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1.

Introduction.

In this note, we consider the n-dimensional system

('= !)

x' = Ax+ J(t, x)

(1)

such that
1° the k(k _::;: n) characteristic roots \.;(i= 1, 2,-··, k) of the constant matrix
A have negative real parts;
2° the remaining (n-k) characteristic roots "J,.,i (i = k+ 1, ... , n) have nonnegative real parts;
8° for a certain LI> 0,
J(t, x) =

(2)

(Ix I t+.d) 1 >

uniformly in t as Ix 1- 0.
For such a system, in the book of E. A. Coddington and N. Levinson (1],
there is stated a theorem 2> as follows:
When 'A;'s (i = 1, 2, ... , k) are arranged so that R\.; .:S:: R'A;+ 1 (i = 1, 2, ... , k-1),
if x = cp(t) is a solution of (1) and it holds that
lim sup log Icp(t) I = b < 0,
t ➔ oo

t

then there exist integers p and q (1 .:S:: p :S: q < k) such that
R\.p-l

and there exists a
( 3)

< R'Ap = R'Ap+l = ... = R\.q = b < R'Aq+l

o> 0 and a solution
q
X = "f(t) = ;E Qj{t)e"j'
J=P

of x' = Ax such that
cp(t) = 11,{t) + O(e<b-t)•)

(4)

t-= •

as
Here Qj(t)'s are column vectors each compone_nt of which is a polynomial int.
n

1)

Ix I means I; Ixi I, where xi's are the components of the vector x.
j ...

1

In the sequel, we use this

convention.
2) In the sequel, we call this theorem the theorem of Coddington and Levinson.
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Conversely, if, for any given c> 0, there exist E> 0 and T > 0 such that
(5)

IJ(t, x)-J(t, x) j:s;;sjx-xl

for t 2 T, Ix I~ E and Ix I::;;;: E, then, corresponding to any solution x = "fr(t )' of·
the form (3) of x'= Ax, there exists a solution x = <p(t) of (1) which satisfies (4)
for sufficiently small 8>0. Furthermore, if p=l, then the solution x=<p(t) of
(1) is uniquely determined by x=t{t).
In this note, we are concerned with the latter part of this theorem. Namely, in this note, dropping out the condition that p = 1, we shall give a somewhat more general result on the converse case of the above theorem.
By the assumption, there exists a real matrix P such that

(BB20 0)0 ,
1

(6)

PAP- 1 =B= 0

0 0 B3 .
where B1 is a matrix of order (p-1) of which the characteristic roots are all
less than bin their real parts, B2 is a matrix of order (q-p+ 1) of which the
characteristi~ roots are all equal to b in their real parts, and B 3 is a matrix of
order (n-q) of which the characteristic roots are all greater than b in their
.

real parts. Using this P, let z=Px. Then (1) is transformed to the system of
the same form as follows:
· z' == Bz+ g(t, z)

( 7)

and the conditions (2) and (5) are changed respectiv!;lly to the conditions as
follows:
1• for certain L > 0,
(8)
Ig(t, z) I::;;;: LI z II+.4
uniformly in t as Iz 1-0;
2° for any E>O, there exist E>O and T>O
such that
( 9)

lg(t, z)-g(t, z) I~ Ejz-zl

for t 2 T, I z I ~ E3:nd Iz I~ f.
Then our result is as follows:
Theorem. When any solution z="fr(t) of the form (3) of z'=Bz and·any
(p-1)-dimensional vector a are given arbitrarily, .there exists always one and·
only one solution z=<p(t) of (7) which satisfies (4) and the initial condition
(10)

<p;(t0 )

= a; (i = 1, 2, ... , p-1),

provided that I"fr(t) I. and Ia I are sufficiently small.
When p = 1, the initial condition (10) falls down, consequently the above
theorem evidently implies the latter part of the theorem of Coddington and
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Levinson.
Since the proof is not given explicitly for the latter part of the theorem of
Coddington and Levinson in their book, we shall in this note give a proof in
detail for our theorem.
2.

Auxiliary theorem.

In order to prove our theorem, in this paragraph, let us prepare a theorem
on the integral equation.
Corresponding to the partitions of the matrix B, we define

U1(t)

=

c·
~

U,(t)-(~

0
0
0
0
e'B,

0\

~)'

n.

0
0
0 0 .
0 e•B,

0)

U,(t)-G

Then, as is seen in the book of Coddington and Levinson, any solution of (7)
which is of the form (4) satisfies the following integral equation
def

(11)
cp(t) = F[cp(t)] = U1(t)c1 + Uit)c2+l1 +12,
where c 1 and c2 are respectively (p-1)- and ( q-p+ 1)-dimensional constant
vectors and

11 = f' U1(t-s)g (s, cp(s))ds (to 2 T),

J'•

12 = -r[Uit-s) + Ug(t-s)]g(s, cp(s))ds.

In this paragraph, for the integral equation (11), we prove an
Auxiliary Theorem. For any (ci, c2) such that Ic1 I + Ic2 I is sufficiently small,
the integral equation (11) has always one arul, only one solution of the form (4).

Proof. For any .11 such that

(1~
we take a

0<~<~

o so that

(13)

and also take a u so that
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-bL11

o, - b,

-o), .

l+ Lli

Then, if we put
(15)

we have:
8'+a- -o = -bL11 -a-(1+ J 1)-o+ a- -o
= -b.11 -a-.11-2o
> -bL11 -0J1 -2o

= -bL11 -o(L1

1

+2)>0

because of (13), namely we have
8' + a-

(16)

> o,

from which, by (14), it is readily seen that
8'

(17)

> 0.

On the other hand, since
a-+ 8' = -b.11 -a-.11 - o <-bL11,

we can choose J 1 so small that
(18)
a-+8' < b-R>..ri•
Then, for Ji, from (12), it is readily seen that the condition (8) is also
valid even when J is replaced by J 1 • Also, for a- and 8', by (18) and (14), it is
readily seen from the definitions of Uj(t)'s (j == 1, 2, 3) that
(19)

IU1(t) 1;;;;;: Ke<b-u-it)&
IUlt) I~ Ke<b+u),

(t 2 0),

IUj(t) I.< Ke(b-u),

(t;;;;: 0)

(t 2 0),
(j = 2, 3)

for a certain sufficiently large constant K > 0.
We choose an c > 0 so that
(20)

r = EK [a-+ ; _ 0 + 0 _:a-] < 1,

and, corresponding to this c, we take T > 0 and f > 0 so that (9) may hold for
t 2 T, !z! S::t and lzl ;;;;;:g.
First, by successive approximations, we shall show that the equation (11)
has a solution x = cp(t, er, c2) in TS:: t< oo corresponding to any (c 1, c2) such that
1

(21)

Jeri+ lc2I =a<min [ 2~, (~f(oL~"°)};,-r)r+.i,].

For (c1, c2) satisfying (21), if we put
(22)
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then evidently it holds that
m

~

m(l+r+r2+ ···)= 1-r
--<-.
2

(23)

Let <po(t, ci, c2) = 0 and let <pi(t, c1, c2) = F[<po(t, ci, c2)]. Then, from (8), (11)
and (19), it follows that, for t ~ T,

I<p1 (t, Ci, C2) I~ K/b-rr-e)t IC1 I + Ke(b+rr)t Ic2 IS Ka/b+rr)t,

(24)

from which follows
(25)
because of (21) and (14). Then <pit, c1, c2) = F[<p1(t, ci, c2)] is well defined and,
from <p2-<p1 = F((fJ1)- F(<po), we can esti:qiate I<pit, ci, c2)- <p1(t, c1, c2) I as follows:

I<pit, c1, c2) -

(26)

<p1 (t, c1, c2) I

~LI U1(t-s) l Ig(s, <p1(s)) Ids+ [( IU2(t-s) I + IUs (t-s) I) Ig(s, <p1(s)) Ids
(by (8))

(by (8), (19), (24))

(by (15))

(by (17))

(by (22))

< t e(b-8)t

(by (23)).

~

Thus, from (25) and (26), we have

I({'2 I~ I<p1 I + I<p2 -<pi I <

t

/b+rr)t

+;

/b-S)t

< t/b+u)t
:::;t.
Then, <pa(t, c1, c2) =F[<pit, c1, c2)] is well defined and, by (9) and (26), we have:
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Le(b-u-a')(t-s)+(b-o)sds

+2

r

e<b-<r)(t-s)+(b-B)s

ds]
(by (19))

;;;,- , mKc[-1+
u+u-o o-u

_2_]/b-B)t

= mre<b-B)•

(by (20)).

'Then, from (25) and (26), we have

Iips(t, c1, c2) I.:< Iipd + I<p2 -

'Pil

+ I'P3 -

<p2 I

'

~ te(b+o-)•+m(l+r)e(b-B)t

:s;: £e(b+u)t + £e<b-B)•

--2

(by (23))

2

<te<b+u)•

~~Continuing this process, by induction, we see that
(27)

2 6 8
{ Iiph, c1, c2)-<pk-1(t, Ci, c2) I~m1'- e< - l•,
I<pit, Ci, c2) < fe'b+u)t ~ E

(k = 2, 3, ... ).

Then the series
<pi (t, Ci, c2) + {<pit, C1, c2) - <p1 (t, c1 c2)} + ···

+ {<pk(t, c1, c2)-<pk-1(t, ci, c2)} + ...
converges uniformly in (0 < T .:S:)to ,:S: t < 00 with respect to t and (c1, c2).
Therefore there exists a limit function
(28)

<p(t, C1, c2)

= lim
<pk(t, Ci, C2)
k-~

such that

I<p(t, Ci, C2) I::S: te<b+o-)• •
Then, from the proof of the appraisal of Iipit, ci, c2) - <p 1(t, c1, c2) j, it is seen
that there exists F[ip(t, c1, c2)]. Also, from the latter of (27), it is seen that
the improper integral
r[Uit-s)+ Us(t-s)]g(s, <pk(s)) ds

is equiconvergent with respect to k. Therefore it follows that
lim F[ipk(t, c1, c2)]= F[<p(t, c1, c2)],
k-~

.:from which we see _that ip(t, ci, c2) is a solution of the integral equation (11),
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because
(k=O, 1,2, ... ).

Now, since
<pit, Ci, C2) =<p1 + (<p2-<p1)+ ••• + (<pr.-<p1,_1),

from the former of (27) follows

I<ph, Ci, c2) -

U1 (t)c1 - Uit)c2 I ~ 1 ~ / 6- 3>•

< te(b-8)•.
Then, from (28), it is evident that

< te<b-B)•.
Then, since U1(t)c1 = O(e'6- 8'') by (19) and Uit)c2 can be written as (3), the
solution <p(t, ci, c2) of (11) obtained by the above successive approximations
becomes the solution of the form (4). Thus, for the integral equation (11), the
existence of a solution of the form (4) has been proved.
Litstly, we sha!Fprove that, corresponding to any (ci, c2) satisfing (21), the
solution of the form (4) of the integral equation (11) is determined uniquely. In fact, let x = <p1(t, ci, C2) and x = <p2(t, ci, c2) be such solutions, then, due to
(19), from <pit, c1, c2)-<p1(t, ci, c2)=F[<pit, c1, c2)]-F[<p1(t, c1. c2)], we have:

I<pit, Ci, c2)-<p1(t, Ci, c2), ~ cKn:.e(b-a--ll')(•-•> I'Ph, C1, c2)-<p1 (s, Ci, c2) Ids
+ 2re(b-a-)(•-•> I<p~(s, C1,c C2)-<p1(s, Ci, c2) Ids],

which can be written as follows:
(29)

I<pit, c1, c2)-<p1(t, c1, c2) Ie-(b-B)•
~ cK[e'3-a--ll')• ~: e<a-+ll'-B), I'Pis, c1, c2)-<p1(s, Ci, c2) Ie-<b-B)•cJs

r
0

+ 2e<B-a-)•

e<a--B),

I'Ph, Ci, C2)-<p1(s, Ci, c2) Ie-(b-B),ds] .

Now, by the assumption,
(j= 1, 2),

therefore, from the proof of the appraisal of
seen that
(30)

I<pit, ci, c2)-<p1(t, ci, c2) I, it is
(j= 1, 2).
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Then j cplt, ci, c2)-<p1(t, c1, c2) [e-<b-B)t becomes bounded in to~ t < oo, therefore
we put

·Then, from (29), it follows that
M~rM

which, on account of (20), implies M = 0, namely cplt, ci, c2) = <p1(t, c1, c2). This
proves the uniqueness of the solutions of the form {4) of the integral equation
(11).
Thus our auxiliary theorem has been proved.
3.

Proof of theorem.

As is stated at the outset of § 2, any solution x = <p(t) of the form (4) of
the equation (7) satisfies the integral equation (11). Consequently for certain
c1 and c2, it holds that
(31)

<p(t):::: v(t)+ O(e<b-B)t) = U1(t)c1 + Ult)c2+l1 +/2-

Now, as is seen from (30), for any solution x = <p(t) of the form (4), it is valid
that

/i,/2 = O(etb-B)t).
·Therefore, by (19), from (31), it is seen that
(32)
Also, from (31), it follows that
(33)

r

<p'(to) = [ U1 (to)c1

(i= 1,2, ... ,p-l).

Therefore (c1, c2) is uniquely determined when "[r.(t) and the initial values
<p'(to)=a' (i=l,2, ... ,p-1) are appointed beforehand. Now, by our auxiliary
theorem, the solution of the form (4) of the integral equation (11) is uniquely
determined for any given (ci, c2), therefore, we see that the solution x = <p(t)
is uniquely determined when v(t) and its initial values cp'(to) = a'(i = 1, 2, ... ,
p- 1) are appointed beforehand.
Now, as is readily seen, the solution of the form (4) of the integral equation (11) satisfies the initial differential equation (7). Therefore, the solution
x = <p(t,. ci, c2) of the form (4) of the integral equation (11) corresponding to
(ci, c2) determined by (32) and (33) (the existence of such a solution follows
from our auxiliary theorem), becomes the desired solution of the initial differential equation (7). This proves the existence of the desired solution of
the differential equation (7).
Thus the proof of our theorem is completed.
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