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Introduction

There have been developed in the literature two kinds of the theory of
dimensionality in lattices, that is, one is the theory in the continuous geometries
(von Neumann [13], Halperin [5], Iwamura [7]) and the other is the theory
in the operator rings (Murray and von Neumann [12], Segal [15]) and AW*
algebras (Kaplansky [8], Sasaki [14]). The main purpose of the present paper
is to investigate a dimensionality in certain general (not necessarily modular)
lattices so that all the above cases may be treated from the uniform standpoint.

Before describing the outline of this paper, it is convenient to explain the
above theories in some more details.

(I) In the theory of continuous geometries, von Neumann [13, I] in-
troduced dimensionality by perspectivity. He constructed numerical dimension
functions in the irreducible case, and in the reducible case Iwamura [6] in-
troduced dimension functions whose ranges are sets of continuous functions on
the Boolean space which representsthe center Z of the lattice. .

In continuous geometries, generalizing the idea of Halperin [5], Iwamura
[7] introduced the concept of the prelation which means a relation a~b, satis-
fying the following conditions :

(I) a@a~b is an equivalence relation ;

(2) if a and b are perspective, then a~b;

(3) (complete additivity) if a, ~ b, for every a € I, then @ ay~ @Dba, where
@ means the L. u.b. of an independent system in von Neumann’s ;ense [18, 1,
p- 91;

(9 if a~@b,, then there exists a decomposition a = D a, with g~ by ;

(5) (finiteness) there exists no pair of elements a, b such that a~b <a.

He defined the relative center with respect to the given prelation as the
set of all z such that a~z implies a=2. A dimensionality is induced by a

prelation, and the relative center plays the réle of the center Z.
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(IT) In the theory of operator rings, the dimensionality was introduced in
the lattice of projectioﬁs in an operator ring M with the unit operator as follows:
two projections P, Q in M are said to have the same relative dimension if there
exists a partially isometric operator in M whose initial and final projections are
P and Q respectively. -

Murray and von Neumann [12] constructed the theory of dimensionality in
the case where M is a factor. In general case, Segal [15, p. 405] gave axioms
of dimension functions and proved that every operator ring has a dimension
function in his sense.

On the other hand Dixmier [4] proved the existence of a pseudo:applica-
tion § which is normal, faithful and essential in a semi-finite ring. The re-
striction of this application to projections is essentially a dimension function in
Segal’s sense, and its range is a set of continuous functions on the space £, the
spectre of the center M¥ of M.

The projections in an AW*-algebra form a complete lattice and the dimen-
sionality was introduced there by the same way as in an operator ring (see
kaplansky [8]).

In the case (I) the lattices are modular, but in the case (II) they are not
modular in general, and in the later case there exists the concept of orthogo-
nality, and the complete additivity of the relation which induces the. dimensio-
nality holds for orthogonal families, while in the former case it holds for inde-
pendent systems.

In §1, we postulate a relation a [ b in a complete lattice L which may be
interpreted as a\b=0 in a continuous geometry and as ab=0 in the lattice
of projections in a operator ring. Using this relation we define in L indepen-
dent systems by the similar way as in the continuous geometries. We show that
the center Z of L is a complete Boolean sublattice.

In §2, modifying the axioms of Iwamura’s p-relation, we postulate a relation
a~1b in L so that the dimensionality induced by this relation may be available
to both of the cases (I), (II).

Here the relative center Z, is defined as the set of z€ Z such that a~b=<.z
implieé a=<z and we show that Z, is a complete Boolean sublattice of L. We
develope the theory of dimensionality in L along the similar lines as in the
cases (I), (II). First, in this section we give the reduction theorem.

In §3, we give the comparability theorem and the decomposition theorem

which play a fundamental réle in the sequel. §4 is devoted to the preliminaries
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to the rest of the paper.

In §5, we give the axioms of dimension functions on L. Let & be the
Boolean space which represents Z, and let Z be the set of non-negative con-
tinuous functions on £. We denote by ¢(z) the characteristic function of the
subset of £ which corresponds to z€ Z,. A function d on L to Z will be termed
a dimension function on L if the following axioms are satisfied :

(1°) if a~b, then d(@)=d®);

(2°) if a b, then d(a\Vb)=d(a) +d®);

(3°) if z€ Zy, then d(zna) =¢(z)d(@);

(4°) if a>0, then d(a) >0;

(5°) if a is finite, then d(a) is finite valued except on a set of the first
category. ’

This definition is obtained by modifying that of Segal [15, p. 405]. We
show the existence of such a dimension function which is unique in a certain
sense (Theorem 5.1, 5.3). This is the main result of this paper. We discuss
the further properties of the dimension functions: the complete additivity and
the properties of their ranges. )

In §6, to make clear the relation of our dimension functions to those of
Segal and Dixmier (explained in (II)), we consider a function d* satisfying the
first three axioms (1°), (2°) ard (3@)1 and show that (4°) implies the complete

additivity of d* and that (5°) corresponds to the essentiality in Dixmier’s sense.

§ 1. Independent systems in a complete lattice

We assume that in a complete lattice there is a binary relation “_L” which
has the following properties :

(1, @ ala implies a=0;

4, B) alb implies bla;

(L v) alb, ai=a imply ay 1 b;

(1, 8) alb, a\JJble imply albc;

(1, & if asta and as Lb for all 8, then a Lb. (a; T @ means that {a;} is an
ascending directed set with the 1. u.b. a.)

Then a subset S of the lattice is said to be an independeni sysiem (defined by
the given relation “_1”’°), in notation (a;a€S) L, if \V(@;a€8) L\ (a;a€Sy)
for every pair of disjoint subsets S;, Sy of S.. a\Ub will be denoted by a@b if
alb, and \/(a;a€S) will be denoted by @ (a;a&S) if S is an independent
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system.

Clearly, if S is an independent system, then every subset of S is also an
independent system. Next we shall show some properties of the independent
systems. (Theorem 1.1 and 1.2 can be proved without (1, @):)

THEOREM 1.1. If every finiie subsei of S is an independent sysiem, then so is S.

PROOF. Let S;, S; be two disjoint subsets of S. If F; is a finite subset of
S;(i=1, 2), then we have \/(a;a€ F) L\/(a; a€ F:) by our assumption. There-
fore, applying (1, &), we get \/(a;a€8S) L \/(a;a€S,), which means that S is
an independent system.

THEOREM 1.2. If S, is an independent system for every €I and (D (a; a€Sy);
«a€l) L, then \J(Sa; « €I) is also an independent spsiem.

PROOF. We first prove the theorem in the case [={l, 2}. Let Ti, T: be
two disjoint subsets of S;\US,. Setting a;;=\/(a;a€T;NS;) G j=1,2), then
by the assumption and (I, ¥) we have a;; L az; (j=1, 2) and ann\Jag L a\Jass.
It follows from (1, 8) that a1y Lag, ai1\Jaz Lass imply ai; LaznJass and that s
Lage, a12\Jags L ay1\Jag: imply ain L a3\ Jas\Jase. Hence, by (1, 8) again, we
have ai1\Jaia lag\Vags, i.e., \/(a;a€T) L\ {a;a€T,).

Next we treat the general case. Let F.be arbitrary finite subset of \/(Ss;
o). Then there exists a finite subset {@;} of I such that FC\/;S,;. By the
first paragraph of this proof \/,:Swi is an independent system, then so is F. By
Theorem 1.1, \ /4S8, is an independent system, completing the proof.

In a continuous geometry (the case (I) in the introduction) we define a L b
if anb=0. Then (I, ®—(l, v) are evidently true, and (1, &) and (I, &) are
true since the lattice is modular (see [13, I, Theorem 1.2) and upper-continuous.
In this case the concept of the independent system coincides with that of the
independent system in von Neumann’s sense [13, I,-p. 9].

In a complete lattice formed by all projections in an AW*-algebra (the case
(IT) in the introduction) we define a L b if @ and b are orthogonal. Then
(1, @)—(1, v) are evidently true and (I, &), (I, & are true since every element
has a unique orthocomplement. And then the concept of the independe;lt system
coincides with that of the orthogonal family.

Moreover, in both cases, the following condition is satisfied :

(1, &) if a=|b, then there exists cE€ L such that a 1. c, a\Jc=b, i.e. a@c=Db.

From now on, if nothing in particular is said, L is always a complete lattice
having a binary relation “ 1~ with the six properties (I, @)—(1, {).

We know that the center of a lattice with 0, 1 is a Boolean sublattice (see
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Birkhoff [1, pp. 27-29])). Now we shall prove that the center Z of L is a com
plete sublattice of L.

We shall write (a, H)M if cVa)Nb=c\U(anb) for every ¢=<b.

LEMMA L.1. a L b implies anb=20 and (a, b)M.

PROOF. By (I, 7), (I, B) it follows from a L b that anbd Lanb  Thus
anb=0 by (1, a). Next let c<<b. Since (cVa)Nb=c\U(anb)=c, we may
write (c\Va)yNb=cPd by (I, £). Since c\Vd=<bla we have dlcUa by
(1, 8). But d<c\Ja, therefore d =0 which shows (a, b) M.

Next we shall prove the following result, which is known both 'in the con-
tinuous geometries (von Neumann [13, I], Theorem 5.3) and in the operator rings
(Maeda [9], Theorem 1).

LEMMA 1.2. z€L is in Z if and only if z has a unique complement.

PROOF. The “only if” part is trivial. To prove the converse, assume that
z has a unique cornpiement z’. It suffices to show that the correspondence x—
[z\Ux, 2 \x] is an isomorphism between L and the product of the sublattices
L0, 2) ={x€ L; x<z} and L(0, z). We shall first prove that a\Jb corresponds
to |a, b] for every a<{z, b<{z'. Since the complement of z is unique, neces-
sarily z 1z’ holds by (l,¢{). Hence we have b Lz therefore by Lemma 1.1
{(aVb)Nz=a. Similarly (a\Vb) Nz =b.

Next we shall prove the correspondence is one-to-one, that is, x = (z/N\x)\J
(zNx). Put x=(Nx)Pa Then zNna=zNxNa=0. To prove that a2z,
we put (zUVa)@b=1. Then (aUb)N(zVa)=a by Lemma 1.1, so zN(a\Jb)
=zN(zVa)N(a@aJb)=zna=0. Thus aUb is a complement of z, so that
a\Jb=2z, therefore a<z’. Hence x=0Nx)Va<(zNx)V (e Nnx)<x. Since
the correspondence is clearly order-preserving', it is an isomorphism. This com-
pletes the proof.

THEOREM 1.3. Z is a complete sublaitice of L. ,

PROOF. As z€ Z has a unique complement, we denote it by 1—z; clearly
1—z2€Z. Let z;%a 2z:€Z and let @’ be a complement of a. Since &/Nz;=0
implies @/ X1 —z; for every 8, we put @/ Db =/As(l —z5). But zsoN\N\s(l —25)=0
implies z5 L /A\s(l —z;5), and hence by (1, & we have al Ns(l —z). By
(I, 8 we have b la\Va' =1, so 5=0. Thus @ = /\s(l — z5) which shows that
a’ is uniquely determined, therefore ¢ € Z by Lemma 1.2.

If z5 | a, € Z, then {l —z;} is an ascending set. Then z=\/;(1—z) is in
Z and the complement 1~z is equal to Nszs- Hence a=/\szs=1—z2€ Z. Thus

the theorem is proved.
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For later use we prove the following lemma :

LEMMA 1.3. Let asta. If bEZ or as€ Z for all 8, then asn\b t anb.

PROOF. Let anb=\/5(asnNb)@®c and b@b =1. We have c@ (a;N\b) L
asNb’ since b 1b, and then c 1 (asNb) P (@sNb’) =a5. By (1, & we have c_La,
so ¢=0.

REMARK l.1. (i) L is relatively complemented. Proof: let a<<x<\b and x @ y=b.
(aUy)Ux#b holds obviously, and ¢<Xx Ly imply (a\Vy)Nx=a by Lemma 1.1.
Therefore a\Vy is a relative complement of x in the closed interval [a, b].

(i) If' S is an independent system, {\/(a; a€M); MCS} form a Boolean sublattice
of L. Proof: put a(M)=\/(a;a€ M). For arbitrary M, M>CS, a(M)\Ja(M,)
= a(M,\J M) holds obviously. We have a(M; —M,) | a(M,), whence a(My) N a(My)
={a(M,N\M)\JVa(M,— M)} \a(M;) =a(MiN\M,;) by Lemma l.1. Therefore the
set {\/(a;a€M); MCS} is a sublattice of L and is lattice-isomorphic to {M;
M S}, which is a Boolean lattice.

REMARK 1.2. In a lattice with 0,1 (not necessarily complete) we assume
that there is a binary relation “_1°° having the properties (1, @)—(1, £) except
(1, &. Then we define an independent system for a finite subset of the lattice
by the same way as before. In this case Lemma 1.1, 1.2 and Remark 1.1 are
also valid.

For example, in an orthocomplemented lattice we define @ | b by a <{b" where
b is the orthocomplement of b. Then it is easy to show that (I, @)—(l, §)
hold. (I, ¢) holds if and only if (¢, @) M for all a. Proof: the “only if” part is
true by Lemma 1.1. Conversely if (@, a")M and a<{b, then b <a", so (b"Va)Na*
=b"U(ana") =b". Hence setting c=bNa" we have a@c=».

§ 2. Relation “~” in L

Let L be a complete lattice vhaving a relation “1” with the properties
(I, ®)—(1, &), and Z be the center of L. By Theorem 1.3, Z is a complete
sublattice of L.

LEMMA 2.1. Let a=b be an equivalence relation in L (. e., ii is reflexive, symmeiric
and transitive) and have the following property: if 03 a1 <a="b, then there exisis. b, =0
such that a1 =0b,=b. Then the set Z' ={z€7Z; a=b=<z implies a=<z} is a Boolean
lattice wiih 0,1 of L, and is a compleie sublaiiice of L.

PROOF. It is obvious that 1€ Z' and that if z, € 2’ for all « then A\, z, € Z".
To complete the proof, it suffices to show that if z€Z2 then 1 —z€Z. Let
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a=b<1—z. If zNa=0 then there exists b; =0 such that zNae=5b,<b=<1—2z.
But z€ Z' implies b, <<z. Hence b; =0, a contradiction. So we must have
zNa=0, whence a<X1—2z. Therefore 1 —2€ Z’, and the lemma is proved.

Now we shall postulate a relation which induces a dimensionality in L.

We assume that in L there is a binary ralation “~”’ which has the follow-
ing six properties (2, a)—(2, &).

(2, @) a~b is an equivalence relation ;

(2, B) a~0 implies a=0; _

(2, v) if a~bi@bs, then there exists a decomposition a=a,Paz with a;~b;
@21, 2);

(2, 8) if (@n;@€l) L, (by; A€EI)L and ay~by for all A€ I, then @ (as; A€ )
~ @ bs; al).

Before describing the property (2, &, we shall define the relative center
with respect to the given relation “~”. Let Z, be the set of z€Z such that
a~b=<z implies a<z. Then using the first three properties (2, ®)— (2, 7), it
follows from Lemma 2.1 that Z, is a Boolean lattice with 0,1 of L and that it
is a complete sublattice of L. Z, will be called the relative center with respect to
the given relation “~”. Since Z, is complete, for any a€ L there is the smal-
lest element z€ Z; such that a<{z. We shall denote it by e(a).

(2, & If ele)Ne®d) =0, then there exist ar, by such that 0=Fa1<a, 0=-b, b,
a;~bi;

(2, 0) if a@az=b@Dbs, ar~az, by~by, ithen ay~bs.

Using these postulates (2, a)—(2, {), we shall develope the theory of dim-
ensionality in L along the similar lines as in the continuous geometries and in
the operator rings.

EXAMPLE 1. Let L be a continuous geometry. In §1 we defined a b if
anb =0 and showed that (I, &)=— (1, &) are valid. We assume that in L there
is a relation a~b which has the following properties :

(1) a~bis an equivalence relation ;

(2) if a and b are perspective, then a~b ;

(8) i ag~by for every €1, then ®as~ Dba;

(4) if a~ @Dba, then there exists a decomposition a = P a, with ay~ by ;

(5) a~0 implies a=0.

If we add the finiteness, this relation coincides with Iwamura’s p-relation
(see (I) in the introduction), and it follows from [7], Lemma 4.1, 4.2 that Z,

coincides with the relative center in his sense.
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This relation a~b includes also Halperin’s relation “="" which is defined
as follows: a=>b if there exist decompositions a =@ (as; «€I), b =D (ba; CEI)
such that, for every a€l, b, is perspective to Tyas for some T, €G, where G is
a group of lattice-automorphisms of L. For, if we define a~b by a=b, then
(2), (5) are clearly hold, and by [5], Theorem 4.1, 4.2 and [10], Lemma 1.9
(1), (8), (4) hold also. And it is easy to show that

Zy=1{z€Z; Tz=z for all TEG}.

Now we shall show that this relation a~b has all the properties (2, @)
—(2, &). (2, @)—(2, &) clearly hold. We shall show that (2, & holds. ®For
arbitrary a€L, let M(@)={x€L;a<a, bi<x, ay~by imply a; =b, =0} and
a*=\/{x; x€M(a)}. Then by the same method as in the proof of [5],
Lemma 4.1 we can show that a*€ M(a), and the details are omitted. Let o,
a’ be complements of a*. Put @’/ =(@Na’)Pcr, c2= (@ Va’)Na*. Then c;Nd
=0=cNd, oV =@\ Va)N(@*Va)=aJa'=cVa'. By (2) ai~c:<a*€ M(a),
hence we have ¢, € M(a), so ¢;<ia*. But ¢;<a’, so ¢;=0. Therefore o/ =a".
By Lemma. 1.2 we have a*€ Z. It is easily seen that a*€ Z, Since a*Na=0,
we have a1 —a*. If b€ M(a), then b=<"a* and hence e(a) Ne(h)=0. This shows
that (2, & holds. We shall examine (2, {) later (in §3).

EXAMPLE 2. Let L be a complete lattice formed by all projections in an
AW*algebra A. In §1 we defined a_Lb if ab=0 and showed that (1, @) —(l, )
are valid. We define a~b if there is x€ A4 such that xx*=a, x*x=0b (see (II)
in the introduction). This relation a~b satisfies (2, @) —(2, ¥) clearly and
(2, 8) by Kaplansky [8], Theorem 5.5. The center Z of L is the set of all
projections in the center of A. Hence if 2€Z and xx*z=axx% then x*xz
=ux*x, so Zo=2Z7. Next it is easy to show that e(@)Nne(d) 30 if and only
if adb==0. Hence (2, &) is satisfied by [8], ‘Lemma 3.3. 'We shall examine
(2, &) later.

We note that in both examples the relations a~b have moreover the follow-
ing properties: if a~ @ba, then there exists a decomposition a = PDa, with ag~ by
({a} is infinite) ; if a and b are perspecitve then a~b (equivalently if a\Jb=a@Pec,
b= (anb)@®d then c~d).

In the remainder of this section and in §3 we assume that the relation

a~b has the first five properties (2, @)—(2, &), and now deduce the reduction

theorem.
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LEMMA 2.2. (i) a~b implies e(a) =e(b).

(i)  e(Vata) = Vae(a)-

(iii) If z€ Zy, then e(zNa) =zNe(a).

PROOF. (i). This is obvious by the definition of e(a). -

(i1). We have e(as) <e(\atw), s0 Vaelay)=<e(\/sas). On the other hand
Vate <\ welaw) € Zo, 50 e(\waw) <V aelas).

(iii). Using (ii), e(zna)Ve((l —z)Na) =e(a) =zNela) D (1 —2) Ne(a).
Clearly e(zNna)<zne(a), e((1 —z)Na) <(1 —z)Ne(a), therefore e(zNa) =zNe(a).

As in the continuous geometries, we shall write a<b if there exists b; such
that a~b, < b, and write a<b if for any z€ Z, either zNa<zNb or zNa=
zNb=0. )

Clearly a<b implies either a<b or a=b=0, and a<b implies e(a) <e(b)
from Lemma 2.2 (i). Moreover, we obtain :

LEMMA 2.3. (i) If zEZ, and a~b, then zNa~zNb. From this a<b implies
zNaXzNb, a<b implies zNa <K zNb.

Gi) a~b, b<c, c~d imply a<<d; a<b, b<c imply a<c; aXbh, b<c,
cXd imply a<d.

(iii) axzb, aXb imply a~b.

(iv) if a®b=c and e(b) =e(c), then a< c.

PROOF. (i). By (2, 7) a=zna@®(l —z)Na implies that there exist by, bz
such that b =b,@Pbs, bi~zNa, bo~(1—z)Na. As z€Z, we have b, <zNb,
b,<(1—z)Nb. But z/\b@(l—z)f\b;b, so by =zNb, hence zNa~zNb.

(ii). The first and second statements are obvious by (2, 7), (2, B), and
hence, using (i), the third one is easily proved.

(iii). Using (2, 7), (2, 8), the statement (iii) can be proved by the same
method as in the proof of Murray and von Neumann [12], Lemma 6.1.3.

(iv). Let z€Z,. In case 2N\b + 0, we have zNa<zNc. In case z/jb:O,
we have zNe(c) =zNe() =e(zNb) =0, whence zNa=zNc=0.

DEFINITION 2.1. @€ L is called infinite if a<a holds, and otherwise finiie.

By Lemma 2,3 (ii) and (2, §), if a is finite and a>=b, then b is finite.

LEMMA 2.4. Let z2,€ Zy(a€I). If zuNa is finite for every €1, then so is
\/ (24 ; a€1)Na.

PROOF. Let ap= \/4zsNa, ao~b=<a,. By Lemma 2.3 (i) wé have z,Nao
~z,Nb=zyNag. As zzNao=zyMNa is finite, this gives zyNao =z,N\b. Thus
by Lemma 1.3 ao=\/,zsNa0 =\, (zsNao) = \/, (z4n"\b) =b, whence a, is finite.

DEFINITION 2.2. .a€ L is called properly infinite if a#0 and a<a holds, that
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is, for any z€ Z;, zNa is infinite or zero.

THEOREM 2.1. For any a€ L there exisi e/ (a), e'(a) € Zy which have the following
properites : '

(1) e)@ei(a) =el);

(2) efla)na is finite;

(3) if €(a) 20 then ¢ (a) Na is properly infinite.

Then e’ (a), ei(a) are uniquely determined.

PROOF. Let ef(0) =\ (:€2Zy; z<e(a), zNa is finite), e (a) =e(a) — e ().
By Lemma 2.4 it is clear that e/{(@)Na is finite. If ei(a) 0, then e(e’(@)Na)
=¢ei(a) implies e(@) Na==0. Assume that zNe;(@)Na is finite for zE€ Z;. Then
znei(a) <ef(a), so zNnei(@) =0. Hence e {a)Na is properly infinite. Next let
e, e1'€ Z, have also the properties (1), (2) and (3). Since e/Ne‘Na is finite
by (2), we have e/ Neina=0 by (3), whence e/Nei=c(e’/NeiNa)=0. Hence
e/ <ef. Similarly ef <e/, so ¢/ =e;f and ei=¢;i.

The similar result of this theorem is known both in the’continuous geomet-
ries (Maeda [10], Lemma 1.13) and in the operator rings (Dixmier [3], Lemma
1.9).

As in the continuous geometies (von Neumann {13, III], Definition 3.1) we
define : '

DEFINITION 2.3. a€L is called minimal if a==0 and x<a implies x=0.

By Lemma 2.3 (ii) it is clear that if ¢ is minimal and @520, then b is
also minimal. » ‘

LEMMA 2.5. Let 0Fca< L. a is minimal if and only if @ aXa, ai~ az imply
ay = a>=0. '

PROOF. Let a be minimél and a1 Par<a, a1 ~as. ela) =e(az) :e(al(-Baz)'
implies &y € a1@a:<a by Lemma 2.3 (iv). Hence a; =0. We shall prove the
converse. If b<a, then there exists b; such that b~b;<a. Setting a=0b,Dc¢,
we have e(b;)) Ne(c)=0 by our assumption and (2, &. Hence e(b)Na=
e(;))Nb,. But we have b; < a, therefore b; =e(bi) \b1=0, so b=0. This comp-
letes the proof. :

This lemma shows- that the concept of “minimal” is equivalent to that of
“irreducible” in Dixmier [2], [3]. Furthermore it is easily seen that this is
equivalent to the concept of “non-zero abelian” in Kaplansky [8].

LEMMA 2.6. (i) Every minimal element is finite.

(i) If au is minimal for eery a€1 and (e(aa); «€1) L, then a= @ (aa; XEI)

15 also minimal.
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PROOF. (i). Let a be minimal. By Theorem 2.1 we have ei(a) Na<ei(a) Na
<a, Whence ei(@Na=0. Therefore a= e/(a)Na is finite.

(ii). Let b<a. By Lemma 2.3 (i) we have e(a,))Nb<e(a,) Na=a, This
gives e(a)Nb=0 since .a, is minimal. Therefore b=-c(@)Nb= D, (e(as) Nb)
=0.

DEFINITION 2.4. L is said to be of iype I if it has a minimal element a
such that e(a) =1; type II if it has no minimal elements and has a finite element
b such that e(d) =1 type III if all non-zero elements are infinite. L is said to
be of iype Iny (resp. Ilu)) if tt is of type I (resp. II) and finite (i.e. 1 is finite);
type Iy (resp. Il.)) if it is of type I (resp. II) and properly infinite.

Then the reduction theorem is obtained as follows:

4THEOREM 2.2. (Reduction theorem). There exists a unique decomposition 1 = z;P zn
@ zur, where z1, 21y, 21 € Zo, such that the sublaitice L(0, z1) (resp. L(0, zu), L(0, zun))
is of type I (resp. type II, type III).

PROOF. Let z1=\/(e(a); @ is minimal). Since Z, is a complete Boolean
lattice, we may write z1=@® (2,3 € €1) ‘where z,=e(a,) and a, is minimal.
We see that ap= @ (as; @€ I) is minimal by Lemma 2.6 (ii), and that e(ap) = z1.
Next let z*=\/(e(d); b is finite). As above, using Lemma 2.4, we have
z¥=¢e(bo), where by is finite. By Lemma 2.6 (i) we have z*=z;, so we put
zn = 2% — z1,> zin=1—2z* Then evidently L(0, z;) (resp. L(0, zr), L(0, z11)) is of
type I (resp. type II, type III). The uniqueness of the decomposition is trivial.

From Theorem 2.1 we have e¢/(1)@ei(1)=1 and clearly zmnef(1) =0.
Hence we have a decomposition | =z"Pz{® @z Pz Pz, where z{V =
ane/ (1), 2P =znei(l), 2z =zune/(1), 25 =zunei(l). Thus L is uniquely
expressible as a product of five laitices, respeciively of type Iay, Iy Iy Il(wy and III.

LEMMA 2.7. If 0Fa=<zm, then for any natural number n there exists a decomposition
a=®(a; | <Zi<n) such thai a;~a, for all i. '

PROOF. Consider the set & of independent systems [by, ---, b,] such that
05b;<a, b;~b1. There exists a maximal subset {[b(”, ..., 5™ ]; a€l} of &
such that (@ G® ; lgi_gn) ; «€l) L, by Zorn’s lemma. If b=® (0®; 1<i<n,
acl)<a, we put a=b®c. Then since z; includes no minimal element,
applying Lemma 2.5 repeatedly, we get an independent system [ci, -+, ¢,] such
that 05 ¢;<¢, ¢;~c;, which is a contradiction. Hence b=a. Setting a; =@
®"; acl), we have @ (a;; 1=<i<n)=a and a;~a; by (2, J).



222 g S.” MAEDA

§ 3. Relation “~” in L, continued

In this'§ we shall prove the comparability theorem and the decomposition
theorem which are known in the continuous geometries (von Neumann [13,
111}, Theorem 2.1, 2.7, Maeda [11, Ch. 4], Thorem 1.1, 1.2), and in the operator
rings (Maeda [9], Theorem III, Dixmier [2], Theorem 6).

THEOREM 3.1. (Comparability theorem). Let a and b be arbitrary elements in L. There
exist decompositions a=a’@a”,‘ b=>b' @b’ such that o/ ~b, el@)Ne®”)=0; then
e(@)=e®) =ce(@ned).

PROOF. Consider pairs of independent system§ {as}, {bo} such that q,=<a,
b, <b, ay~b, for all . Among these there exists a maximal pair {a,; a €1},
{bs; €1} by Zorn’s lemma, and we put o =@ (a,; a€l), V' =@ (bs; @< l),
a=ad®@a’, b=b@®b’. Then a’~b by (2, 8). If el@)ne®d”’)=0, then by
(2, & the pair can be enlarged, a contradiction. So e(@’)Ne@®”)=0. Clearly
e(@) =e(d'), whence e(@)Nned) =e@)J(el@)ne®”)) =el@). "

THEOREM 3.2. (Decomposition theorem). Let a and b be arbiirary elements in L. There
exist z1, z2, 23 € Zy such that 2, P z:Pz3=1 and ziNa P z,N\b, zaNa<zeNb, zsNa~
zsN\b.  More simply, there exists z € Zy such that zNazzNb, (1 —z)NaxX (1 —z)Nb.

PROOF. From Theorem 3.1 we get decompositions a=a @a”, b=>b Db",
such that &/ ~¥b, el@)Ne®”)=0. Put zy=e(@), z2=e®"), z3=1— (z2:Dz2).
We have zsN\a’ =zsNziNa’ =0, whence zz3N\a=z3Na’. Similarly’ zsNb=
zsN\b. Hence @’ ~b implies zzNa~z3Nb. Next ziNa=ziNd@a’, z21Nb=
ziNb. Hence for any z€ Zy, zNa”’ 30 implies zN\z;Na>zNz1Nb, and zNa”
=0 implies zN\z;=e(zNa”’) =0. Therefore z;Nayp z1Nb.  Similarly z:Nae<K
zoMb. This completes the proof.

The following lemmas are consequences of these theorems and are useful
in the following sections.

LEMMA 38.1. Let ayPas~bi@bs. If ay@Pay is finite and ar~ b1, then as ~ bs.

PROOF. By (2, ¥) we may suppose that a;@az =b1@b;=a. From Theorem
3.2 there is z€ Z, such that zNay = zNbsy, (1 —2)NaX (1 —8)Nbs If zNa: >
zNbs, then since zNai~zNb; we have zNa >zNa, contradicting that a is
finite. Hence zNaz~zNbs. Similarly (1 —z)Naz~ (1 —z)Nbs, s0 az~ bs.

LEMMA 3.2. Let b be finite. If as T a and as <Xb for all 6, then aX(b.

PROOF. Now the lemma is trivial if D = {8} is finite. Let D be infinite,
and assume that the lemma is true for every directed set D’ such that D'<D

(D denotes the cardinal of D). Since D is infinite, there exists a well ordered
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ascending set of directed subsets {D,; p<a} of D such that D, <D and \J(D,;
p<a)=D. Setting a,=\/(as; 6€D,), we have a,<b by our assumption, and
a, 1 a. Then by the same method as in the proof of Kaplansky [8] Lemma 6.4,
we can prove that ¢<b, so that the lemma is true for D. The details are
omitted. * '

REMARK. Kaplansky [8, pp. 246-247] showed that the projections in a
finite AW*-algebra form a continuous geometry and the relation a~b coincides
with the perspectivity (cf. Example 2 in §2).

. Analogously we obtain the following results.

(1) Let the relation a~b in L has the properties (2, &) — (2, ) and has the following
property : if a and ‘b are perspective, then a~>b. If L is finite, then L is an upper-continuous
complemenied modular lattice. For, let a=c and x=(a\Jb)Nc, y=aJ(bNc). Then
x and y are perspective, so x~7vy. Since x=y and x is finite, we have x =y,
which shows that L is modular. Next using Lemma 3.1, 3.2 we can prove
that L is upper-continuous by the same method as in the proof of [8], Theorem
6.5, and the details are omitted.

(i) If moreover Zo=Z, then a~Db if and only if a and b are perspective. Thus ihe
perspectivily is iransitive. For, by the decomposition theorem in the continuous geo-
metries (see von Neumann [18, 111}, Theorem 2.7, Maeda [11, Ch. 4], Theorem
1.2), for any a, bEL we have z€ Z=Z, such that zNnaxz*z2nb, (1 —z)NaX*
(1—=2)Nb, where “~*’ is the perspectivity, Let a~b. If zna>*zNb then
zNa>zNb~ zNa, a contradiction. Hence zN\a~*zNb. Similarly (1 —2)Na~*
(I —2)Nb, so a~*b.

LEMMA 3.3. If a is properly infinite, then for any natural number n, there exists a
decomposition a = @ (a;; 1=i=<n) such that a;~ a for all i.

PROOF. Since ¢ is infinite, using Theorem 3.1, we can get z€ Z, such that
OFzNna~@(b,; a€l) where by~b; for all @ BEI and I is infinite. This
can be proved by the same way as in the proof of [3], Lemma 1.3, and the
details are omitted. Thus we have ¢, ---, ¢, such that zNna~®(c;; 1 <i<n)
~c;. By (2, v) we have zna=@P(d;; 1 <i<n)~d;. Let

20=\ (GE€Z; zNna=@ d;; 1 i< n) ~d).
Then it is easy to show that there exist ai, ..., @, such that zyNna=®(a;
1<<i<n)~a; If (1 —z)Nax0, then (1 —z)Na is infinite and then, as above,

there exists z2€ Z, such that 0 (1 —zp)NzNa=Pd;; 1 Xi<n)~d; a con-
tradiction. Therefore (1 —z))Na=0, so a=zoNa=® (a;; 1 =i<n)~a;.
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We remark that if the relation a~b has the property that a~ @b, implies
a=@a, with az~b,, then for any properly infinite element a there exists a
decomposition a = @ (a;; 1 i <o) such that a;~a.

Now let the relation a~b satisfiés the first five conditions _(2, a)—(2, &),
and we shall examine the sixth condition (2, £). First we shall show that (2, {)
holds in the finite case.

LEMMA 3.4. If ais finite and a =ay@Pas =b1 P by, a1~ az, by~ by, then ar~ bi.

PROOF. Applying Theorem 3.2, we get z€Z, such that zNaZzNbi,
(I=-2Nna X (A —2)Nbi. If zna; >znby, then zNaz >zNbs, whence zNa>zNa,
a contradiction. Hence zN\a; ~ zNb;. Similarly (I —2)Na;~ (1 —z)Nbi, so a,~b,.

In general we obtain :

LEMMA. 3.5. (2, &) is equivalent lo the following condiiion: if ai, az are finite and
ay L as, ay~ as, then ay@az is also finite. Furthermore this condition implies that if a, b
are finite and a 1 b, then a@b is also finite.

PROOF. Let a=a @az a,~a: and a; be finite. By Theorem 2.1 and
Lemma 3.3 there are b;, by such that ei(@Na=>b,Pby~b,~by,. If (2, &) holds,
then e’(a) Na1@ei (@) Naz =>b,@b: implies ei(a) \a;~ by ~ei(@)Na. Since el(@)Nay
is finite, e'(a)Na is also finite, so ei(@)Na=0. Therefore a is finite. To prove
the converse, let a=a, @ az = b, @®bs, a;~az, by~b;. By Theorem 2.1 and Lemma
3.4, it is sufficient to prove the relation a;~b; when «a is properly infinite. If
zNa, is non-zero, finite for some z€ Z,, then by the assumption zNai@zNay =
zMNa is again non-zero, finite, that is a contradiction. So a; is also properly
infinite, whence there are o/, @’/ such that o, =a’ @Pa’ ~a’ ~a”’. Hence we have
a=a@a~a @Pa’ =a;. Similarly a~ b1, so a1~ b. .

Next let a b and o, b be finite. From Theorem 3.2 we get z€Z, such
that zNnazzNb, (1 —2)NaX (1 —2)Nb. Put 2z =e(a@®b)Nz. There are by, by
such that 2N\ (@@b) =b, @by ~b; ~bs. Then there are a1, as such that z7Na~
@~ az, a1 b1, a2 b,. Since ZNazz'Nb, we have 2N@@@b) KLa1Pas. But
a1@as is finite since ai, a» are finite, hence so is 2N\ (@@®b). Thus we have
ZN@@®b) =0, so z/=0. Similarly e(@a@®b)N(l —2)=0. Therefore ¢ (a@b)=0,
then a@®b is finite. This completes the proof.

Assume moreover that the relation ¢ ~b has the property: if a and b are
perspective, then a~b. Then it is easily seen that if @ and b are finite, then
so is a\Jb.

We shall examine that both in Examples 1 and 2 (see §2) (2, £) holds.
Let ay@as =b1@b:. We shall show that there is z€ Z, such that zN\a; <zNby,
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(1—=2)Na; < (1—z)Nbs.  This is obvious in Example 2 from [8], Lemma 6.1. In
Exam‘ple 1, it follows from [5], Theorem 3.1 that there are decompositions q, =
d@al, by=b;Bb G=1, 2) such that af ~b{, aif’ ~bj, as~by, af ~by. By
Theorem 3.2 there is z€Z, such that zNal<XzNad, (1 —2)Nal = (1 — z)Ndj.
Then zNnai=zNna @Dznal KzNbi@znNb =zNbi.  Similarly (1 —2)NaK
(1 —2)Nb,.

Assume @y Das =b, Dby, ay~as, bi~bs. From the above result we get
2€ Zy such that zNa; Kznby, (1 —2)Na <X (1 —2)Nb; and we get 2/ € Zp such that
ZNarz2Nby, (1—2YNay = (1—2)Nbs Then we have (1 —2)Na X (1 —2)Nby,
(1 —=2)Na1 = (1 —z)Nb; by the assumption. Hence a; <b, and a;=b;, whence
a;~b, by Lemma 2.3 (iii).

§ 4. Preliminary theorems

In the remainder of this paper we assume that the relation a~b has the
six properties (2, @) —(2, {).

As in the continuous geometries (von Neumann [13, I}, Chap. VI) it is con-
venient to give the following notations.

DEFINITION 4.1. Let [a] denote the class of all elements x such that x~a,
and [L] denote the set of all [a], a€ L. We write [a] < [b] if a<{b, [a] < [b]
if a<<b.

If there exist @; € [a], b1 € [b] such that a; L by, we define [a] + [b]=[a:@b.].

Clearly, if [a]<[b], there is [¢] such that [a] +[c]=[b].

If ((a]+[b]) +[c] exists, it is easily shown that (a]+ [6]) + [c]=[a] + (b]+[c).
Define 0[a]=[0]. For any natural number 7, if (m—1)[a] has been defined and
(n—1)[al + [a] exists, then we put n[a]=@—1)[a] + [a].

Lemma 3.3 shows that,if a is properly infinite, [a] =n[a] for every n.

REMARK. We shall show the following properties of [L].

W [L] is a lattice with the order “<. Proof: it is clear from Lemma 2.3
(ii), (iii) that [L] is a partially ordered set. For arbitrary a, b€ L, from Theorem
3.2 there is z € Z, with zna<Lz2nb, (1 —2)Na = (1 —z)/\l;. Put c=zNna@®( —2z)Nb.
‘Then clealy c¢<a, b and if x=Za, b, then xc. Therefore [c]=[a]N [b].
Similarly [zNb@® (1 —2)Na]=[a]\V[b].

(i) [L] is toially ordered if and only if Zo={0, 1}.

LEMMA 4.1. If n[a]<[b] for every natural number n and b is finite, then a= 0.

PROOF. Suppose that there exists an independent system {a;; 1<Xi<{n} such
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that ¢;<b, a,€[a) Put b=@(a;; 1=i<n)@d. Since nla]<n+1)[a]X[b],
there are ¢;€nla] and € @+ 1){a] with ¢, <c:<b. Put c;@®di=cs c:Pd;
=b. Then it follows from Lemma 3.1 that a~d,<d @Pds~d. Hence there
is @ps1 such that a~a,<d. We see (a;; I<is<n+1)1l, &;<b, a:€ [a].
Thus if @, is any element in [a], we have an infinite sequence {a;} such that
(@i; 1=i<oo) L, a;Xb, a;€[a). If a0, @D(a;; 1<i< o0) is infinite. There-
fore by the finiteness of b we have a=0.

THEOREM 4.1. Let ¢ be finite. For arbitrary a€L and n=20, 1, 2, ... there exisis
a unique element q,(c, @) € Zy which has the following property :

(1) for any 2 € Zy, 2=2q,(c, a) if and only if n[zNc] exists and n[zNc]<[zNal.

Then setting r.(c, @) =q,(¢, @) — gus1(c, @), the following relations hold.

@ [rale, @nal=nlr.(c, el +[pl with [p]<[ra(c, a)Ncl.

(3 l=¢lc, =D alc, @3 0=n<0)DA(g,(c, @) ; 0<n <),

NG (e, @); 0 <n< o) =¢ (g (l —e(o).

PROOF. Let q,(c, @) =\/(z€ Zy; n[zNnc]<[zNa]). Then we ‘have q.(c, @
=@ (za€ Zo; a€l) with n[zaNc]<[zsNa]. Hence n[q,(c, a)Nc]<[q,(c, a)Na].
Therefore (1) holds. The uniqueness of ¢,(c, a) is obvious.

Next we shall prove (2). Since r,=<gq, it follows from (l) that [r,Na]=
n[r.Nc]+ [p] for some p=<r.. From Theorem 3.2, there is z€ Z, such that
[znr.ne] <[znp), [ —=2)Nr.nec] >[A—2)Np). We see [znr.Na]=nlzNr,Nc]
+ [zNp]l = (n+ 1) [znr.Nc], whence 27, <gq,,, by (1). Hence zr,=0, so r,<\1 —z.
Therefore [r.Nc] >[p]. ‘

We shall prove (3). 1=g¢o=®.n®/\,q, is obvious. Now put z=/\,q,N
(1 —¢i(a)). Then nfzNc]=<[zNa] for all n and zNa is finite. By Lemma 4.1
we have zNc=0, so z<1—e(c). Hence A,q,Ze(q)\Vz=<ei(a)\J(l—e(0). On
the other hand n[(1—e(c) Ne] =[0] implies 1 —e(c) =g, for every n. Since r,Nc
is finite, so is r,MNa by (2) and Lemma 3.5. Then r,Nei(a)Na=0 since ei(a)Na
is properly infinite. So r,Nei(a) =0 for every n. Therefore ¢i(a) < /\,q,. This
completes the proof.

The similar result of this theorem is known in the continuous geometries
((18, III], Theorem 2.14, 2.15, 2.16).

We remark that if c~¢/, a~a’ then ¢,(c, @) =¢,(c/, &) for all n.

By Theorem 2.2 there exists a minimal element A such that e(h) =z. If
h1, he are minimal and e(%;) = e(hz) = z1, then by Theorem 3.1 we have h;=h Pk}
@=1, 2) with Al ~7hj, e(h]) =e(hs) =z1. By Lemma 2.3 (iv) #/’< Ak; and so A4} =0.
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Therefore sy~ hs. This means that [k] is uniquely determined. Hereafter we
suppose that A is such a element.

THEOREM 4.2. (1) For any z=<z1, 2=r,(h, @) if and only if n{zNh]=[zNal.

Q) rolh, @) =zun(l—ela). .

PROOF. Let 2<r,(h, a). Applying Theorem 4.1, we have [zNa]=n[zNh]
+[znp), [znp]&L[zNk]. Since zNh is minimal, we have zN\p=0. To prove
the converse, let 2=z, [zNal=n[zNk]. Clearly 2<gq,(h a). Setting z/=
2N (b @), we have (+1)[z’NA]<[z'Na]=n[z’N]L], whence zZNh=0. But
2 <e(h), so 22 =0. Therefore z=r,(h, a).

We shall prove (2). [zin(l—e(@)Nna]=[0] implies ziN(l—ela))=r,. On
the other hand, ro <z is obvious and [rNa]=[0] implies =1—e(a@). So the
proof is corﬁplete.

From this theorem we get the following decomposition of z{".

COROLLARY. Let ey =r1,(h, 1). Then

(1) eq=0, Dlew; 1=n <o) =1z,

(2) For any z=z1, 2 ¢, if and only if nlznh]=/[z].

PROOF. By Theorem 4.1 (3) we have D.em =1~ /\.q,(h, 1)=1 —e(1))Ne(h)
=ef(1)Nz;=2z{". The other statements follow from Theorem 4.2.

Furthermore we can prove the following properties.

LEMMA 4.2. (i) q,(c a)Nng,(c, b) <q,.,,.(c, a@b).

) (A= gnle DN =g, (e, B) 1= gy (e alDB).

Especially (1 — gy (s @) N1~ @y (B ) X1 — ¢y ar (s a@®D).

(ii1) - q,(c, zNa)Ne(c) :zf\qn(c, aynelc) if n=>1.

PROOF. (i). Put z=gq,(c a)Ngq,(c, b). By Theorem 4.1 wel'have m[zNec]
[znal, n[znc]<[znb] and then (m +n) [zNc] <[z (@@ b)]. This implies z
Gnan(C a@DD).

(i)). Let m'<m, w <n and put z=gq,,,( a@b)Nruwlc, @)Nr.(c, b). If
zNc#0, we have (m+n) [zNc]<[z2N(@@Pb)] and [zNa]<m[zNc], [z/\bj<n[z/\c].
Hence (m +n)[zNnc]<(m+n)[znc], a contradiction. So zNc=0. But z=<e(c),
hence z=0. This implies rn (¢, )N (e, b)) <1 —q,,,,.(c, a@b) for any m'<m,
n<n. Since @ (n ; m'<m)=1-—gq,, we have (1 —g¢,( )N —q,l, )<
= q,.,( a@®b). ,

Next let m'<m, n’=n and put z = ¢, (s a@b) N0 (b, ) N1 (B, b). By
Theorem 4.2 we have [zN(@@b)]=(m+n+1) zNh], [zNnal=m'[zNk], [zNb]=
n’[zNk]. But since m+n+1>m +n, we have znh=0, so z=0. Therefore
(I =gpe1 (B, )N —‘]Q#l(hs D)1= qpips1(h, a@Db).

A A
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(iii). Since n[zNq,(c, ) Ne]<[zNq,(c, @) Nal, we have zng,(c, @) X q,(c, zNa).
On the other hand ¢,(c, zNa) <gq,(c, @) is obvious. Now it suffices to show that
¢.(6, zNna)Ne() =z, Put 2 =gq,(, zNna)yNnel@N(l —z). We see that n[z/Nc]<
[#Nnzna]=[0]. But n=1, so zZNc¢=0. Since z'<e(c), we have z/ = 0.

§ 5. Dimension functions

DEFINITION 5.1. The complete Boolean lattice Zo is isomorphic to the lattice
of all compact open subsets of a totally disconnected compact Hausdorff space &
in which the closure of any open set is open. The compact open subset of &
which corresponds to z € Z, will be denoted by E(z). Then {E(); 2€ 2y} is a
basis of £. : '

Let Z be the set of all non-negative (finite or infinite) continuous functions
on 2. Z is a complete lattice by the usual order. After Dixmier [4, p. 25] we
define f+g, £f, fg, f'€Z for any f, g€EZ and 0=<<(<{co. The infinite sum
>1(fa; a€1) is defined by the Lu.b. of all finite sums fu, + -+ + fa,.

DEFINITION 5.2. A function d on L to Z is called a dimension function on L
if d has the following properties :

(1% if a~b, then d(a) =d () ;

(2°) if alb, then d(a\Jb) =d(a) +d®);

(3°)  if 2€ Zo, then d(zMa)=$(z)d(a), where G (2) is a characteristic function of E(z) ;

4%y if a>0, then d(a)>0;

(5°) if a is finite, then d(a) is finite valued a.e., where a.e. means “except on a set
of the first caiegory”.

For arbitrary o € 2 we shall write d(a, o) = (d (@) (»).

Now we shall shéw the .existence of a dimension function on L which is
normalized in a certain sense.

THEOREM 5.1. (Theorem of existence). There exisis a dimension funciion d of L such
thai d (k) = d(z1), d(=P) = (W), where b is a minimal element with e(h) = z1.

PROOF. By the property (3°) in Definition 5.2 and the reduction theory
(Theorem 2.2) it suffices to show that the theorem is true in any of the following
cases: (i) L is of type I, (ii) type II, (iii) type III

(). Let L be of type I. For arbitrary a€L, we set Un, ay=E(q,(h a))
(n=0,1,2,...). Clearly U0, 0)=28, U, ) D U(@m+1, a), so we define

da, o) =Lub. {n; o€ U, a)}.
For all >0, {0 € Q; d(e, ®) =n}=Uln, a) and {0€ 2;d(a, ©) <n}=02—-Un+1, a)
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are closed. Hence d(a) is continuous and d(e) €Z. It is easy to show that
U, =2, U2, ) =0. Hence d(h) =1. Now we shall prove that d has the
properties +(1°) —(5°).

If a~b, then q,(h, a) =¢.(h, b) for all n, and then d(a) =d ().

Let alb. By Lemma 4.2 (i), (ii), we have .

U@m, ) "U@®, b) CU(m +n, a@®b).
and @—-Um+1, )n(@—-U@+1, b)) L—-Um+n+1, a®b).

Then. it follows that d(a, ) =m, d(b, @) =n imply d{a@b, ) =m +n and that
d(a, ) <m, d(b, ®) <n imply d(@@®b, ©) <m +n. Hence if d(a, »), d(b, »)< o,
then clearly d(a, ) +d b, ) =d(@@b, w). If either d(a, ) = o0 or d(b, w) = oo,
then d(@a®b, 0) = =d(a, o) +db, w). Therefore d(a) +d(®) =d(a@Db).

Let z€Z,. By Lemma 4.2 (iii) we have Un, zna) =E(@)NU(m, a) for all
n=>1. Hence d(zNa, ®) =d(a, ®) on E(z) and d(zNa, ) =0 on L2 —E(). There-
fore d(zra) = ¢ (2)d(a).

Assume that d(@) =0. Then U(l,a) =0, so ¢,(h @) =0. By Theorem 4.2
(2), we have 1 —e(a) =ro(h, a) =1, whence a=0. Therefore if a>0, then d(a)>0.

'Let a be finite. Then by Theorem 4.1 (3) /\.¢.(% a) =ei(a) =0. Therefore
{0€f;d(a, 0 =0} =/\,Un, a) is a non-dense set, that is, d(a, ®©)< oo a.e.
(ii). Let L be of type II. There is a finite element ¢, with e(c) =1. We

may suppose that z{ <c.. By Lemma 2.7 ‘there is a sequence {c;} such that

2] =[co). Put A={%; k=1,2,...;n=0,1, 2, } For arbitrary €L

we set U(;—k, a>=E(g'n(ck, a)). For €A, U(\, a) is uniquely determined since

@2n (Cir1,0) = ¢, (cis @).  Clearly U0, a) = £, and if M\ then U\, @) D Uy, a),

so we define
d(a, o) =lub. {Neéd; 0o UM, a)}.

For all €20 (£: real number), {0€2; d(a, @) =& =N\UM, o) ; A< and
{0e;d(a o) E=\R—-UMN, a); v>&) are closed. Hence d(a) is continuous
and d(a) €Z. It is easy to show that U(1, ¢p)=8 and U\, ¢p)=0 if A>1. Hence
d(co)=1 and d(z{?) =¢(z’). Now we shall prove that d has the properties (1°)—(5°).
If a~b, then ¢,(ci, @) =q,(ci, b) for all k, n, whence d(a) =d(b).
Let alb, and & % be non-negative real numbers. If M€ A, N<&+ 7, there

m-+n

are k, m, n such that A= oF

‘g%:<§, —gk— <7. So using Lemma 4.2 we have
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N, @) ; A<EANTU, ) : X <5 CNUN a@b) ; M<E41).

Similarly we have
NE—=TMN, ) ; A\>ENNE—=UR, b) ; A>n) CN\EL—UN, a®b) ; A>E+17).

Then it follows thzit da, w)=§& (resp. < &), db, w)=n5 (resp. =) imply
d@®b, )=E+ 5 (resp. <E+ 7). Therefore we have d(a) +d () =d(@@@b).

Let z€Z,. By Lemma 4.2 (i) UM\ z2na) =E@NAUQ, @) for all A>0.
Therefore d{zNa) =¢(z)d(a).

Assume that d(a) =0. Then E(g,(c1, @) = U(#, a>=0, so rolcy, @) =1 for

all k. By Theorem 4.1, [a]< [c], whence 2*[a]<{[co] for all k. Since ¢ is finite,
we have a=0 by Lemma 4.1. ; v '

Let a be finite. We have /A\uqs(co, @) =0, whence {0€£; d(a, w) =0} =
N\.U(n, @) is a non-dense set.

(iii). Let L be of type III. Set d(a) = oo (e(a)). Then clearly d(a) €Z and
d has the properties (1°) —(5°) from the following properties: a~b implies e(a) =
e®); ela®b)=e(@\Je®); e(zna)=zNela); a>0 implies e(@)>0; 0 is the only
finite element. This completes the proof.

The dimension functions necessarily have the following further properties.

THEOREM 5.2. Let d be a dimension junction on L.

i) dla ©=0 o 2—E();*

0<d(a, )<oo a.e. on E(e/ (@) ;
d(a, w)= oo on E(ei(a)). .

Especially a>0if and only if d(@)>0; a is finite if and only if d{a, ®) <o a.e.

(1) ax=b implies d(a) =d (b) and the converse holds if b is finite. From this if a
(or ) is finite, then a>b (resp. ~, <) is equivalent to d(@)>d () (resp. =, <).

PROOF. (i). Since 0 € Z,, it follows from (3°) that d(0)=0. Thus z=
l—el@2zNna=02¢(z)d{a) =0=2d(a, © =0 on E(z). Hence d(a, ®)=0 on
Q—E(e(a)) and d(a, ©)>0 a.e. on Ee(a)). Since ef(@)Na is finite, it follows
from (3°), (5°) that d(a, ®) <o a.e. on E(e/(a)). Next by Lemma 3.4 [ei(a) a]
=2[ei(@Na]. Hence by (1°), (2°) we have d((@Nna)=2d(e(a)Na), whence
d(ei(@)Na, ®) =0 or co. Since d(ei(a)Na, ®)>0 a.e. on E(ei(a), d(a, @)=0co on
E(ei(a)).

(ii). It follows from (1°), (2°) that a>b implies d(a) =d (). Let b be finite
and d(@)=d®). From Theorem 3.1 there are decompositions a=a @Pa’, b=
V@b’ with @/ ~b, e(@)ne®”)=0. d(@)=d@®) is finite valued a.e. by (5,
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and hence d(@’) +d(a’”") > d®") +d@®") implies d{a@”’) =d(®"’). Hence 0=d(e(d”)Na")
=dpe®N)d@)=pl®”)d®") =d®"”). Therefore b” =0, whence axb" =b.

REMARK. We assume that relation a~b has moreover the following pro-
perty : if @ and b are perspective, then a~b. Then for arbitrary a, bEL we
have d@\b)+d@nbd)=d(@ +d®). Proof: let aVb=a®Pc, b=anb@ec.
Since ¢;~¢; by the assumption, d{a\Ub)+d(@anb)=d(@)+d(c)+dlanb)=
d(@) + d(c) + d(@anb) =d(a) + d®).

Next we prove the uniqueness of the dimension function in a certain sense.

“"THEOREM 5.3. If di, da are dimension functions on L, then there exists a function
fEZ, 0<f(@)<oo a.e such that dy(a)=f+ds(a) for all a€ L.

PROOF. Let L be of type I. By Theorem 5.2 (i) we have 0<d;(h, »)<oo
a.e. (i=1, 2) Therefore d; (k)™ are also non-zero, finite valued a.e. Put cZ/ (@)
=d;(h)'d;(a) for all a€L. Then d., d; are also dimension functions on L and
d/(h) =d,' (h) = 1. To prove the theorem, it suffices to show that both d;,’ and
d;’ coincide with the dimension function d which appeared in Theorem 5.1.
Since n[g.(h, ) NR]=[q,(h @) Na] and nl[r.(h, @) N\k] = [r.(h, @) Na], we have

d! (a, @) =oc0 on N, (U@, a))
and d/ (g, ®=n on U, a) — Ul + 1, a).

Hence d;/(a) =d(a) for all a€ L. )

Let L be of type II. By the same reason as above it suffices to show that
if d' is a dimension function and d’(c) =1, then d'=d. Since d'(c;) =1/2%,
d (a2, @) =X\ on U0, a) and d' (g, ®) <\ on £ — U\, a). Hence

da,w) =& on N\NUMN a); A< §
and d@o)& on NE—-UMN a; r>8.

Therefore d’' (@) =d(a) for all a€ L.

Let L be of type III. By Theorem 5.2 (i) we have d;(a) =d;(a) = o P (e(a)),
i.e., in this case the dimension function is uniquely determined.

COROLLARY. Leét zin=0 and let do be a dimension function on L.  There exists a
one-to-one correspondence between the dimension functions d on L and the funclions f€ Z with
0<f (w)< oo a.e., where the correspondence is given by the equation d(a) = f+do(a), a€ L.

PROOF. Let f€Z and 0< f(w)<<co a.e. Then f+d, is clearly a dimension
function on L. Conversely, if d is any dimension function on L, then there is
ez, O<f(a.))<<>0 a.e. such that d=f+dp by Theorem 5.3. Since zpr =10, there
is a finite element ao with e(ap) =1. Clearly 0<do(ao, ) <00 a.e. If fi+dp=
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fa+do, we have fi+do(ao) = f2* do(ao), whence fi =f;. Therefore the correspondence
is one-to-one. ,

Furthermore we shall examine some properties of the dimension functions.

DEFINITION 5.3. A dimension function d on L will be called a normalized
dimension function if d(h) = ¢ (z1), d(z{P) =P (z{}’), where % is a minimal element with
e(h) = z1.

It is clear from the proof of Theorem 5.3 that the normalized dimension
function on L is uniquely determined if z{;’ = 0.

For L, Z; will denote the set of f€Z which have the following properties:

f@) =0,1,--.,n on E(ewm); (n: natural number)
f@=0,1,-,00 on E(@™);

flo)=1 on E(z?) ;

f(@) =0, 0 on E (zin).

It is easily shown that Z; is a complete sublattice of Z.

THEOREM 5.4, If d is a normalized dimension function on L, then {d(a) ; a€ L} =Z,.

PROOF  Let d be the normalized dimension function which appeared in
Theorem 5.1 and d’ be arbitrary normalized dimension function on L. By
Theorem 5.3 we have d' = f+d, where f(0)=1 on £ —E(=7), 0<f(0)<o a.e.
on E(z7’). It is obvious that f+Z,=2Z;, thus to prove {d'(a);a€L}=1Z, it
suffices to show that {d(a); e€ L} =Z,.

First we shall prove d(a) €Z, for all a€L. If L is of type I, then it is
obvious that d(g, ® =0, 1, ..., co. Since UQp, 1) — U@ + 1, 1) = E(ew), we have
d(l, ®=n on E(ey), whence d(a, ©) <<n on E(ew). Now d({)=¢(z{/’) implies
d{a, @) <1 on E({}). It is clear that d{a, ) =0, c© on E(zir).

Next we shall show that for any f&€Z, there exists a €L such that d{a)=/.
Let L be of type I. Since n[g,(k 1)NA] exists for every n, we get an indepen-
dent system {h,; 1=<n <oo} with h,E[g.(h 1)NA]. Since f(w)=0,1, ..., oo,
A,={0€f; f(w)=n} is open and closed, then there is z,£Z, such that E(z,) = 4,.
We see that f(w) <i on E(ew), so 2.1~ @ (e ; i<n) =gq,(k, 1) =e(h,). Hence
d(z.Nh,) =P(z,). Set a=@,(z,Nh,). We have

d{@) =n on E(z,L)Z{wEQ;f(w)gn}
and d@=<n on £ — E(z,01) ={w€ 2; f(w) <n}.

Therefore d(a) = f.
Let L be of type II. For every k=1, we get an independent system



Dimension Functions on Certain General Lattices 233

{cb; 1<n< oo} such that } €[] if n<L2%, €[z Ner] if n>2F.  We may suppose
that ¢i=ci"7'@ci%;. The interior of the closed set A= {w€ £; flo) =n/2"} is
open and closed. Hence we get zi€Z, such that E(z7)= int (4%). Set a;=
@GN, bi=@,E 7 N ). Then @< aps1br.1=b; since

AN < (@I NG @D EmNdan) < ERPNGN @ T Ndh) =z N
Set a=\/,a;, and we shall show d(a) =f. Since f(0)<1 on E({’), z%

e(e) if n>2% Hence d(ziNcp) = (1/25¢(zh). We have d(a, 0) =d{(w, 0)=n/2"
on E(z%), so that

d(a, @) zE on NEED; Jr<H{wel; flo)=E

for any non-negative real number £ On the other hand d(a, w) <d (b, ©) <n/2*
on £—E(z}), so that

d(a ) <E on N@-E@ED); 2 >80 l; f0)=<E).

Therefore d(a) =F.

Let L be of type III. Since A= {w; f(v) = oo} is open and closed, we get
z€Zy with E(z) = A. Clearly d(z) = co¢(z) =f. This completes the proof.

COROLLARY. {[a]; a is finite} is lattice-isomorphic to {fE€ Zy; f(w)<oco a.e.}.
Especially if L is finite, then [L] is lattice-isomorphic io Zy and then it is a complete laitice.

PROOF. Let d be a normalized dimension function on L. By Theorem 5.2
(ii) and Theorem 5.4, the correspondence [a]—>d(a) is a lattice-isomorphism of
{lal; a is finite} with {f€Z;; f(o)<oo a.e}.

THEOREM ' 5.5. Let d be a dimension function on L. If as 1 a, then d (as) 1+ d(a).
Especially d is completely additive, that is, if a= @ (aa; a€l) then d{a)=2>(d(a);
ael).

PROOF. By Theorem 5.3 we may suppose that d is a normalized dimension
function. Let a; 1 a. By Theorem 5.4 there is b€ L such that d(b)=\/sd(as).
Clearly d(») <d(a). By Theorem 5.2 (i) d(b, »)=d(a, o) =0 on E(ei(h)). Put
z=1—¢(b). Since d(zNa;) <d(znb) for all 8§ and zNb is finite, we have
d(zna) Zd(znb) by Theorem 5.2 (ii) and Lemma 3.2. Hence d{a, ®)=d (b, o)
on E(z) = 2—E(e(b)). Therefore d{a)=d (), this gives d(as) }d(a). The rest

of the statements is obvious.

§ 6. Remarks on the axioms of dimension functions

In this section we shall make clear the relation of our dimension functions
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defined in §5 to those of Segal and Dixmier (see (II) in the introduction). Let
d* be a function on L to Z satisfying the first three axioms (1°)—(3°) in Defini-
tion 5.2. As in the proof of Theorem 5.2 (i) it is easily shown that d*(a, ©)=0
on £ —FE(e(a)) and that if a is properly infinite, then d*(a, @) =0 or o.

To make clear the relation of our dimension functions to those of Segal, we
prove the following theorem :

THEOREM 6.1. For any d*, there exists a decomposition 21 @ z:PDzs@za= 1, 2, € Zp
such that

(1) d* is a dimension function on L (0, z) ;

(2) if a2z, then d*(a) = o (e(a)) ; (where zaNzi = 0)

3) if a=zs, then d*(a) =0

(4) d* (z4)'= oo h(z5) and there exists ap such that e(ao) = z4, d*(ay) = 0.

PROOF. Let L be of type I. Put di={0€ Q; d*(h, o) <oo}, A=
{we R; d*(h, ©)>0}. Since A, A, are open and closed, there are z1, z2, ZE€ Zo
such that AiNAs =E(z), —A4,=E(z5). —A;=E(Z). Clearly zi@z®z=1.
Next put As={0€E®); d*(z ©)>0} and 4s=E(z,), 2—z,= zs.

We have 0<d*(h, ©)<<co a.e. on E(z;). Hence as in the proof of Theorem
5.3, it is easy to show that d* is a dimension function on L(0, z;).

We have d*(h, ®) =co on E(z5) and hence if a< z,, then d*{g, )= c0 on
E(g,(h, a)). But ¢,(h, @) =1—ro(h, @) =e(a). Therefore d*(a) = cop(e(a)).

We have d*(z3) =0, and hence if a<{zs, then d*(a)=0.

We have d*(h, ©)=0 on E(z). So setting ao=zs"\h, we have e(ag) =z,
d*(ap) =0. If a<{z,, then d*(a, ®) =0 on Q—El(gn(h, a)) for all n. Hence if ¢
is finite, d*(a) =0. But if z,#0, then d*(zs, ®) >0 a.e. on. E(zy). Hence z; is
properly infinite and then d*(z4, ®)=0 or oo. Therefore d*(z,) = cop(z,). -

Let L be of type II. We use ¢ instead of 4 (see the proof of Theorem 5.1),
and get z; as above. Then it is clear that (1), (3), (4) is true. Regarding (2)
we have d*(cp, ®) =0 on E(z5), so d*(ci ®)=c0 on E(z;). Hence if a<z,
then d*(a, )= oo on E(gq,(ck, @). Put z= /\;r0(css @). Since 2[zNa]<[zMco]
for all k, we have zNa=0 and then e(e) <1—z=\/,q,(cx, @). Therefore d*(a)=
oo (e a).

Let L be of type III.  Set z=\/(e(@); d*(a) =0). We may write z=
@ (elas); a€l) with d*(ay) =0. Put G6=@(as; a€I). Then e(d)z.z, and
clearly d*(@) =0. Put z;=1—-2 If a<z and d*(2) =0, then e(a) <z, so a=0.

Thus (4°) in Definition 5.2 is true for a=<{z;, whence d* is a dimension function
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on L(0, z)). . _

We get a decomposition z=2z3@z; as above. Clearly (3) is true, and e(zaNa)
=z4, d*(z4n@) =0. Since z, is zero or properly infinite, we have d*(z,) =
oo (z,). This completes the proof.

COROLLARY 1. d* is completely additive if and only if the following condition is
satisfied :

(6°) if as 1 a, then d*(as) 1 d* (a). A

PROOF. The “if” part is obvious since d* is finitely additive. To prove
the converse, let d* be completely additive and let z1@z:@PzsPz.=1 be the
decomposition for d* in Theorem 6.1. If z,#0, then by Theorem 6.1 (4) there
is @p+0 such that e(ao)¥z4, d*(ap) =0. Using (2, & and Zorn’s lemma we have
an independent system {a,; € €I} such that a,<zi @aXao for all «€l and
@, s = z1. Since d*(a,) =0 for all €1, we have d*(z4) =0, a contradiction.
Therefore z,=0. d* satisfies (6°) on L(0, z;) by Theorem 5.5, and it is easy to
show that d* satisfies (6°) on L(0, z;) and L(0, zs). Therefore d* satisfies (6°)
on L. This completes the proof.

From this proof it is clear that d* is completely additive if and only if
z,=0. We can see that there exists d* such that z,#0, so that d* is not com-
pletely additive. For example, let L be of type I (or II(.)) and d*(a)= o ¢ (¢i(a)).
It is easy to show that d* has the properties (1°)—(3°) and z, = 1.

COROLLARY 2. d* satisfies the condition (4°) in Definition 5.2 if and only if d*
satisfies the condition (6°) and the following condition :

(7°) if zE€ Zy, 2>0, then d*(z)>0.

PROOF. . By the Theorem 6.1 d* satisfies (4°) if and only if z§=z4=0, and

4

d* satisfies (7°) if and only if z3=0. It follows from the proof of Corollary 1
that d* satisfies (6°) if and only if z,=0. This completes the proof.

This corollary shows that if d* satisfies (4°) then d* is completely additive.

The axioms of Segal’s dimension functions ([15, p. 405], (1)—(5)) correspond
to (1°), (29, (3%, (6%, (7°), (5°) and the converse of (5°). As ‘above, 6°), (7°)
may be replaced by (4°), and by Theorem 5.2 (i) the converse of (5°) may be
omitted. Thus the Segal’s axioms are equivalent to (1°)—(5°) in Definition 5.2.

Moreover using Theorem 6.1 we otain :

COROLLARY 3. Suppose zit =0, and let do be a dimension function on L.  There
exists a one-to-one correspondence between d* satisfying (6°) and f€ Z, where the correspondence is
given by the equation d*(a) = f+do(a), a€ L. d* satisfies (4°) (resp. (5°)) if and only if
f(@)>0 a.e (resp. f(w)<oo a.e.).
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PROOF. For f€Z clearly f-d, satisfies (1°)—(3°) and (6°). Conversely if
d* satisfies (6°), then z,=0. Since d* is a dimension function on L(0, z1), by
Theorem 5.3 there is a continuous function f; on E(z;) such that 0< f{w)<{oo a.e.
and fi(®)do(a, ®) =d*(a, ®) on E(z;). Set

F@) =fi(@) on E@); f0) =00 on E(z); f@)=0 on E(z).

Then f€Z and f+do=d* by Theorem 6.1 (2), (3). L

Since zir=0, there is a finite element b with e(b)=1. Clearly 0<d,(b, w) <0
a.e. If fi~do=f2+do, then f,+do(b)=f;+do(b), whence f =f2 Therefore the
correspondence is one-to-one.

d* satisfies (4°) (resp. (5°)) if and only if z3=0 (resp. z2=10) which is
equivalent to f(®0)>0 a.e. (resp. f(w)<oo a.e.).

Let @ be a pseudo-application § on an operator ring (see Dixmier [4, p. 25]).
Then it is clear that the restriction of ¢ to the prdjections satisfies the axioms
(19, (2°) and (3°). The conditions “normal”, “faithful” correspond to the condi-
tions (6°), (4°) respectively and the following theorem shows that the condition
“essential in semi-finite part” corresponds to the condition (5°).

THEOREM 6.2 d* satisfies (5°) in Definition 5.2 if and only if the following condition
is satisfied : if 0+a=<1—zur, then there exists a,+0, o <a such that d* (@)) is bounded
valued.

PROOF. Let d* satisfy (5°). By Theorem 2.2 there is a finite element b
such that e(d) =1 —zpr. If 0#a<1—zu, then el@Mne®)=c(a)+0. So there
exist @’ 0 such that a=>a’ <Xb. Since o' is finite, d*(@) is finite valued a.e.
Then for sufficiently large number K, 4= {w€e€ E{e(a)) ; d* (¢, ») <K} +0. Since
A is open and closed, there is z€ Z, such that E(z) =A4. Since 0+z=<e(d), we
have 0#zNa' <a and clearly d*(zna’) is bounded valued.

To prove the converse, let a0 be finite. Then a1 —zy. If there
exists 03+ z€ Z, such that d*(a, ®) = o0 on E(z), then zNa=0 and then there is
¢ 0, c<<zNa such that d* () <K for some K. By Theorem 4.1 A,q.(c, @) =
é@)\J(1—el))=1—elc) = 1, whence ¢,(c, @) &1 for some n. Let o€ 2—E(q,(c, @)).
Then we have d*(a, ®) <nd*(c, ©) <nK. But since 1 —q,(c, @) <elc) <z, we have
d*(a, ®) =00, a contradiction. Therefore d*(a, @)<oo a.e. If a=0, then d*(a)=0.

Thus d* satisfies (5°).
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