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I. Introduction 

Let 53, fill be Lie algebras over a field K of characteristic 0. A linear 

mapping D of 53 into 9Jc is called a derivation of 53 into illc if D (x 0 y) = 
D(x) 0 y + x O D(y) for all x, y in 2. A derivation of 53 into itself 1s simply 

called a derivation of 53. The set :tl (53) of all derivations of 53 forms a Lie 

algebra with the commutator product D1 ° D2 = D2D1 - D1D2, which is called the 

derivation algebra of £3. For any element x of 53, the adjoint mapping 

Dx: y-yux is a derivation of 53. Such a derivation is called inner. It is 

easy to see that the inner derivations of £ form an ideal in '.tl (£) which we 

denote by ] (53). Let 531 be a subalgebra of £3. We shall denote by DI B1 the 

restriction to 53 1 of a derivation D of 53 and, for any subset Q: of '.tl (53), denote 

by ~ I £1 the set of D [ 21 for all D in Q:. A subset of B is called characteristic 

if it is mapped into itself by every derivation of 53. The radical ffi of 53 is 

a ·characteristic ideal [2] so that :tl (2) I ffi is a subalgebra of :tl (ffi). If there 

exists a subalgebra 53 2 such that 53 = 21 + 22 and B1n22 = 0, then we say that 

53 splits over 53 1 and that 53 2 is a complement of 21 in 2. 

The purpose of this paper is to study the relations between the derivation 

algebras of Lie algebras and their radicals. By a well-known theorem of E. 

Cartan, every derivation of a semi-simple Lie algebra is an inner derivation. 

We give a necessary and sufficient condition for a derivation of 53 to be inner 

(Theorem 1) and show that every derivation of 53 is inner if and only if 

'.tl (53) I ffi = ~ (2) I ffi (Theorem 2). Recently G. F. Leger [5] has proved that, if 

'l) OR) splits over ~ (ffi), 'l) (53) splits over 3 (2). We show that, in order that 

~ (B) may split over ZS (2), each of the following conditions is necessary and 

sufficient: (1) 'l) (2) I ffi splits over ~ (2) I lR; (2) '.t (2) I ffi splits over ~ (ffi) 

(Theorem 3). We also generalize a result of G. Hochschild [2] and study the 

derivation algebras of reductive Lie algebras. 
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2. Preliminary lemmas 

We know l2] that a Lie algebra· S3 over K is semi-simple if and only if 

every derivation of £ into an arbitrary Lie algebra 9Jl :=i. 53 can be extended 

to an inner derivation of 9JL Let st be a semi-simple ideal of 53 and let S3o 

be the set of all elements x of S3 such that x O '.t = 0. Then it is easy - to see 

that 530 is an ideal of £ which contains the radical of 53, and that S3 is the 

direct sum of st and 530 • We shall first show the following 

LEMMA 1. A semi-simple ideal of S3 and its complementary ideal in 53 are both 

characteristic. 

PROOF. Let st be a semi-simple ideal of 53 and let S.lo be the comple

mentary ideal of st in 53. Let D be any derivation of 53. Then D / % 1s a 

derivation of '.t into 53. Since '.t is semi-simple, there exists an element x rn 

53 such that DI '.t = Dx / '.t. Then we have D (%) = % 0 x C %. Therefore % 1s 

characteristic. Let lR be the radical of 53 and let S be a maximal semi-simple 

subalgebra of 530 • Since ffi is also the radical of Bo, we have S3o = 8 + ffi. 
We can now find an element y in 53 such that D /®=Dy/ 8. Since 530 is an 

ideal of 53, it follows that D (e) = 6 ° y c 530 • This, together with D(ffi) ~ ffi, 

gives D(S30 ) ~ 530 • Therefore 530 is characteristic and the lemma is proved. 

Let '.ti, %2 be semi-simple ideals of 53. Let %3 be the complementary 

ideal of st1 in %1 + '.t:2. Then '.t:3 is isomorphic to (%1 + %2) /'.ti and therefore 

to '.t2/'.t1nst2. Since '.l:2 is semi-simple and '.t1n'.t2 is an ideal of '.l: 2, it 

follows that '.l:2 /%1 f"\ '.l:2 is semi-simple and therefore '.l:3 is also semi-simple. 

Hence %1 + %2 is a semi-simple ideal of 53. Thus the sum of all semi-simple 

ideals of £ is the largest semi-simple ideal of £. We shall now prove the 

following lemma (see [3, Theorem 1.2]). 

LEMMA 2. Let ffi, in be the radical and the largest nilpotent ideal qf 53. Let 6 be 

a maximal semi-simple subalgebra of the complementary ideal of the largest semi-simple ideal 

in 53. Then no Dx for x in 6 induces inner derivations of lJi and of 9l. 

PROOF. Let '.t be the largest semi-simple ideal of 53 and let 530 be its 

complementary ideal in 53. Then we have 530 = S + ffi. Since in is character

istic [3], Dxlin for any x in 2 is a derivation of in. If we denote by lt;1 the 

set of all elements x of 6 such that Dx I in is an mner derivation of 9l, then 

it is easy to verify that 61 is an ideal of 6. Hence 6 1 is semi-simple. But 

it is clear that the mapping x E 61 ~ Dx I 9l is a nilpotent representation of 6 1. 

Therefore we have Dx!in~O for all x in 6 1• Then, from the fact that D(ffi)Cin 
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for every derivation D of B, it follows that D/(ffi) = 0 for all x in @:J 1 and 

therefore the mapping x E @:,1--+ Dx / ffi gives a nilpotent representation of @:J1. 

Since 01 is semi-simple, we have Dx / ffi = 0 for all x in @:J1, i.e. ffi 0 @:J1 = 0. 

Thus we see that @:J1 IS a semi-simple ideal of B. Then '.t + 8 1 is also a 

semi-simple ideal of B and, from the maximality of '.t, we conclude that 

81 = 0. In a similar manner we can show that, for any element x of @:J, 

Dx I ffi is not an inner derivation of ffi. 

LEMMA 3. 3 (B) / ffi coincides with 3 (ffi) if and only if 2 is the direct sum of a 

semi-simple ideal and the radical. 

PROOF. Let '.t be the largest semi-simple ideal and let 0 be a maximal 

semi-simple subalgebra of the complementary ideal of '.t m B. If S (2) I ITT= 

3 (ffi), then we have Dl!:i j ffi c S (ffi), where Dl!:i j ffi denotes the set of D.,. / ITT for 

all x in S. It follows from Lemma 2 that 0 = 0. Therefore B is the direct 

sum of '.t and ffi. The converse is evident. 

LEMMA 4. ~ (B) j ffi splits over 3 (ffi). 
PROOF. Suppose that '.t, 0 have the same meanings as m the proof of 

Lemma 3. Then we have 2='.t+S+ffi. It follows that S(B)/ffi=D2;/ffi+S(ffi). 

Lemm 2 tells us that D;; / ffi nS (ITT)= 0. Thus 3 (B) / ITT splits over 3 (ffi) as the 

lemma asserts. 

We remark here that, if the adjoint representation of £ is splittable, an 

analogue of Lemma 4 for the largest nilpotent ideal fil can be established. 

In fact, if 3(£) is splittable, then there exists an abelian subalgebra ~ such 

that ffi = fil + %I, filn W = 0 and that, for any element x of W, D.,. is a semi

simple matrix [6]. From this fact and Lemma 2 it follows immediately that 

3 (B) I fil splits over ~ (fil). 

3. A necessary and sufficient condition for a 

derivation to be inner 

In this section, making use of Lemma 2, we shall show the following 

theorem. 

THEOREM 1. Let 2 be a Lie algebra aver K and let ITT be its radical. Then a 

derivation D of 2 is inner if and only if there exists an elment x in 2 such that D / ITT= 

D.,.l~t 

PROOF. The necessity IS evident. We shall show the sufficiency. Let '.t 

be the largest semi-simple ideal of 2. Let £0 be the complementary ideal of 



74 s. TOGO 

:l: in 2 and let 6 be a maximal semi-simple subalgebra of 2 0 • Then we 

have 52 0 = ® + ffi. If we write 6 0 = % + 8, then it is clear that 8 0 is a semi

simple subalgebra of 2. Therefore there exists an element y in 2 such that 

DI ®o= Dy/ 0o. We put D1 = D - Dr Then Dr is a derivation of 2 such that 

D1 (®0 ) = 0, and it is sufficient to show the statement for Di. 

Suppose now that D is a derivation of 2 such that D(®0 ) = 0 and satis

fies the condition of the theorem. Let 8 denote the center of ffi. Since ,8°@5c,8 

and since every representation of a semi-simple Lie algebra is completely 

reducible, we can find a subspace U such that ffi = ,8 + U, BnU = 0 and 

U O ®CU. Let x be an element of 2 such that D / ffi = Dx I 81:, where we may 

suppose that xis in ®+U. Then we have D(s 0 r)=D.,(s 0 r) for alls in 6 

and r in ffi. Since D (60) = 0, it follows that D., (s) 0 r = 0. If we put x = s' + u 

with s' in E5 and u in U, then we have D'°',(r) = Du,,(r) for all r in ffi. Since 

u O s is in ffi, by Lemma 2 we see that s O s'= 0. Thus 6 ° s' = 0 so that s' = 0, 

whence x is in U. Then it follows that Dx (®) C 6 °UC U and that D., (6) C ,8. 

Therefore we have D.,(S)c,BnU=0. Now it is obvious that Dx(So)=0, 

which shows that D = Dx- Thus the theorem is proved. 

4. Derivation algebras of Lie algebras and their radicals 

There are intimate connexions between the derivation algebras of Lie 

algebras and those of their radicals. As an immediate consequence of Theor~m 

we have first the following 

THEOREM 2. Let 2 be a Lie algebra aver K and let ffi be the radical of 2. 
Then '.l) (2) = S (2) if and only if ~ (2) / ffi = S (2) I ffi. 

We shall denote ~1(2)=~(2), ~i2)='.l)(~1(2)), ...... , '.l)n+1(2)='.l)(~n(2)), 

Now let 2 be neither semi-simple nor solvable, and let the center of 2 
be zero. Then a Lie algebra isomorphic to mn (2) for a sufficiently. large n 

gives an example of a Lie algebra whose derivations are all inner [l] and 

which is neither semi-simple nor solvable. It is also to be noted that a 2-

dimensional non-abelian Lie algebra over K is a solvable Lie algebra whose 

derivations are all inner [2]. 

COROLLARY 1. If every derivation of ffi can be extended to an inner deriva.don of 

S3, then dl derivations of S3 are inner. 

COROLLARY 2. Let 2 be a Lie algebra aver K and. let ffi be the radical of 2. 

Then, in order that every derivation of ffi may be inner, each of the following conditions 
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is necessary and sufficient : 

(I) Every derivation of 52 induces an inner derivation of ffi. 

(2) Every de1ivation of 52 is inner and 52 is the direct sum of ffi and a semi-simple 

ideal. 

PROOF. This follows immediately from Theorem 2 and Lemma 3. 

We know a theorem of G. F. Leger on the derivation algebras of Lie 

algebras [5]. But the result can be generalized. Along the same line as in 

[5], we can prove that, if m (B) I ffi splits over ZS (ffi), then m (B) splits over 

zs (53). Owing to Theorem 1, we are now able to show the converse of this 

generalized result. These are contained in the following 

THEOREM 3. Let 52 be a Lie algebra over K and let ffi be the radical of 52. 

Then the following conditions are equivalent : 

(1) '.tl(B) splits over 3 (53). 

(2) m(B)l1R splits over S(B)/ffi. 

(3) m (B) / ffi splits over ~ (ffi). 

PROOF. (1)----+(2). Let (2: be a complement of SEB) m m(B), i.e. m(B) = 

S(2)+~ and S(B)n~=0. Then we have m.(53)/ffi=S(B)lffi +~/ffi. Since 

ZS (B) fl~= 0, it follows from Theorem l that S (B) / ffi fl~ I ffi = 0. Therefore 

m (B) I ffi splits over ZS (B) I ffi. 
(2)----+ (3) follows immediately from Lemma 4. 

The proof of (3)----+ (I) will be omitted. 

COROLLARY. Assume that every derivation of ffi can be extended to a derivation of 

2. Then m (2) splits over zs (2) if and only if m (ffi) splits over zs (ffi). 

5. Derivation algebras of reductive Lie algebras 

A Lie algebra 53 over K is called to be reductive if ZS (2) is semi-simple. 

2 is reductive if and only if it is the direct sum of a semi-simple ideal and 

the center. It is easily seen that, if the radical of 2 1s I-dimensional, then 2 
is reductive. 

It is well known [ 4] that, if a linear Lie algebra g over K is completely 

reducible, it contains no ideals composed of nilpotent matrices, and that g is 

completely reducible if and only if it is the direct sum of a semi-simple ideal 

and the center whose elements are semi-simple matrices. The following lemma 

is an easy generalization of Theorem 4. 4 in [2]. 

LEMMA 5. m (B) is completely reducible if and only if 52 is a reductive lie 

algebra whose center is at most I-dimensional. Then m (B) is isomorphic to 52. 
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PROOF. Suppose that m (B) is completely reducible. Let ffi be the radical 

of B and let 9l be the largest nilpotent ideal of B. Then the set Dill of Dx 

for all X in m is obviously an ideal of m (B) composed of nilpotent matrices. 

Since m (B) is completely reducible, it follows that D91 = 0 i.e. B O 9l = 0. 

Then we have D; (B) = 0 for every element x of ffi, since B O ffi cm. There

fore Dm is an ideal of m (B). composed of nilpotent matrices, whence Dm = 0. 

Thus ffi is the center of B so that B is reductive. If :.!: denotes the largest 

semi-simple ideal of B, then by Lemma I we see that m (B) is isomorphic to 

the direct sum of m (:.!:) and m (ffi). Since m (:.!:) is semi-simple and m (ffi) IS 

the Lie algebra of all linear mappings of ffi into itself, it follows immediately 

that ffi is zero or I-dimensional. 

Conversely let B be a reductive Lie algebra whose center B is at most 

I-dimensional. If B = 0, then Bis semi-simple, whence m (B) = ~(B). It follows 

that m (B) is isomorphic to B and therefore is semi-simple. If B is I-dimen

sional, then m (B) is isomorphic to the direct sum of m (:.!:) and m (B), where :.!: 

is the largest semi-simple- ideal of B. Since m (:.!:) is semi-simple and m (8) IS 

generated by the identical mapping of B into itself, we see that m (B) is com

pletely reducible. The second part of the lemma is now evident. Thus the 

lemma is established. 

COROLLARY (Hochschild). m (B) is semi-simple if and only if 53 is semi-simple. 

PROOF. If m (B) is semi-simple, it is completely reducible. It follows from 

Lemma 5 that B is isomorphic to !tl (B) and therefore is semi-simple. The 

converse is evident. 

We can now prove the following 

THEOREM 4. Let B be a Lie algebra over K. For arbitrary positive integers m 

and n, mm (B) is completely reducible if and only if mn (B) is completely reducible. And 

this is the case if and only if B is a reductive Lie algebra whose center is at most I -

dimensional,. Then B and all m n ( B )' s are isom01phic to each other. 

PROOF. On account of Lemma 5, it is sufficient to show that m2 (B) Is 

completely reducible if and only if m (B) is completely reducible. If m (B) IS 

completely reducible, by Lemma 5 we see that the center of m (B) is zero or 

I-dimensional and therefore that m2 (B) is completely reducible. Conversely, 

suppose that !tl2 (£) is completely reducible. Then it follows from Lemma 5 

·that m(£) is reductive and its center is at most I-dimensional. If the center 

of m (B) is zero, then m (B) is semi-simple. Therefore we consider the case 

where the center of '.tl(2) is I-dimensional. Let 2 =It)+ ffi be a Levi decom-
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position of 53, where ~H is the radical and S is a semi-simple subalgebra of 2. 
Then it is clear that Ds is a semi-simple subalgebra and Dm is a solvable ideal 

of '.ti (2). Therefore we have Ds,m = Ds O Dm = 0, whence e O (S O ffi) = 0. From 

the fact that every representation of a semi-simple Lie algebra 1s completely 

reducible, it follows that S O ffi = 0. Let B denote the center of 2. Then 

~ / B is at most I-dimensional, since it is isomorphic to Dm. Now it is easy 

to see that ffi = B. Hence 2 is reductive. Since '.ti (2) is isomorphic to the 

direct sum of '.ti (8) and '.ti (,8) and since '..D (S) is semi-simple, we see that 

'..D(,8) is reductive. Then it is obvious that ,8 is I-dimensional. By Lemma 5 

we conclude that '..D ($3) is completely reducible. The proof is completed. 
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