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1. Introduction.

In this note, we consider the n-dimensional system

(1) x = Ax+ f(¢, x) (’= g—t)

such that .

1° the k(k < n) characteristic roots \,(i=1,2,..-, k) of the constant matrix
A have negative real parts;
' 2° the remaining (n—k) characteristic roots »; ¢=%+1,..., n) have non-
negdtive real parts;

3° for a certain 4> 0,

(2) f@, %)= ([x]|*)
uniformly in ¢ as |[x|—0.
"~ For such a system, in the book of E. A. Coddington and N. Levinson [1],
there is stated a theorem? as follows:
When \s (= 1,2,..., k) are arranged sothat Rn; < R\;+; G=1,2,-..,k—1),
if x=q(t) 18 a solution of (1) and it holds that

lim suplgg—ltﬂt—)—] =5 <0,
then there exist integers p and ¢ (1 < p < q < k) such that
RN, < RNy=Rh\pyy == RA\,=b < RAgu,
and there exists a § >0 and a solution
q
(3) %= r(t) =§,Q,-(t)e*f‘

of ' =Ax such that

- (4) P(t) = P(t) + O(e~D)

as t—oco - Here Q;(2)’s are column vectors each component of which is a poly-
nomstal in t.

n
1) |x| means 3, |xi|, where x¢’s are the components of the vector . In the sequel, we use this
i=1 el

convention.
2) In the sequel, we call this theorem the theorem of Coddington and Levinson.



34 Yukio Mikami

Conversely, if, for any given > 0, there exist £ >0 and T >0 such that
(5) , [f@ %) —f(t, )| <&|%—x]
fort =T, |%|<E and [x| <& then, corresponding to any solution x=(¢) of
the form (3) of ' = Ax, there exists a solution x= () of (1) which satisfies (4)

Sor sufficiently small 6 >0. Furthermore, if p=1, then the solution x=¢() of
(1) is uniquely determined by x=1(z).

In this note, we are concerned with the latter part of this theorem. Name-
ly, in this note, dropping out the condition that p =1, we shall give a some-
what more general result on the converse case of the above theorem.

By the assumption, there exists a real matrix P such that

B, 0 0
(6) PAP*=B=(0 B, 0],
‘ 0 0 By
where B, is a matrix of order (p—1) of which the characteristic roots are all
less than b in their real parts, B, is a matrix of order (¢—p+1) of which the
characteristic roots are all equal to b in their real parts, and B, is a matrix of
order (n—gq) of which the characteristic roots are all greater than 5 in their
real parts. Using this P, let z=Px. Then (1) is transformed to the system of
the same form as follows:

(7) "2 = Bz+g(t, 2)
and the conditions (2) and (5) are changed respectively to the conditions as
follows:

1° for certain L >0,

(8) lgt,2)| < L|z|**4

uniformly in ¢ as |z|—>0;
2° for any £>0, there exist £>0 and T>0
such that

(9) |, 2)—glt, 2) | < €|z —z]
for:=>T, lz[gfa:nd[z[gf.

Then our result is as follows: ‘

Theorem. When any solution z=(t) of the form (3) of z=Bz and any
(p—1)-dimensional vector a are given arbitrarily, there exists always one and
only one solution z=qg(¢) of (7) which satisfies (4) and the initial condition

(10) <Pi(to) =a @@= 12,..., pP— 1)’
provided that [(2)| and |a| are sufficiently small.

When p = 1, the initial condition (10) falls down, consequently the above
theorem evidently implies the latter part of the theorem of Coddington and
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Levinson.

Since the proof is not given explicitly for the latter part of the theorem of
Coddington and Levinson in their book, we shall in this note give a proof in
detail for our theorem.

2. Auxiliary theorem.

In order to prove our theorem, in this paragraph, let us prepare a theorem
on the integral equation.
Corresponding to the partltlons of the matrlx B, we define

e 0 0
ve={o o ol,
0 0 O
0 0 0
U:@e)=|0 &% 0],
0 0 0
0 0 0
vw=lo o o
0 0 &5

Then, as is seen in the book of Coddihgton and Levinson, any solution of (7)
which is of the form (4) satisfies the following integral equation

def
1) @) =FLop®)]=U,@)ecr+ Us@t)ce+J1+J2,
where ¢, and ¢, are respectively (p—1)- and (¢ p+ 1)-dimensional constant
vectors and

n={ ve-98 6,000 w21),

== {109+ Uy -9 Tg, ).
In this paragraph, for the integral equation (11), we prove an

Auxiliary Theorem. For any (ci, c;) such that |c,| + |cz| 18 sufficiently small,
the integral equation (11) has always one and only one solution of the form (4).
Proof. For any 4, such that
12) , 0<4,< 4,
we take a & so that ‘

~bd4,
2+’

(13) : 0<8<

and also take a o so that
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(14) 0<0'<min<8, —b, lbildl s)
Then, if we put
(15) &=—bay—c(1+ 4,)—38,
we have:
- Fto—8=—bsy—o(l+4)—8+0c—38
= —bd,—cd,—20
> —bd,—84,—28

_bAl _B(Al +2) >0
because of (13), namely we have

(16) &+a >89,
from which, by (14), it is readily seen that
17) &>0.

On the other hand, since
' o+ & =—bM—ath—8< —bd,
we can choose 4, so small that
(18) o+ & <b—Rrp-y.
Then, for 4,, from (12), it is readily seen that the condition (8) is also

valid even when 4 is replaced by 4,. Also, for o and &, by (18) and (14), it is
readily seen from the definitions of U;(#)’s (j =1, 2, 8) that

|UL() | < Kel®--%* ¢=0),
19) [U.0) | < Ke®*t - (6=20),
|U;(e)| < Ke*="" t<0) (j=2,3)

for a certain sufficiently large constant K > 0.
We choose an & >0 so that
1 2

(20) r=6K[ S tses

so-|<1,
and, corresponding to this & we take 7> 0 and £ > 0 so that (9) may hold for
t=>T, z| < Eand [z| X E

First, by successive approximations, we shall show that the equation (11)
has a solution x = @(t, ¢, ¢z) in T <t< oo corresponding to any (c;, c;) such that

E (1EG—0)(1—1)\ %
(21) [c1]+IC2l—a<mm [ZK ( W) ]
For (cy, ¢,) satisfying (21), if we put
3LK'2+A,a1+41

22) L om=
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then evidently it holds that

@3) L rk )= 1 < £

Let  @ot, c1, c2) =0 and let ¢, (, ¢, c2) = FLpo(¢, c15 c2)]. Then, from (8), (11)
and (19), it follows that, for : = T,

24 [ P12, 15 2) | < Ke®-o-®t ¢ | 4+ Ke®*+9)* | ¢y | < Kae®+o,
from which follows
(25) lfP1(t, ¢y 62)] < %e(b-w)z <§

because of (21) and (14). Then @(t, ¢, ¢z) = FL1(t, ¢1, c2)] is well defined and,
from @,— @, = F(p,) —F(po), we can estimate |@.(,.c;, c2) — @:1lt, c1, ¢2)| as fol-
lows: '

(26) [ alt, €15 ¢2) =ity c1, €2) |

<[ 10:6=91 16, 96 a5+ | (1T26=91 +10.6=91 ) 186, 9.

(by (8))
< LK2+41a1+4,[S' (BT =B e=0)+(b40)1+21)s Jo + zswe(b—c)(t—s)+(b+a)(1+dl)xds]

to :

(by (8), (19), (24))

=LK2“‘4’a1+"‘[e(b'°'"’)tS‘ e ds + 23(""’)‘5”6[”‘(‘“8)3’ ds]

2o ¢

(by (15))
< LK2+higt+ds [e(b-s)zst (-5 gs 1 ze(b_.r)zre(a_s'): ds]
| . eyan
SLK?+ 41t +4
T v (b-8)
= S—o €
= me®-%* (by (22))
<Leo-on | by (23)).

Thus, from (25) and (26), we have
@2 | Zpi | + [pa—p1 | < % elb+ode §2_ Q=82

< Ee(b-nr)t
<é.
Then, @42, ¢1, c2) =F[pa(t, c1, c2)] is well defined and, by (9) and (26), we have:
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](Ps(ta C1y CZ) - ¢2(t9 C1y 02) ]

< mKe[S' e(b—a—a‘)(t_s)+(b—6)sds+zgme(b—v)(z—a).p(b-—&)s ds]
(by (19))

1 2

= mKE[m + ﬁ]e(b’s)’

= mre @3 (by (20)).
“Then, from (25) and (26), we have
[ sz, 61,_02)]§|¢1[ + |@2—@1| + | @s— 2|
g %e(b+u)¢+m(1+‘r)e(b-s)c

<Eomop b (by (23))

< fe(b"’")'
<&

Continuing this process, by induction, we see that

{ I(Pk(t9 Ci1y Cz) "'?k-l(t’ ch 62) 'gmr‘—ze(b-S)‘a

(27) I?k(t, 1 Cz>< fe(b"'")‘ g f (k =7 2, 3’".).

Then the series

¢1(t, Cy, C2>+ {¢2(t3 Ci1y 02) - ¢1(t) €1 Cz)} + e

+ {¢Ic(t> C1 €2) — Pr-1(t, €1y 62)} + e

converges uniformly in (0 <T <)ty <t <o with respect to ¢ and (¢, c,).
. Therefore there exists a limit function

28) @ty ¢y C2) = 11‘112 @ity ¢y C2)
such that
[ty c1y €2) | K Ee+,
Then, from the proof of the appraisal of |@s(t, c1, c2) — @ity 1y ¢2) |, it is seen

that there exists F[o(t, ¢, cz)]. Also, from the latter of (27), it is seen that
the improper integral

[[tvte—9+ 0,6-9g6, puton as

‘is equiconvergent with respect to k. Therefore it follows that

}‘EIE F[(pk(t: C1, 02)]= F[¢(ta Ci1y CZ)],

from which we see that @(, ci, ;) is a solution of the integral equation (11),
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because
Prrilty ¢y ) = FLpult, 1y c2)]  (=0,1,2,...).

Now, since
@ity 1y €2) = @1+ (P2— @)+ -+ (Pr—Pr_1),
from the former of (27) follows

|9t €13 €2) = Uses — Unle)es | < 7@~

< ge“ =5,
Then, from (28), it is evident that

'¢(t’ C1y 62) - Ul(t)cl - Uz(t)cz l g l—izre(b-s)t

E (b-8)¢
< §€ .

Then, since U,(t)c, = 0(®~%*) by (19) and U,()c, can be written as (3), the
solution o¢(z, ¢, c;) of (11) obtained by the above successive approximations
becomes the solution of the form (4). Thus, for the integral equation (11), the
existence of a solution of the form (4) has been proved.

Lastly, we shall prove that, corresponding to any (c,, ;) satisfing (21), the
solution of the form (4) of the integral equation (11) is determined unique-
ly. In fact, let x = @,(, c;, C2) and x = @,(t, ¢,y c;) be such solutions, then, due to
(19), from @,(, c1, c2) — P1(t, 15 c2) =F [ 2(t, €1, c2) ] = FL (2, c1. c2)], we have:

t
| @a2t, €15 c2) — 1, €1, ¢2) | < EK [S‘ e®mTmDE=0 | 5o(s, €1y €2) — Pi(s, €1, ) | ds
[']

+28, B (e-9) l?’g(s’ C1, cz) — q),(s, C1, cz) ] ds],
which can be written as follows:
(29) [ @a(ty €1y €2) = @ity €1y €o) | €™ ~%

t
= GK[e(s—a—a‘):S‘ e +T=9| o5, €1, €2) — Pa(s, €1, c2) | e Dds
0

+2¢¢ "”,‘Sje("’”‘ [ Pa(s, €1 €2) = Pals, ¢, €2) [ €77 dS]
Now, by the assumption,
?’j(t: Ci1y c2) = O(e(b“r)t) (] = la 2)’

therefore, from the proof of the appraisal of |p.(,ci, cz)’—gvl(t, e, c2)|, itis
seen that

(80) @i, €1, ¢2) = Ur(@)cy + Un(t)ea+ O(e® %) (j=1,2).
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‘Then |@s(t, ¢1, ¢2) — @12, 1, ¢2) [~ becomes bounded in z, < ¢ < oo, therefore
we put

max ¢2(t’ Ci1y 62) ¢1(t; Ciy 62) \6 b= — =M.
tost<eo

‘Then, from (29), it follows that
M<rM

which, on account of (20), implies M= 0, namely @,(, c;, ¢z) = @:(t, ¢1, cz). This
proves the uniqueness of the solutions of the form (4) of the integral equation
11).

Thus our auxiliary theorem has been proved.

3. Proof of theorem.

As is stated at the outset of §2, any soiution x=g() of the form (4) of
the equation (7) satisfies the integral equation (11). Consequently for certain
¢, and c,, it holds that

81 P@) = P@®)+ O0(® ™) = U,(t)c, + Uz(‘)?z +] 1+ Je.

Now, as is seen from (80), for any solution x = @(¢) of the form (4), it is valid
that

]1:]2 O(e(b 8)‘)
‘Therefore, by (19), from (31), it is seen that

(32) ¥©) = U@)ea
Also, from (81), it follows that
(33) 9t) =[ Uy w)es| (=1,24,p—1).

Therefore (c,, c;) is uniquely determined when +() and the initial values
@'(te) =a’ (i=1,2,...,p—1) are appointed beforehand. Now, by our auxiliary
theorem, the solution of the form (4) of the integral equation (11) is uniquely
determined for any given (c,, c;), therefore, we see that the solution x= q)(t)
is uniquely determined when () and its initial values ¢ (to) ai@G=1,2,..
p—1) are appointed beforehand.

Now, as is readily seen, the solution of the form (4) of the integral equa-
tion (11) satisfies the initial differential equation (7). Therefore, the solution
x = @(t,c1, c2) of the form (4) of the integral equation (11) corresponding to
(c15 c2) determined by (82) and (33) (the existence of such a solution follows
from our auxiliary theorem), becomes the desired solution of the initial dif-
ferential equation (7). This proves the existence of the desired solution of
the differential equation (7).

Thus the proof of our theorem is completed.
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In conclusion, the author expresses his hearty thanks to Prof. M. Urabe
for his kind guidance and constant advice.
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