JourNAL OF ScieENcE oF THE HirosHIMA UNIVERsITY, Ser. A, Vor. 19, No. 1, Juiy, 1955

On the Matrix Space

By
Katutaro MORINAGA and Takayuki NONO

(Received Dec. 25, 1954)

Let © be the space of all the complex matrices of degree n with the
usual topology, we shall in this paper define the paths in the matrix space &
and we shall investigate the properties of the paths in the matrix space &,

the general linear group M and the special orthogonal group O*.

§ 1. The paths in the matrix space &

We shall first consider & as a vector space of dimension n? and we shall
introduce a sort of parallelism into & by saying that the vectors MV at the
points M of & are parallel to each other. (we can define another parallelism
by using of VM in place of M¥V). By the paths in & we shall mean the
auto-parallel curve M= M(t) (¢t is a real parameter) with respect to this paral-

lelism, that is, the curve defined by the differential equation :

(L.1) (ii—];l = MA, (4 is a constant matrix).”

Then the path through M, is given by
(1.2) M) =My exptd, (M(0)= M,).

Let A(M) be the set of matrices S such that SM=0, (it will be called a
left anihilator of M), and let p(M) be the rank of the matrix M, then we
shall prove the following lemmas. '

LEMMA 1. There exists a matrix X such that NX =M for the given matrices N and
M, if and only if SN=0 implies SM =0, that is, if and only if U(N) U (M).

PROOF. If there exists a matrix X such that NX =M, then it is clear

that SN=0 implies SM=0. Conversely, we shall assume that SN=0 implies

1) The path defined by %:MA may be called a right path, on the contrary, the path
defined by" ﬁlM-:AM may be called a left path. (See Remark 4, p. 60).

dt
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SM=0. If p(N)=r, then there exist the regular matrices P and Q such
that

(1.3) No=PNQ = (JOE' g>,

where E, is the unit matrix of degree r. And then SN=0 is equivalent to
SoNo=0 where S=S5,P, and also SM=0 is written as SoMy=0 where M,=PM.

Here if we put

So = (Su 512>, S1; being a matrix of degree r,
So1 Saz )

then we have from Sy N, =0,

(l.4) Su = 0, 521 == 0-. 1. €.y So = (O S;m).
: 0 S

Putting

My =My My\, My being a matrix of degree r,
(M21 M22

from the fact that SoM, =0 for the arbitrary matrices of the form (l.4) it
follows that

(1.5) M21 = 0, Mzz = O, 1. €., Mo = <M11 Jv[]_g).
0 0

Therefore, if we put K= (Mn M12>, then we have NoK = M,, i.e., PNQK=PM;
-

since P is regular, we have ﬂIZNQKzNX where X=QK. Thus this lemma
is proved.

LEMMA 2. There exists a regular matrix X such that NX = M for the given matrices
N and M, if and only if A(N)=AM).

PROOF. If there exists a regular matrix X such that NX=M, then also
N=MX"', hence by Lemma 1 we have

(1.6) - AW) CAM) and A M) CA(WN),

that is, AWV) =U(M).
Conversely, we shall assume that A(N)=U(M). Then by Lemma | we
see that there exist the matrices X and Y such that

(L.7) M=NX and N=MY.

Consequently, we see that p(M) <p(N) and p(N) <p(M), that is, p(M)=p(N)(=r).
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So we can take the matrices P and ¢ such that

(1.8) No=PNQ =<E, 0>,f (P and Q are regular).
00

And NX =M is written as

(1.9) No Xo = My, where Xo=Q'X and My,=PM.
Here if we put

Xo = <X11 X]2> and M, = (Mn ‘M12>,
X21 X22 M21 M22
where X3, and M, are the matrices of degree r, then, from (1.8) and (1.9) we

have
(1.10) ﬂ[zl = 0, M22 = 0, M11 = Xn and M12 = Xlzo

And since p(Mo)=r, the rank of the matrix (My M) is also equal to r;

therefore, there exists a regular matrix Xo-——(Mu ]llm), for this regular matrix
* %

Xo, clearly, we haxe NoXo=M,. 1If we take XZQXO, then we have NX=M
and det X # 0. Thus this lemma is proved. '

From Lemma 2 we have

THEOREM 1. There exist, at least, a countable number® of paths through N and M,
if and only if U(M)=AN).

PROOF. If there exists a path through N and M, then by using a suitable

parameter ¢ this path is expressible as
(1.11) » M@ = Nexptd where M(1) =M,

that is, M= Nexp 4. Since the matrix expA4 is regular, by Lemma 2 we have
A (M) =A(N). Conversely, if AM)=U(N), then by Lemma 2, there exists a
regular matrix X such that M=NX. Since a regular matrix X is always
expressible as X =exp4, (there exist a countable number of such A4, at least,
as seen from the periodicity of the exponential function of matrix,”), we have
M= NexpA. Therefore, there exist, at least, a countable number of paths:
M(@t) = NexpitA through N and M. Thus this theorem is proved.

1) In the particular case where n=1 and |N-1M| =1, there exists only one path,
(regarding as a curve itself).
2) See [2], p. 111. Numbers in brackets refer to the references at the end of the paper.
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§ 2. A maximal simply connected domain of

- the general Iinear group It

Let M, be the set of all the regular matrices without the negative cha-
racteristic root, and let IM§ be the complement of M, in M, i.e., the set of all

the regular matrices with the negative characteristic root, that is,
(2.1) M =M UM, WMo "M = &,

then we can prove

THEOREM 2. M, is a maximal simply connected domain of MM, and M, is dense
in M. MG is the boundary of M.

PROOF. Let Ao be the set of all the matrices satisfying the condition :
the imaginary parts of the characteristic roots lie in the open interval (—=, n),
then it is already known that M is homeomorphic with ¥, by the exponen-
tial mapping. Since it is easily seen that ¥, is connected and simply con-
nected, M, is also connected and simply connected. (See Remark 1). By the
consideration of that the characteristic roots of M are the continuous function
of M, we can easily show that My is open and dense in M. Now we have only
to prove that M, is maximal with respect to the simply connectedness. Sup-

pose that My, 9, then the matrix M belonging to M — M, is written as

(2.2) M=T'MT, M=/—-a . =1,
—dasz K
‘a
ar+1
0
an

where ay, ag, -..,a, are positive, and 41, ®,42, ---,&, are not negative. If we

put
(23) MO =T'MO)T, MO =/—ac ,» @=v =1
... K
Zaet
ar+l
. “
then M(0) (—= < 0=<m) is a closed curve through the point M; M(0) except
for M lies in My. If the curve M(0) (—w <O=<m) is deformable to a point,

then the circle —a;€® (—7w < 0<7) in the complex plane must be deformable

1) See [2], p. 111, Theorem III.
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to a point, that is, the curve, in the way of deformation, must pass through

O in the complex plane because the characteristic roots of M are the con-

tinuous functions of M. Then, the corresponding matrix becomes singular, this

is impossible ; therefore, M is not simply connected. That is, M, is a maximal
simply connected domain of .

REMARK 1. Any closed curve M(s) (0=<s<1) in M, is expressible as
M(s)=expA(s); if we put F(s;t)=-exptA(s), then F(s;t) is a continuous func-
tion of s and ¢, such that F(s;1)=M(s) and F(s;0)=E. That is, any closed
curve M(s) is deformable to a point E. Since M, is arcwise connected, from this
we conclude that I, is simply connected. Moreover, we remark that for a

fixed. s, (0=<s0< 1), the curve F(sy;t) =exptA(s) is a path through E and M(sy).
REMARK 2. Since IM§ is the complement of Py in M, we have Me=UM,,
=1

MM =¢ (¢ + «), where M, means the set of all the regular matrices hav-
ing just ¢ negative characteristic roots. And we can prove that I, is con-

nected : Any matrix M of Mr is transformed to M by a regular matrix T:

M=TMT", M= /~a n, , (=0, 1),
—az2 N2 0
T
ar+1 -
0 ..'nn—l
aﬂ,

where aj, as, ---, @, are positive and &.iq,, Qrse, .-, A, are not negative. If we

put
M(0) = T(0) M(0) T-1(6), T(0) = expfdA, (T =expd) and

M(G)‘—“ —al(ﬁ) 771‘9
——az(().) 7]26 0

~a0) .
ar+1(0)
' 771:-]0

0
where a, (0) = C’ObLa (au. = ebl)’ (L = 1’ 27 ety T) and C(,, (0) = eoﬂz, (L = T'+ 17 A n>7 BL
being a complex number such that a, =e® and [I(B)|<=" then M() is a
continuous function of 8 such that M(1)=M and M(0)= /- l\\, ,
0
—1
1

1) I(B) means the imaginary part of 8. 1
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. by a continu-

N0
—1

that is, any element M of IM; is connected with / — 1

1
0 1
ous curve in Mr. . Hence we see that IMr is connected. It is clear that M, IR,

(¢6=0,1,2,...,n), (since our field under the consideration is the complex field).

Therefore we know that 9tr =UM, =0, 1, 2, ..., n) is connected. In particular,

t=r

M =N, =UM, is also connected. That is, PG is the connected boundary of
e=1

M.

Moreover, the set PWy — R={X; X=PM— R, MMy} (P being regular)
is homeomorphic with My, and therefore the set PIM, —R is also a maximal
simply connected domain of PR —R. And also, M=PMW,\J (PM,)° and (PIM,)°
is the connected boundary of PIM,.

Next we shall consider some properties of Mo.

THEOREM 3. If Mo CMo, then M=kE (k>0).

PrROOF. If MM, CMW,, then it is clear that MEWM,. Then M is similar to
(2.4) M= [ne® g\ G=v =1, n>0, —x<0,<n)

. rge’e"’ ]
. 0 'r,,e"”"
And then M, CIM, is equivalent to MeMo CMy, (since T, T =M,). Here

if 6,+0 then L= /{Clend==01} belongs to My; and ML = -n #
1 0 7'26‘92

1
0 ..1 0 '.iO/n
belongs to M. That is, MM, M, ; therefore, the characteristic roots of M

must be all positive, i.e., 8, =0.

We shall first consider the case where n=2. In this case, M is similar to

(2.5) M= (3 i) (A>0), or (7(; 2) O, p>0).

(VDN AZ

(i) M=<)\. l), (A>0): If we put L=(0 1—i\, then the characteristic
-z 0)

1 — . .
roots of L are equal to i——);/] +i, that is, these are not negative; therefore
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LeM,. On the other hand, the characteristic roots of ML are —1 and 1+,
hence MLEMS. So we see that MMy T My, i. e., MM T M.
(ii) M=<X 0), NFEp N p>0): We may assume that N>p>0. If

0 p
we take L=/ 2 1\, then it is easily seen that the characteristic roots
B M
-2~
’Lv

of L are —%(1-&%(—%-1), and the characteristic roots of ML are —1 and

l—%ﬂ That is, LEM, and MLEM, ; consequently MM, CM,. Thus, in the

case where n=2, we see that MW, CM, implies M=kE (k> 0). The converse
is clear.

Next we shall consider the case where n>2. In this case, M is similar to

(2.6) M = ")\,1 7

A'2 72 ’
Ag e,

-"ﬂn—l
0 *
where A, Mgy -oo, Ay >0, and %5, 9, -, 7,.; =0 or 1. If we put

(2.7) L=(51E9 '),
- \ n—-2

where L; is an arbitrary matrix of degree two, then we have

ML= ML, ! 0 0
' 72
# A3 KE]
0 Xll .'.
e Ma-1
B

Therefore, MM, C M, implies M; M, CM, for the case where n=2; hence,
from the above consideration, we have M;=1FkE,, i.e., Mq=Ae=£k and 2, =0.
Thus, repeating this procedure, we obtain M=EkE, i.e., M=EkE, (k> 0).

REMARK 3. If MN=NM for all Né W,, then M=«kE. For, if we take

N=/a, 0 )E My, where a, are distinct non-negative comlpex numbers,
[e 2}

0 .
(229
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then from MN=NM it follows that M= [« 0 \. And next if we take

K2
» .
N=/1 I 0\, then N€ Mo ; from MN=NM it follows that x;=rks= " =ty
o

\0 1
consequently M= gFE.

THEOREM 4. WM = M, MU MM - UMMy, where M, =% E, (—n <0, <m,
0. being distinct, ¢=1,2, ..., r=n+1). And MW, (=1,2,....,7) are maximal
simply connected domains of M. ' ’

PROOF. As used in the proof of Theorem 2, M, =expy, where exp U,
means the set of exp 4 such that 4€¥,. And then it is clear that

(2.8) Mo =¢? exp Uy = exp o +i0E) = exp Yo,

where Wy means the set of all the matrices satisfying the condition: the cha-
racteristic roots lie in the open interval (—7z + 0, =+ 0). Let @ be a set of
01, 0, ..., 0, such that —7 <6, <=, t=1,2,--, r and r=n+ 1, then it is easily
seen that for any element M of MM there exists such a 6; that M=exp4,
AE?IgjO, (since the number of the distinct characteristic roots of M is equal to
n at most), that is, we see that any element M of M belongs to a set M;M,,

where Mjozei9f°E. Thus, we obtain that
| W= M, My U My Mg U -+ U M, M,

where M, =¢%E, (—n<8, <=, 1+=1,2,...,r, r=n+1). And it is clear that

MM, is a maximal simply connected domain of M.

§ 3. The paths in the general linear group M

In this section we shall consider the paths in the general linear group
M. If M, NEM, then it is clear that AM)=AW)={0}, and hence, by
Theorem 1, we see that there exist, at least, a countable number of paths
through the given two points N and M of M. Since any right path is trans-
lated to a path through the unit element E of M by a left translation: X'=
N71X, we shall restrict ourselves to the paths thrqugh the unit element E of M.
Let %u be the set of all the paths through E and M, and let Py V be the set

1) &m contains a countable number of paths at least, and Py contains a countable number
of matrices at least.
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of all the matrices 4 such that exp4d=M, we shall prove the following
theorems.

THEOREM 5. For an element M of M, there exists one and only one path through
E and M which is éntirely contained in WMy. And for an element M of WG, there exist,
at least, two paths from E to M which are.contained in o except for M.

PROOF. The paths from E to M are given by

(3.1) M) =exptd, (0<t<1), where A€ Py,.

If M@#) CIM, for all ¢ such that 0<¢<1, then A€M, For, if AENU, then,

for some characteristic root u of A, the imaginary part I(u) satisfies |I(p)| =7,
consequently, exp 24 M§ for t0=T7(E/;)—,; this is a contradiction. It is already

known ? by us that there exists one and only one A such that exp 4=M and

A€Wy, Therefore, the path asserted above is given by M) = expi 4,
A€ AN Py.

If MEM, then M is expressible as M= ekpA, A€ A being the set of
all the matrices satisfying the condition : the imaginary parts of the charac-
teristic roots lie in the half-closed interval (—=, #]. And if M€ MM, then A4 has
the characteristic root a +in (a is real).” Let 4; be the matrix obtained by

taking @ —im7 in place of the characteristic root a+im in jofdan’s canonical
form of 4, then both exptd (0=<t=<{1) and expt4; (0=t=<1) are the paths
from E to M which are contained in M, except for M. Thus this theorem is
proved.

THEOREM 6. Any path from E to M intersects ING at most, in a finite number of
points. .

PROOF. Any path from E to M is expressible as
M@) =exptd, 0t 1), A€ Py

Let a, +ib, (¢t=1,2,...,n) be the characteristic roots of 4, then, M) €M if

and only if b, =(2m, 4 )= for some integer m,. Since 0=<t<{l, we have

0<(-2—m‘bLl>7r§l; consequently, the path intersects MG at most, in >)p(b.)
t i=1

points, where

1) See [2], p. 111, Theorem II.
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[J_‘(L_1>]+ 1 for b=>m=,

2 T
(3.2) p®) =1 0 for # >b=0,
1 b ‘
[o -1l for <.

More precisely, the path intersects IM§ in just D> p(b,) points, unless Z‘ =
=1 K

2m, +1
2m,+1

Let C(M) be the set of all the matrices which are commutative with M,

(t#+x=1,2,...,n), m, being any integer. Thus this theorem is proved.

and let €y be the set of all the closed paths through E which are contained
in C(M), and here we shall mean by the principal path through E and M the
path: M(t) =exptA,, AOESEIAPM. Then we have

THEOREM 7. J is decomposed into €y and the principal path through E and M.

PROOF. If M()EFu, then M(:) =exptd, where A=A4,+p, A€ and
PEPzNCuy," and vice versa. Since Aop=pAo, we have exptd=expt(4o+)
=exptp exptAy, where expid, is the principal path -through E and M, and
exp tYE€ €y Thus, this theorem is proved.

REMARK 4. A right path through M; and M, is also regarded as a left
path through M; and M,, and vice versa. For, any right path through M,
and M, is expressible as M(¢) = MyexptA, (My= M, exp A); and it is clear that
M(t) = (exptB)M;, (B=M AM,""); hence M() is regarded as a left path
through M; and M.

Moreover, a right path from M, to M, is regarded as a right path from
M; to M; in the opposite direction, as easily seen from the fact that M(z)=
M, exp tA= MM, M, expt A= M,(exp(—A)) exptA=Mexp(t—1)4,i.e., MQ)
=M, exps(—4), s=1—¢).

REMARK 5. The necessary and sufficient condition that there exist a closed
path through M; and M; is that M;"' M€ (€), where (€)=VU(E'; 0=t < 1) and
E'=expty, (expp=E), E* may be considered as the #th power of E. This is
clear, as we can easily see by considering the closed path obtained by a left
translation : X' = M;"'X.

Next let us suppose that there exists a closed path through M; and M.,
then we shall consider the necessary and sufficient condition that a path

through M; and M, be a closed path. Since there exists a closed path through

1) See [2], p. 111, Theorem I.
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M, and M., by the above resnlt we have M;"'M,=exptp where expp=F
and exptp + E, (0 <:<1); on the other hand, a path through M, and M, is
expressible as M(t) = Miexpt4, where M,"'M>=-expAd, and therefore we have

expAd =-expitop. If & is rational, i.e., t0=~g—, (p» ) =1, then exppd = exp

p(%)bzexp gb=FE; thercfore in this case any path through M; and M, is a

closed path. Next if # 1is irrational, then the set {exp migh; m=1,2,...} is
dense in the closed path: exp¢p (0t <1); therefore, since expmA =expmt),
the set {MiexpmA; m=1,2,...} is dense in the closed path: Mexpth (0=
t<1). In particular, the path M() = MexptAd apl:;roaches the point M,
periodically, ‘and closely step by step. Now we shall determine all the closed
paths through M; and M,. Since expp=2=F, p is written as

p=2iSt/f S,
‘ e
o "

0

fn
where [, f5, .-+, f, are integers and S is a regular matrix, then the matrix satis-
fying expAd=exptop is given by
A= 27[1:S_l tof1+ml 0 S,
t()fz +mg

0 to_.f,, +m,

where my, mg, ..., m, are integrs. If the path M(t) = M, exptA through M; and
M, passes through again the point M, the‘n there exists a real number £+ 0
such that expkAd=E, i.e., k(tof, +m)=10 (=1,2,...,n), I, being integers. (If
fo is rational, this condition is always satisfied). Since now # is irrational,
from this we have m,=rf, (¢:=1,2, ..., n), where r is rational. Therefore, we
have A=(t, +rp; by considering the condition: expA =explop and expip + E
(0 <t< 1), we see that r must be an integer. Conversely, it is clear that the
path M@)=M,exptd (A= (t+1)p, r is an integer) passes through again M,

for t= (t +r being not zero). Thus, if # is irrational, then all the

1
to+r’
closed paths through M; and M, are given by M) = M; expit(t, +7)p, r being
integers. Furthermore, we shall consider any path M(f) =M, exptA through
M, and M, (M(1)=M;). Let A be a Jordan’s canonical form of A and let

zfi - /40(,) + éi(i) .

1) The term “through” means the path M(t) = Mjexpt A(—co <t < o).
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A = T—IAT, A = 'al +ib1 m 0 ‘, .Au(r) = /a1 M 0
az+ibs 7, az 7
.'. ’7"—1 '.' 77.:—1
0 an +Lb,. 0 (223

and 140(,') =i [bl

b2
.bn

where @, and b, are real, and %, ...,%,,=0 or |, then we see that A=
A(,) + A(,-) and A(,)A(i)'—: A(i)A(,), where A(,) = T—lzi(,)T and A(,-) = T_IA(L-) T.
This decomposition of A is independent of the manner taking its canonical

form. For, let us suppose that there are such two decompositions:
.A = TA T_l = T(A(r) + 14.,(,')) T—l = A(,—) + A(i)
and A=8A' S =S4, + 4y) S = Aiyy + Ay,

where 4" = 4, + Ay, Ay =8A;,S™ and Ay =SA4(;S . Since both 4 and 4’
are Jordan’s canonical form of 4, A’ is obtained from A by permuting the
order of blocks: A'=UAU™" (U being taken as a real regular matrix). Since
U is a real matrix, it follows from 4'=UAU™ that Aj;)=UA,U™". And since
A=TAT'=8SA'S™?* and A =UAU", we have VA=AV, W =U"'S"'T); con-
sequently, from the forms of 4 and 4 we have VA, = A4, V, from which
it follows that A4 =S4, S =SUA,U'S'=TA, T =A4,. Thus we have
Ay = Ay and consequently A4 =Ag. By using this decomposition of A we
shall decompose the path M(f) = M, exptA as follows: M) = M exp t(Ay) +A4g)
=M, exptA, exptAy. Here the path: M, expitA, never approach again the
point M;; but, on the contrary, the path: exptA either passes through the
point E, or approaches the point E periodically, and closely step by step,
because there exist a real number ¢ and n integers [, (¢e=1,2,...,n) satisfying
the system of inequalities [tb,—27l.| <& (:=1,2, ...,n) for any positive number
€ and a system of real numbers b, 4=1,2,...,7).Y Conversely, let us suppose

that a path: exp¢B approaches the point E periodically, and closely step by

step, where the matrix B has the form: B=T7BT, B= /o, +idi & 0o\’
62+id2 é:z

' .'. .gn—l

0 Catid,,

1) See [4], p. 157.
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¢. and d, (¢t=1,2,...,n) being real, and {&=0or | (¢k=1,2,...,2—1), then it
is easily seen that ¢=0 (¢=1,2,...,n) and &=0 («k=1,2,..,n—1). That

is, B must have the form:

B=T"'BT, B=i/d, 0-\ and d, :=1,2,...,n) being real.

dz.
0 'dm

From the above consideration we can say that the path M@) =M exptd
approaches the path M(t) = M, exp ¢4, periodically, and closely step by step.

Finally we remark that the closed path through M; and M, considered
above is a simple closed path. For, as mentioned above, we have MM, =
exptol, where expPp=~F and exptp+E for 0<t<{1; if M(s)=M() for
0 <t; <ty<1, then we have expuip =¢2p, consequently, exp (fa—4H) P=E, (0 <
ts —t; <'l), this contradicts the above assumption that expip # E for 0<e< 1.
Therefore, the closed path through M; and M, is a simple closed path.

REMARK 6. If we define N'={exp¢A for any A such that exp 4= N},
then we have MN'M™' = (MNM™)" for the branches corresponded suitably to
each other. From the above definition we have N°= exp ¢(L(N) -+ py), where
L(N) means the matrix A, € such that exp Ao =N, and Py means the period
of N (that is, exp Py = E and py€C(N)"). Then, we have (MNM™')' = exp
t{LIMNM™) + Yynu-1}, and LIMNM™) :-ML(N)'M"1 (since L(N) is a polynomial
of N), so, if we correspond the periods to' each other as MpyM ™' = Pyya-1,
then we have, clearly, MN*M™ = (MNM™).

Now we shall consider some algebraic properties of paths in I%. On any
path M(t) through E and M it holds that M(s)M@.) = M(z;) M(t,), and hence
&u CC(M). Concerning the commutativity of elements on the union of all the
paths through E and M, we have. .

THEOREM 8. All the points on the union of all the paths through E and M are
commutative if and only if the minimal polynomial of M is of degree n.

PROOF. If the minimal polynomial of M is of degree n, then the matrices
of Py are the polynomials of M,” and therefore, all the points on the union
of all the paths through E and M are commutative. If the minimal polyno-
mial of M is of degree less than n, then Jordan’s canonical form of M contains

the following blocks:

1) See [2], p. 111, Theorem L.
2) See [2], p. 112, Thorem IV.
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(3.3) M= /\1 o\NF /AT
A Yy

R |
0 N 0

We shall show that Py is not commutative ; to do this we have only to show
that PyNC(M) is not commutative, because the matrices A4 of Py are expres-
sible as A=A, +p where 4,€ 3, p€ PxNC(M) and 4op =p4,. We shall con-

sider the periods for the block M. Now we can take as the two periods of

Y
(3.4) p, =0, I 2fniE, and b, = Sp, S,

where O, is the zero matrix of degree r, f is a non-zero integer, S€ Cc(M)

and S= E, . K , (K+0), then easily we see that DD, # b,P,. Thus, the
0 E, y

theorem is proved.

COROLLARY. In the space of complex quaternions, if « is a regular
complex quaternion such that a+kl (k is a complex number), then all the
points on the union of all the paths through 1 and « are commutative.

PROOF. For the complex quaternion a#kl (k is a complex number),
the minimal polynomial is degree two; hence this corollary follows from
Theorem 8.

REMARK 7. If the minimal polynomial of M is of degree n then the set
PrNC(M) — it may be called the set of periods of M — is additive. For, if
P, P2 € PenNC(M), then, by Theorem 8, PP, =1p:p, and hence exp (P +P2) =
exp PrexpP=E. And clearly. P+ p.€ C(M), therefore, we have P, +p. € Py
NC(M). That is, the set of periods of M is additive,

Finally we shall consider the group generated by the set € (%)= {M(%);
M(@) € Fz}, to being a fixed number such that 0<# < 1. As easily seen, € ()=
E={X}; X'J@‘ZE}, where X’ means exp (¢ log X), i. e., it may be considered
as the t-power of X. Here by saying that a group G is generated by a set S
we shall mean that G is a topological closure of the union of the products

of elements of S; and we shall indicate this fact by G=[S].

THEOREM 9. The group generated by @(% ), being (p, q) =1, is a direct product

1) See [2], p. 111, Theorem 1.
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of the special linear group SL(n, C) and the cyclic group Z={l,w, ...,0" '} of order

p> where @ is a p-th primitive root of 1.

PROOF. Any element of (f(%) is written as exp —Z—p, pe€ Py Since (p, q)
=1, there exists an integer m such that m(»%)E—;;(mod. 1), it is clear that

[@(% ]: [@(%)} And @(—};) is considered as the set of all the elements
U such that U?=E, and then we see that U'=U?"". Let M be any element
of [@(%}], since detU=o', (r=0,1,...,0or p—1) for all UE@(%), then it is
easily seen that detM=¢’, ((=0,1,..., or p—1), ® being p-th primitive rcot
of 1. If we put Goz[@(%)]/\SL(n, (), then easily we see that l@(‘é*)]=
Gox Z, where Z={l,®, ..., P-1}. Since G, is a closed subgroup of SL(n, C),

by Cartan’s Theorem,” G, is a Lie subgroup of SL(n, C), Since @(—}(‘}) is

invariant by any transformation, i.e., T‘l@(%)TC@(—;{—) for all TeM., G, is
a non-discrete invariant subgroup of SL(n, C). Since SL(n, C) is a simple Lie
group, we see that Go=SL(n, C). Thus, we cbtain that [@(%)] = [(5:(717)] =

SL(n, C)x Z.

THEOREM 10. The group generated by €(a), a being an irrational number, is a
direct product of the special linear group SL(n,C) and the group T={e"; —m <0< n}.
‘ PROOF. Any element of €(a) is written as expa), PEPy.  Since a is an
irrational number, it is clear that [(expap)™; m=1,2,...]={exptp; 0=t<1},-
p being fixed ; consequently, [E(a)]D{exptp; 0t <1}, for all p€ Py, and
hence [€(a)]=[exptp, (0=<¢t<1); p€Pr]. Let M be any element of [€(a)],
then it is easily seen that det M=¢€", 0 being real. If we put G,=[E(a)]
NSL(n, C), then we see easily that [€(e)]=G, x T, where T={e*; —n<0<x}.
By the same reason as in the proof of Theorem 9, we can conclude that G, =
SL(n, ¢). Thus, we see that [€(a)]=SL(n, C)xT.

§ 4. The paths in the special orthogonal group O0*

Let Of be the set O*N\My, and as in the previous paper,” let Of be the

1) See, for example, [1], p. 135, corollary.
2) See [3], pp, 316-319.
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set of the matrices M of O" connected with £ by an orthogonal path, i.e., a
path contained in OF, and moreover let Ofi be the set O —O0f, then we have
shown in the previous paper" that O} S Of and that O is not empty and it
is the set of the matrices M of O* connected with E by a curve which is a
product of two orthogonal paths: M) =M, (¢)M:(), (0t =<1), where M)
and M, () are the orthogonal paths. Let Of, be the set of the non-exceptional
orthogonal matrices M (i.e., det (M + E) +0), and let O%) be the set of the
exceptional orthogonal matrices M (i.e., det (M+E)=0), then, from considera-
tion in the previous paper,” it follows that Of & 08 & OF and 0% S O,

In this section we shall first consider the subset Of of O.

THEOREM 1. OF is a maximal simply connected domain of O*; and OF is
dense in O7.

PROOF. Since 0 =0*NnM,, it is clear that OF is open in O*; and OF is
homeomorphic with the set MU, by the exponential mapping, where M is
the set of all the skew-symmetric matrices. Here, it is easily seen, that MY,
is connected and simply connected, therefore, Of is also similarly as in Re-
mark I, connected and simply connected. We have considered the orthogonal
canonical form of an orthogonal matrix by the coordinate transformation; by
the results obtained there, the canonical matrix M of M €(0*—0%) contains,

~at least, one of the following blocks : ?

r r

(i) 11?: a * -;— a! * ) ((l < 0)9 é’3 g°(2r)s

a a! '

\ 0 a v .ll—']
2s

(i) M: -1 R g: £(29),

0 ~1
(i) M': [—1 L\ F o\ 87 G 4G,

—1 . —1 . (n and r; being any odd num-
0 -1 _ 0 -1/ bers),

1) See [3], pp. 316-319.
2) See [3], pp. 310-311.
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where g(m)= 0 I\. Furthermore, this last form is transformed to "
0
rit+ry
A -~
e j—1 o\ &1 8t r).
—1
0 ~1

Let M(#) be the matrix obtained from A by taking (@M in place of M,
where O(0) =&™PE, L ™9 E, 2p being the degree of M, then we have
M(0) € 03(8), where O*(g) means the special orthogonal group with respect to
the metric tensor g; therefore, in the original coordinate system, we have
M@)e€ 0} for all §: —a<<=m. If @-—>=, then M(¢)— M, that is, OF is dense
in O*. Finélly, we shall show that O is a maximal simply connected do-
main. If O is a set such that Of & 0C 0", then there exists a matrix M such
that M€ 0—0}. For this M, we shall consider M(8) mentioned avove. M(6)
(—w<0=<m) is a closed curve in O which contained in OF except for M. If
this closed curve is dbeformable to a point, then the circle ad® (—7< <7 in
the complex plane must shrink into a point, (since the characteristic roots of
M(0) are the continuous functions of M(6)), consequently, the closed curve, in
the way of deformation, must pass through O in the complex plane. Then,
the corresponing matrix becomes singular, this is a contradiction. That is,
the set O is not simply connected.

Therefore, Oy is a maximal simply connected domain. Thus the theorem
is completely proved.

Let €, be the set of all the closed orthogonal paths M(t) through E:
M) = exptyp, PEPCIM, and let €, () ={M(t,); M(z) € €x}, then we have

THEOREM 12. O0*(n) (n=3) is generated by Cx(t)), where t, is any real number
such that 0 <ty < 1.

PROOF. It is easily seen that

0 1 cos 27t sin 2wt
CXp~327f ! ) ‘i‘ -On—2'» = ) ';‘ E -2
-1 0 —sin 27t cos 27t/

where O,_, means the zero matrix of degree n— 2, and that €, (¢) contains

the following elements:

1) See [3] p. 318.
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1 0 0 cos2mty sin2mty O
0 cos@ sind)| i E, l

0 .—sinH cosd

—sin27ty cos2wty, 0] 4 E,_3
\ 0 0 1,

i1 0 0\ . -1
0 cosd sind | + E,_;

0 —sind cosé

cos 27, sin 2 7ty cos ¢ —sin 27t sind
=\ —sin2mty-cosd cos2mtyrcos’O+sin®@ (1 —cos2mty) sinfcosb | + E,_s,

\ sin27@ityesind (1 —con2mty) sinf cos  cos2mit, sin®O + cos?d

where 0 is any complex number. That is, [€, (%)] is not discrete. Since it is
clear that [€,(%)]CO* and that [€,(%)] is a closed subgroup of O, by
Cartan’s Theorem, we see that [€,(%)] is a Lie subgroup of O*. And also
the set €,(tx) is invariant under the orthogonal transformation, therefore‘,
[€,(z)1 is a non-discrete invariant Lie subgroup of O*. For the case where
n# 4, O is a simple Lie group, and hence we have that [€, (t)]}=0*. For the
case where n=4, it is well known that O*(4) =G, X G; (direct product), where
G; and G: are the invariant Lie subgroup of O%(4), both being simple and
isomorphic to 0*(3). G, an G, are generated by the following infinitesimal

operators respectively :

G : R = 0 001\, Rs=/0 0—10\, Rsz=/0—10 0\,
0 010 0 0 01 1 00 O
0—100 1 0 00 0 00-—1
-1 0 0 0/ 0—1 00 0 01 O
Gz: Sl— 00 01 ’ Sz—: 0—1 00 > S3= 00—1 0
00—-10 1 0 00 00 0-—1
01 00 0 0 01 10 0 O
—10 00, 0 0—-10 01 0 0
And moreover, easily we see that T7'R,T=S, % =1,2,3), where T=/1 0 0 0
0010
0100
6001/

(T'e0(4) but TE0*(4)), that is, we have T7'G\T=G,. Therefore, since [€,(t)]
is orthogonal invariant, if [€,(%)] contains G, then it also contains G, and
vice versa. Thus, by considering that [&, (%)] is an invariant Lie sﬁbgroup
of O*(4), we have that [€,(t))1=0%(4). The theorem is completely proved.

REMERK 8. In the case where n=2, if ¢ is an irrational number, then
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we have [C(t)]=[exptop]={exptp; 0<t<1}, p=27z< 0 I), that is, [C,(t)]
0

is a one-parameter real Lie group €, therefore we have [€,(1)]= €, < 0%(2).

If t, is a rational number, i.e., {; = ——(L, (p, q)= 1, then we have

D)) - [@*(-;—)]Z{exp—ﬁ—p; =012, p=1, p=2( °) 1),
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