may be re

garded as giving a definition of momentum and mass in the case where the 

properties under consideration are axially symmetric. 

In the previous section 3, we have proved that the direction of the axis 

of axial symmetry coincides with the direction determined _by the direction 

cosines d1, d2, d3• Hence the group of rotations about the axis of axial 

symmetry, is generated by the infinitesimal transformations with the operator 

(4.2) 

The infinitesimal transformations corresponding to the operator (4.2), are 

expressed as follows 

{ 
x'k=xk+di E;Jk xi o T 

t'=t (k=l,2,3) 
(4.3) 
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o T being an infinitesimal quantity; The condition that Mi and M defined 

by ·(4.1) are invariant by the rotations about the axis whose direction cosines 

are d1, d 2, d3, is that ( 4.1) is invariant by the infinitesimal transformations 

(4.3). By the transformations (4.3), velocity vk and momentum Mk are trans

formed to 

(4.4) 

(4.5) 

respectively, and momentum M is unaltered, i.' e. 

M'=M. (4.6) 

Hence the condition that Mi and M defined by (4.1) are invariant by (4.3), 

is that M'k and M' determined by (4.5) and (4.6) are equal to quantities 

which are obtained by replacing vi in the expression (4.1) by v'i. Namely 

M'i = ~ m~·- v'i + n✓l-(v'v')/<}+ (lv')Jc cdi +cli 
✓1-(v'v')/c2 1-(dv')/c .. 

M'= . m + n✓i-=(E'v')/f+(lv')/£_ 
✓1-(v'v')/c2 1-(dv')/c 

But we see that (v'v')=(vv) and (dv')=(dv) by the relations (4.4). 

( 4:8) becomes . 
(lv')=(lv). 

(4.7) 

(4.8) 

Hence 

(4.9) 

Therefore, substituting (4.9) into (4.7) and using the relations (4.4) and (4.5), 

we have 
dh Ehjj /i OT=O 

These equations are rewritten as 

(h, i,j=l, 2, 3). 

dh /i-di /h=O. 

Combiningthes_e equations with the condition (dl)=O, we have 
. '·, 

(j=l, 2,3) (4.10) 

The eq~ations (4.10) are the condition that Mi and M defined by (4.1), are 

invariant by the infinitesimal transformations (4.3). Under this condition, 

(4.1) becomes 

(4.11) 
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M= m + nill-(vv)/c2 
11l-(vv)/c2 l-(dv)/c 

(4.12) 

where m and n are arbitrary constants. The expressions (4.11) and (4.12) 
give a definition of momentum and mass in the case of axial symmetry. 
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