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The theory of multiplicities in semi-local rings was originated by Cheval-
ley (in geometric local rings) and continued mainly by Samuel (8] and Nagata
[6]. Because of the fact that they used high techniques of the theory of local
rings, especially the structure theorem of complete local rings, it is desirable
to construct the theory in a more elementary and simpler way.

Godement has shown in [2] that the notion of Hilbert characteristic fune-
tions in semi-local rings can be naturally extended to that in finite modules
over these rings and Serre continued the study by the homological method
(14]. And recently Lech has succeeded in proving the associative formula for
multiplicities without using the structure theorem (5]. We develop here sys-
tematically, following closely [14] and (5], the full theory of multiplicities in
finite modules over semi-local rings and simplify their proofs in some points.

In §1 we generalize the intersection theorem of Zariski to that in finite
© modules. Some remarks on finite modules are stated in §2. Then, in §3, we
. shall generalize the theorem of Lech concerning an expression for the multi-

plicity of a primary ideal, which is generated by a system of parameters, in a
local ring to that of a defining ideal in a finite module over a semi-loecal ring.
In the main §4, we shall give fundamental theorems on multiplicities. Final-
ly in §5, we treat the complete tensor product of modules. '

Conventions and terminology

i) Unless stated otherwise, we assume throughout this paper that all
rings are commutative Noetherian rings with identity elements and that all
modules are unitary and finitely generated, therefore Noetherian.

ii) Let 4 be a ring. We denote by rank 4 the maximal number = such
that there exists a chain of prime ideals of 4 '

PoCP Coo- Oy

where each inclusion is strict. For an ideal a in 4, we define corank a = rank
A/a. '
iii) Let E be a finite 4-module. For an ideal a of 4 and a submodule F
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of E, we denote by aF the submodule of E generated by elements ax where
acaand x€F. An element ¢ in 4 (resp. an ideal a of 4) called zero divisor in
E/F if there exists x€E such that x& F and-ax€ F (resp. ax C F). Zero sub-.
module of E shall be denoted by 0°and zero ideal of 4 by (0). F:a (resp. F:E)
means as usual the submodule of E consisting of x& E such that ax CF (resp.
the ideal of 4 consisting of a€ 4 such that «E CF). As for the notions of
prime and primary submodules, we refer the reader to (4). Then, let F= QIQ’

be an irredundant primary representation of Fin E. Q,: E is a primary ideal
belonging to a prime ideal p; (say). We call p, G€I) the associated prime di-
visors of F in E. The set of a€ 4 which are zero divisors in E/F is equal to

U p;.
ict

§ 1. Zariski’s theorem.

The following lemma is well-known but we state it here because our the-
ory much depends on it.

LemMA 1. (ARTIN-REES). Let E be a finite module over a Noetherian ring

A and let M and N be submodules of E. Then, for any ideal a of A, there exists
an integer r such that
: aMNN=a*""(@MNN)
Joranyn>=r. :

For the proof we refer the reader to (2, Exposé 2].

COROLLARY 1. Let a be an ideal of a Noetherian ring A and let E be a
finite module over A. Put N = ;\1 aE. Then we have aN= N.

In fact, by Lemma 1, we have
N=a"ENnN2a@ *ENnN)2---2a" " (@ENN)=a"ENnN=N.
Hence N=a"ENnN=al@" ENnN)=aN.

COROLLARY 2. (With the same. notations and assumptions.) The following
conditions are equivalent:
) AaE=0.

n=1

ii) Any element a € A such that a =1 (a) is a not zero divisor in E.
iii) y+a=4 for any prime divisor p of 0 in E.

PrROOF. i)—ii). Assume there exists an element o € 4 such that a = 1(a)
and ax = 0 for some x & 0, x € E. Then (1—a)"s= (l—na+n@n—1)a®— -
+(—1)"a®)x =, hence x€a*E. Therefore 0=-x<& Na"E, which is a contradic-
tion. v ' ' ‘

ii)—>1i). Put N=na"E. Then, by Corollary 1, we have aN= N. Take a sys-
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tem of generators «x,..., x, of N and we can write x;,i=1,---,5) as
. ) X = Qi1 X1+ o+ O %5y with a,-j € q.
Then §=det (5;;—«i) satisfies 8x;=0 for i=1,..., s, hence 8N=0. Since
§—1¢€aq, we conclude that N=0. _
ii) ©iii). This equivalence follows at once from the fact that U p; (p; runs

over the prime divisors of 0) is the set of zero divisors in E.
By passing to the residue module we have the following

COROLLARY 8. Let a be an ideal of 'a Noetherian ring A. And let E be a
finite A-module and N a submodule of E. Denote by p;¢=1,---,r) prime divi-
sors of N. Then the following i) and ii) are equvalent:

i) AN+aE=N.

ne=1l

i) at+pFAd@E=1,1.

- Proor. Let N =Q,N--NQ, be an irredundant primary representation
of N. Put b=N:Eandq;=Q,: E(i=1,--,r). Then g; is p;-primary and E/N
may be considered as a finite 4/b-module. Moreover we see easily that -
U(p:/b) is the set of zero divisors in E/N. Therefore, by applying Corollary

2 to the 4/b-module E/N, we see that the following conditions are equivalent:
i N (a+5/0)(E/N)=0, ii”) 0:;/8)+@+5/6)F4/6G=1,---,r).
From this we see immediately that our conditions i) and ii) are equivalent.
i .

THEOREM 1. (ZARISKI). Let a be an ideal of a Noetherian ring A. And
let E be a finite A-module and N a submodule of E. Let N=Q,N---NQ, be an
trredundant primary representation of N in E. If py,---, p, denote the prime di-
visors of N and if ,

'pi'}'a#A (7'= 19"’: S) and Dita= A (]=3+ 1:"'97)3
then we have :

AN+a"E=Q;N-NQ, I8, p.6]

n=1

PrOOF. Inthe case when r=s3s, the theorem is true by Corollary 3. There-
fore we may assume s<r. Put q;=Q;:E. Then (qs:N--Ng)+a"=4(n=
12, ). Therefore '

n-NO =N NA)+a%) QNN Q,)
=(Qu1:E)n-NQ.:E)+a”) (Q:N---NQ,)
= (Qu1N-NQ): E)YQiNn-NQ)+0a%(Qi NN Q)
S Qi N NN NN Q) +0"E = N+ .
Conversely, Q; N ---NQ,= A QNN Q,)+a"E2rn\N+a”E.
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§ 2. Some remarks on finite modules.

LEMMA 2. Let A and A’ be any two commutative rings with identity ele-
ments. Let T be a covariant additive exact functor on the category of A-modules
with values in the category of A’-modules and suppose T satisfies the following
conditions:

a) TA)=A4.

B) If F=Ax(x € F), then T(F)= A'x" for some x & T(F).

We fix an A-module E and an A’-module E = T(E) and confine our atten-
tion to submodules of E and E. Then, for submodules F and G of E, we have

i) T(F+6G)=TF)+T(G).

i) T(F/G)=~T(F)/TG) if GSF.

iliy T(FNG)=TF)NTG).

iv) T(F:G)=T(F):T(G) when G is finitely generated over A.

PrOOF. We first remark that T(F) may be considered a submodule of
T(E) provided F is a submodule of E. Therefore ii) holds obviously from the
exactness of T. As for i), we see clearly T(F)+T(G) =T(F+G). Conversely,
from 0—»F—F+G—(F+G)/F—0 (exact) and (F+G)/F~G/(FNG), we have
0—>T(F)>T(F+G)—>T(G/FN G)—0 (exact). Therefore 0»>T(F)—->T(F+G)—
T(G)/T(FN\G)—0 (exact) by ii). Hence T(F +G) S T(F)+T(G).

iii) From the relations 0—>T(F)—>T(F+ G)—T(F 4 G)/T(F)—0 (exact) and
T(F+G)/T(F)=(T(F)+T(G))/T(F)=T(G)/(T(F)nT(G)), we have 0T (F)—~
T(F+6)—-T(G)/(T(F)NT(G))—0 (exact). Therefore T(FNG)=T({F)NT(G).

iv) We first show that it is sufficient to prove iv) in the case when G is
generated by one element. In fact, let G=A4x;+ ---+ Ax.. Then

T(F:G)=T(F: (Ax,+ -+ Ax,)) =T((F : Ax;)N - N(F: Ax,)) ,
=T(F: Ax) N NT(F: Ax,) = (T(F) : T(Ax))N - N(T(F) : T(4x,))
‘ =T(F): (T(Axy)+ - +T(Ax,)) = T(F) : T(Axy+ - + Ax,) = T(F) : T(G).
Now, let G= A4x. ‘Then we see easily that Ax/(UxN\F)~A/(F: Ax) as
A-modules. Therefore T(G/FN G)~T(4)/T(F:G)=A'/T(F:G) and T(G/FNG)
~TGC)/TFNGC)=T@G)/TF)YNTG) = Ax/TEYNAx)=<A/T(F): Ax)
=A/(T(F):T(G)) by B8). Hence T(F:G)=T({F):T(G).

To show the generality of Lemma 2, we shall give some examples of co-
variant additive exact functors which satisfy our conditions:

i) Let 4 be a commutative ring with identity and 4’ its quotient ring
with respect to a multiplicatively closed subset S of 4 which does not contain
zero (usually denoted by As). As for the functor T, we set T(E) =ER4s"
where E is an 4-module (11, Lemma 1, p. 241].

ii) Let 4 be an m-adic Zariski ring and 4’ its completion (usually de-
noted by 4). As for the functor 7, we set T'(E) = E® A" where E is an A-.

1) From now on we shall omit 4 if any confusion does not occur.
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module.

- On this occasion we recall the following definition: Given a (finite) mo-
dule E over a commutative ring 4 and an ideal m of 4 such that " m"E=0,
we may topologize E by adopting submodules {m"E} (n=1,2,---) as a funda-
mental system of neighborhoods of 0 in E. Thus topologized module is refer-
red to as an m-adic module provided that m has a finite ideal basis. In-the
case where E is finite over an m-adic Zariski ring A, E® A may be considered
as an m-adic completion of E and any submodule F of E is a closed subspace
of E, therefore En (FR®A) = F? (2, exposé 18].

By virtue of the above lemma, we can prove the following proposition
which is a formal generalization of Lemmas 3 and 4 in [9].

PROPOSITION 1. Let E be finite module over an m-adic Zariski ring A.
Let P and Q be a prime and a primary submodules of E belonging to the same
prime ideal p of 4. And let Q@AA 0.n--nQ. be an wredundant pmma'ry
representation of Q& Ain EQ.A. Then

i) 0.4 and PR AA have the same p'rz'me dwzso*rs
i) pinAd=yp for i=1,...,n where p; denotes the pm'me divisor of Q.
iiiy 0:NE=Q for i=1,---,n.

Proor. Since PRA):(EQA)=P:EYQA=1A4, (Q®A) (EQA)=(Q:E)
®A=q4 where p=P: Eand g=Q:E and since $:Gi=1,---, n) are the prime
divisors of q4, i) and 11) are immediate consequences of Lemma 3 in [9].

As for iii), clearly 0;\E2(Q® A)n E=Q by the above remark.

“If Q. NE=2Q for some i(1<i<n), there exists an element x such that x€ 0;NE
and x & Q. Set ¢’ =Q:4x. Then we see easily that ¢’ is p-primary as in the
ideal theory. Therefore :

¥A=Q: AnRA=QR4): UxQAD) =01 N Q) : (xR A)
_ =Q1: (s N--N(Qi: (AxQ@ D)N N (Q: (Ax R A)).
By shortening this representation we have an irredundant representation of
o' 4. Since Q;:(4x® A) = 4, i) contradicts the uniqueness of associated prime
divisors of o' A.
Chevalley’s lemma may be generalized as follows:

PROPOSITION 2. Let E be a finite module over a complete semi-local ring A
with Jacobson radical m. Let E,DE,D -+ be a descending sequence of submo-
dules of E such that NE,=0. Then

E,Sm"™E where a(n)—>cc as n—>oo. [8, Proposition 2, p. 9]

ProOF. Since E/m"E is finite over an Artin ring 4/m", E/m"E satisfies
the descending condition for its submodules. On the other hand, since 4 is

2) We may consider E, F and F ® 4 the submodules of E® 4.
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complete in the m-adic ‘\topollogy. Therefore our Proposition can be proved in
the same way as was given in [8].

§ 3. Hilbert functions and multiplicities.

. Let E be a finite module over a semi-local ring 4. And let q be a defin-
ing ideal of 4, i.e. m*<q < m for some integer n, where m denotes the Jacob-
son radical of 4. We consider a finite 4/q™module E/q"E. Since 4/q" is an
Artin ring, E/q"E has a finite length I(E/q"E). Godement has shown in (2,
Exposé 16] that, for » sufficiently large, I(E/q"E) is a polynomial in n, whose
degree is independent of the choice of g and is equal to rank E® (= Sup cor-
ank p, where p runs over the associated prime divisors of 0 in E). This poly-
nomial will be called the Hilbert function of q in E and denoted by Xz(q, n).
Then we may write it as

X0, n) = UE/q"E) = "E(“) e

where d =rank 4 and ex(q) is an integer >0. We call ex(q) the multiplicity of
g tn E. Remark that if rank 4> rank 4/(0: E)=rank E, we have, by our de-
finition, ez(q)=0. In the case when E=4, we have of course ez(q)= e(3) where
e(0) stands for the multiplicity of q in the sense of Samuel (8, p. 28]. And we
see easily that e q(0) =e(q+a/ a) for any ideal a in 4 such that rank 4 =rank
A/a.

On the other hand we have a following device, due to Nagata, ‘which re-
duces the study of finite modules over semi-local rings to that of semi-local
rings (6, Addenda p. 225).

Let again E be a finite module over a seml-local ring 4 and let g be a de-
fining ideal of 4. We may consider the 4-module B = A+ E (direct) as a ring
by defining E2 = 0. Then we see easily that B becomes a semi-local ring of the
same rank as that of 4. If my,---, m, be maximal ideals of A4 then m,+E(
=1,---, r) are the maximal ideals of B and qB is also a defining ideal of B and

B/aB = (A+E)/(a+aE) = (4/9)+ (E/qE) (direct as 4-modules).
Therefore I(B/aB)=I(A/a)+l(E/qE), hence

Xz(0, n) = Pop(n) — Po(n) and ex(q) = e(aB) —e(a)

where P,s(n) and P,(n) stand for the Hilbert functions of q in the sense of
Samuel.

With the aid of this remark we may generalize the theorem of Lech (5,
Theorem 2, p. 303] in the following form:

THEOREM 2. (LECH). Let E be a finite module over a semi-local ring A of
rank d and let q be a defining ideal of A which is generated by a system of pa-

3) Godement calls it “hauteur de E” and denotes it by A(E) (2, Exposé 16].
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rameters in A. Put q = (x,,**-, xs). Then we have
eE(Q) = hm l(E/(xT’, x:d)E)/nl” R

" PrROOF. We shall first remark that, for any a€q, we have
Xz1ax(0/ad, n) = (E/(q"E + oE)) = E/q"E) —I((3"E +aE)/q"E)
. =Xg(ayn)—1UaE/q"E N aE) = Xs(a, n) —UE/(Q"E : aA)),
since f~'(q"EN aE) = q"E: a4 where f is the A-homomorphlsm E—aE defined
by f(x) =ax (x€E). Hence

Xe1:me(0/2" 4, n) = Xz(a, n) —UE/q"E : x7*4) = X£(a, n) —U(E/q* ™ E)
=Xz(q, n) —Xe(q, n—ny) = d— lei)pn Theeeees s
where e, = ez(q). Put e; = eg/ayn, E(q/x’;'A) Then e; =>n,e,. Therefore, by induc-
tion, we see easily
l(E/(xl 370ty Xg )E) = €E[(xm,-e, xd"d)E(q/(x’l.l:"'s xﬁ")) =ng°+ny €.
Hence UE/ (%2, x30)E) /0y ng = eg(0).

To prove the converse we shall first consider the case when 4=EFE. Let
Mmy,..., m, be the maximal ideals of 4 and let g=0q,N---Nq, be a normal de-
composition of q. Consider the chain of m;-primary ideals m;=0q5; D ¢52D -+
-+ D ¢%,; = q; such that each inclusion is strict and no m;-primary ideals paJn
be inserted between ¢}, and ¢}y.; ¢G=1,...,r and v=1,...,¢;,—1). From this
we obtain a.composition series from 4 to q:

AD My =011 D 01y = 01D 2021 *+* D A102¢, = 0102 D *** D G102 -+ G, = Q.
Put K;= A/m; and q;, = a;---qi_19% G=1,--.,r and 0<vp; <t;). Then q;,/qiy+1
is isomorphic to K;, because m;q;, Cq;y+, and cleary we have

l(4/a+q™) = Z‘. 2 Z la+ 6:,9"/a+ Qiy+10").

i=1 p=0v=0

Therefore we can continue the proof in the same way as was given in (5]
replacing K[(X,,---, X;] by a finite number of polynomial rings K;[ X, -, X,]
G=1,--,7) where K means the residue field of a local ring. Then we get

lim I(A4/(x3ye -+, 239)) /1y -+ na < e(0).

The general case now follows from this with the ald of the above remark.
In fact, we have -
UB/(x1y+, 23%)B) = L(A/ (a1, -+, 23 A) + 1 (E/ (275, 239 E)
(with the same notations as in the above remark). Hence

UE/ (23, 23 E) /0y -na SUB/ (27, -+, x39)B)/ny -+ na—e(a)
by the first part of the proof. Therefore
lim I(E/(x3,..-, 23)E)/ng --- na < lim I(B/(x3,"--, xd")B)/m na—e(q)

ni—oo ni—soo

<e(aB) —e(q) = ex(a).
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§ 4. Fundamental theorems on multiplicities.
We first show that ez(q) has the property of additivity.

THEOREM 8. Let q be a defining ideal of a semi-local 'rmg A. And let E, E
and E’ be finite A-modules such that

(1) \ 0—->E—>E—->FE —>0 (exact).
Then, ex(a) = ez’ (q) +ex(q).

Proor. From the exact sequence (1), we have
EQLA/0) > EQ4A/a") > E' @(4/9")—>0 (exact),

ie. .

(2) E/q"E —E/q"E5E’/q"E’—0 (exact).
Hence KE/a"E)+UE"/a"E") = E/a"E).

We express these lengths as Hilbert functions and compare the leading
coefficients. Then we get eg(q) + ex(0) = ex().

Next we consider the converse ineqality. From the exact sequence (2),
E +g"E/q"E is contained in the Ker i. Hence I(E/q"E) =1 (E’/q"E") +1
(E +q"E/q"E). Since E+q"E/Q"E~E/0"ENE and q"ENE =0"W(ENE)
g F for n=r by Lemma 1, we get I(E' +6"E/q"E) = E'/q""E). Therefore

‘ E/q"E) = UE"/q"E")+UE /q""'E).

From this, the same consideration as above shows that ez(q) = ex/(a) +ex(a).

From our Theorem 3, we obtain immediately the following

"COROLLARY. Let E; (i=1,...,n) be finite A-modules such that
0—>E,—>E,—~>:--—E,_,—>E—0 (exact).
Then we have

33 (— Ve (@) =0.

The special case of the next lemma was treated in (6, Theorem 2, p. 206]
and [8, Proposition 2, p. 81] and is called the “extension formula” by Nagata.

LemMMA 3. Let q be a defining ideal of a semi-local ring A and let E be a
Jfinite A-module. Assume that there exist an element c in A (c==0) and a system
of elements x,---, x, in E which satisfy the following conditions:

i) ¢ 1s not a zero divisor in A.

ii)  wy,'+, x, are linearly independent over A.

iii) ‘cE is contained in Ax,+ --- + Ax,.
Then, for any ﬁmte A-module F, we have

r.er(q) = ez@r(0).
I'n particular o re(@) =ex(a)-

PrOOF. Put G= Ax,+ -+ Az, From the exact sequence of 4-modules
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0—>G—>E—E/G—0,
we deduce the exact sequence ]
CQ® F—ER JF— (E/G)R.F—>0. _

Since we may consider (E/G)QF as a finite 4/c4 -module and since rank
A/cA< rank 4 (by our assumption i)), we have ez c)®r(0) =0. Therefore, by
the similar consideration to the first part of the proof of Theorem 3, we get

ex@r(0) Secor(7) =r.er(q) (by our assumption ii)).
Next we consider the exact sequences
0—>cE—~>G—>G/cE-»0 and E—cE—0.

Then, by the same argument as above, we see -

rer(6) = ecor(0) = ezer(q) and exer(q) = e.z0r(0).
Combining these inequalities, we get )
ex®@r(0) X ecor(0) = r.ep(a) = exor(0) < exor(0).

THEOREM 4. (REDUCTION THEOREM).
. Let A be a semi-local ring whose zero ideal is a primary ideal belonging
(say) to the prime ideal p. And let E be a finite A-module. Then, for any defin-
ing ideal q of A, we have
ex(0) = eqp(DUE Radp).?
In particular
e(q) = e(a+p/p)l(4y). (6, Theorem 9, p. 219]

Proor. We proceed to prove the theorem by induction on the length of

(0)4. In the case when /((0)4) =1, i.e. (0)4=1yp, we have to prove

ex(0) = e(a) (EQ LK)
where K is a quotient field of 4. Our proof will be completed in this case, by
Lemma 38, if we can find x,---, x,€ E and c€ A4 (c &= 0) such that x,,---, x, are
linearly independent over 4 and cES Ax,+ -+ Ax, where s=UEQ,K)=
= dimg EQ K (as a vector space over K).

Let x,,-.-, x, be elements in E such that the set x, ®1GE=1,:--, s) forms-a
basis of a vector space EQK over K. Put E= Ay,+---+ Ay,. Then, we can
find d4.(+0), ay,---,a, in 4 such that

di(yi & 1) = 01(5\71 & 1) +oe +as(xa® 1)-
Since Ker (E—»E®K) is a submodule N of E generated by all elements z in E

such that bz=0 for some 5+0 in 4 and since N is finitely generated, we
have ' '

bi(di i (01951 + e +axxs)) =0
for some b;# 01in 4, i.e. bidiyi= biayx, + -+ +biax,. Clearly x,,:-, x, are linearly

4) Since Ay is an Artin ring, E® 44y has the finite length.
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independent over A, therefore c= ﬁbidi, %1,---, %, Satisfy the conditions.
iml

Now we assume the theorem is true in the case when 1((0)4) =n—1, and
consider the case when 1((0)4)=n. Letp=0,D0D D aoy1D .= (0) be a
chain of p-primary ideals and assume that each inclusion is strict and no p-pri-
mary ideals can be inserted between q; and q;., G=1,...,n—1). Put ¢’=q,_;.
Then E/q'E is a finite 4/q’-module and 1((0)4/q’) =n—1. Therefore, by our
induction hypothesis, we see that ’

(1) eg;e(q) = E(A/a’)/(v/a')(Q) (E/0E)R .41a(A/ )5 1a7)
= e4;o(DI(E/0E)R(Ay/0 41))% = e4jp(DI(EQ 44p) /o' AER 4Ay)).
On the other hand, from the exact sequence

(2) 0—>o'E—~>E—E/qE—~0,
we have, by Theorem 3, B
(3) - ex(0)=eq£(®) +ex/a’e(4)-

Since ®.4, is an exact functor, from (2) we have

7 0>0VEQA—>ERA,— (E/IE)RDAy,—0 (exact).
Therefore, _

(4) UEQRAy) = (IEQAy) +I(E/a'E)Q4y)

=10/ A(EQ A)) + (EQ 45)/0' AEQ Ay)).

Hence, by (1), (3) and (4), in order to prove our theorem, it remains to show the
following equality:

(5) exs(0) = e4p(DUA 4:(ERQ Av)).

Since pg’ = (0), we may consider ¢’E as an 4A/p-module. We consider the
vector space M=q'ER 4;x(4p/pAy) over the field K= 4,/pA4,. Then, clearly

o' A(EQA ) =dimgM=s (say). _
Take elements x,,---, %, in ¢’E such that x,®1,..., ».®1 form a basis of M over
K. Then, by the same argument as above, we can find an element ¢+0 in 4/p
such that cme (4/p)x, + --- + (4/p)x, holds for any element m in o’E. Hence, by
Lemma 3, we have ‘
exe(a) = s-e4/x(q)

which proves (5) and concludes the proof of the theorem.

LEMMA 4. Let E be a finite module over a semi-local ring A. And let b and
¢ be vdeals of A such that rank A/6> rank A/c. Then, for any defining ideal q
of A, we have

i) corank b= corank b c= corank bc.

i) egpe(a+5/b)=eg@rne(a+ (0 Nc)/bNc) = egpcx(a +be/be).

5) (E/q'E)® 4/a’(Ay/q’ Ay) may be identified with (E/0’E)® A(Av/q" Ap).



On.the Theory of Multiplicities in Finite Modules over Semi-Local Rings 11

(8, Proposition 3, p. 32

Proor. Consider the exact sequence of 4/b¢ -modules
0—>bE/bcE—E/bcE— E/bE—0.
Then, by Theorem 3,
egoce(q + be/be)= esgjece(q 4 6¢/b¢) +expe(a + be/bc).

Since bE/6cE may be considered as a finite 4/c-module and since rank 4/c<
rank A/b=rank 4/bc, we have eszs£(q+bc/bc) =0. Therefore

egpee(0+6c/6¢) = egpe(q+bc/bc) = egpe(a +6/6).
From BED (6nc¢c) ED bcE, we have obviously
CEIBE(q + B/B) = eE(Pnc)E(q + (5 N C)/Bf\ C) = BE/bcE(q + BC/EC).

THEOREM 5. (THEOREM OF ADDITIVITY).

Let E be a finite module over a semi-local ring A and let q be a defining
ideal of A. Let (0)A=q; NN G- N Qrs1 NN G, be a normal decomposition of
zero ideal of A with associated prime divisors p; i=1,---,n). Assume that
corank p; =rank 4 (i=1,---,r) and corank p,,;<rank 4 (j=1,2,--,n—r). Then
we have 2

ex(q) =i§:31831a.-1:(q).-
In particular '
e(a) =2e(q+qi/qi). [6, Theorem 3, p. 207)

PrOOF. First we shall show that we may assume r=n. Put b=q,n---Nq,
-and ¢ =q,43 N--*Na,. Then (0)4 =5 ¢ and corank 4/6> corank 4/c. Hence,
by the preceding lemma 4,
ex(0) = egemne(0) = expx(a).
Since E/GE is finite over a semi-local ring 4/b and any prime divisor of
(0)4/6 has the same corank, we see easily

egpx() = i}_-_.; egja;(q) -

by our assumptions.

Now we denote by K the total quotient ring of 4, then there exist pri-
mitive idempotents x,,--, », € K such that Ax; is isomorphic to 4/q; for any i.
Then, by Lemma 3, we have ex(q) = exer(q) Wwhere F = Ax,+---+ Ax,. Since
EQF ~ER4A/0,+ -+ +A/0,) <E/q,E + --- + E/q,E (direct), then

~exor(0) = i_zlezlq.-z(Q)-
Therefore, combining these relations, we have
ex(0) = Zlezlq.-E(CI)-
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COROLLARY. Let A be a semi-local ring and let q be a deﬁning ideal of A.
Then, for any finite A-module E, we have

cex(q) = ;eA/b(Q)l(EQbAAv)

where p runs over all prime ideals of A such that corank p= rank 4. In par-
ticular

n e(q) = Ee(q+n/n)l(Ao)
(6, Corollary 1 of Theorem 9, p. 220]

PROOF. Being the same notations in the theorem, we have

ex(0) = lesiaix(0)
and, by Theorem 4,

ex/0;e(0) = €40 DI(E/GE)D 410:(4/0)vi100) = eA/b.(Q)l((E/ q E)®A1a,(Ab./ 0:45,))
= eA/n.(CI)l((E® 445)/6(E ®4Ab.))5)f‘ edlvi(q),l(E® AA}t:)

for any i. ‘
The next lemma is the specw.l case of the transitmn theorem

LeMMA 5. Let p be a prime 'Ldea,l of an m-adic Zariski ring A and let B
be an isolated prime divisor of pA (4 means the m-adic completion of A). Then,
for any finite A-module E, we have :

KE ®(As/pAg)) = U dn/p Ag)(EQ {(Av/04v),
where E is the m-adic completion of E.

Proor. To prove the lemma it is sufficient to show the following equal-
ities: ‘

i) UER.(Ay/04y) = U(Ap/aA)(ER 4(Ap/pAy)), where q i a p-primary ideal
of A.

il) UEQ.(dy/0Ay)) = UE R 1(An/BAr)).

In fact,
UE (/v Aw)) = U An/pA) (ESQ (An/ B Ap)) = U dn/p A)UER(4y/p4y)).

Now we shall prove i) by induction on the length of q. Since in the case
when I(g) =1, i.e. q=yp, the equality is obvious, we consider the case when
I(a) >1. By passing to the residue module we may assume q=(0). Let
P=0:D0D " Dbu1 D0, =q=(0) be a chain of p-primary ideals and assume
that each inclusion is strict and no p-primary ideals can be inserted between
q; and q;+,(G=1,---,n—1). Put ¢’ =q,_,. Then, by our induction hypothesis,
UER(Ay/ o' Ay)) = I(Ay/ o’ ANI(ER(Ay/pAy)). Hence, to prove i), it is sufficient to
show that (EQq Ap) = (o Ap)I(EQ(Ap/pAy)). Since pg’ = (0) and ¢’4, is prin-
cipal, we see that q’4, is a free 4,/pAy-module. Therefore I(¢’ 4y) =1 and
KEQq' 4y) = UEQ(Ap/pAp)).
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As for ii), clearly (EQ(4y/pAy)=I(E/PE)® 4sK) and UE & i(Azx/BAz))
=I(E/BE)R4sL) where K and L are the quotient fields of 4/p and A/B
respectively. Since B N4 =p, we may consider 4/p as a subring of 4/% and
K as a subfield of L and we)have

(E/BE)R 4/5L = (E/VE)R 1o(A/ BN 1151 = (E/VE)R 41K) L.

Therefore
UE QaL) = U((E/ PE)®A/nK YRxL) = I(E/PE)R 4;yK) = UER 4K).

THEOREM 6. (TRANSITION THEOREM).

Let A be an m-adic Zariski ring with a completion 4 and let q be a p-pm—
mary ideal of A and R be an isolated prime divisor of pA. Then, for any finite
A-module E, we have

i UE ®A(ffsxs/ adp) = U(dw/ pAss)l(E & .(Ay/ qAn)),
ii) XE@AsB(qA:iI, n) = U(dz/p Ax)X 5@.45(0 s, ),
i) etwag(adn) = I(dr/pAr)er0a(04y),
where £ means an m-adic completion of E, i.e. E=EXA. (6, Theorem 7, p. 217]
or [9, Theorem 2, p. 96]

o

Proor. We proceed to prove i) by applying induction to the length of q.
Since our theorem is true in the case when I(g) =1, i.e. q=yp, by Lemma 5,
we may assume l(g) >1. By passing to the residue modille, we may further
assume q=(0). Now, let o’ be a p-primary ideal such that no p-primary ideal
exists between (0) and ¢’. Then our induction hypothesis shows that

UE Q(An/o An)) = I dn/p Ap) U EQ(As/ 0/ 4)).
Therefore, to prove i) it is enough to show
UEQq A) = l(An/p A EQ As).
Since py’ = (0), we have o’ Ax~ Ay/pAp and
UEQ An) = UER (An/vAw)) =1 dn/p A UER A/ R Aw))
= U(dy/pADUER(4:/p4v)) = U An/p ADUER Ay).
‘Now that i) is proved, ii) and iii) follow from i) immediately.
‘ Finally we shall prove the so-called “associative formula.”

THEOREM 7. (ASSOCIATIVE FORMULA).

Let E be a finite module over a semi-local ring A of rank d and let
{%1,"**, 22} be a system of parameters of A. Put q (215°°, xa2) and 0 = (xl,---? x,)
(s=d). Then we have

ex(q) = % ea(q+p/P)ecoan(ady)

where p runs over all (minimal) prime divisors of a such that rank p+ corank
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p=d. In particular
e(®) = 33 e(a+p/ne(ady).

(5, Theorem 1, p. 301] or (6, Theorem 8, p. 217].

. PrROOF. Let p,,..., p, be all prime divisors of a such that rank p,+ corank
p; =d. For any integer ¢ >0, a = (x4,---, x,) and («3,--., x!) have the same prime
divisors. Put q*=(xf,..., i, %es1,e-+, 2a), A=A/ (xl,---, 22), @ = a*/(},+-+, %),
y:=v;/(xi,---, x%) and E=E/(x},---, x5)E. Then, by Corollary of Theorem 5, we
have

ex (@) = 3} o6 + 1/ P IUERA0) = 3 ea+pi/pIUE @ A'v).
We denote by z; (i=s+1,---,d) the residue of x; modulo (xi,-.-, x;). Then ¢'=
Ey41,++, Xa). Therefore, by Theorem 2, we have
ex () = U UB /B syeeny BOE)/04™ = it (E/(ahye--, 2 Wyrger, A)E)
Hence ' R o o
Lim LB/ (5}, v+, 2 &aaevry BE/107 = 3 o0 +0i/BIUE @ A'y)

= 33600+ B/ PIUED A0)/ (3 --, ) (ERAL).

Dividing by #’, we get .
ex(q) = li‘m UE/(x1,-+y %55 %3015+, xDE)/t'n%~*

= S ea-+p/p) lim UERA /(aty-, w0/t

= g e(3+p:/ pg)e)z@An;(aA;.-)-

§ 5. Complete tensor product of modules.

Let 4 and 4’ be an m-adic and an m’-adic Zariski rings and let E and F
be finite modules over 4 and 4’ respectively. Assume 4 and 4’ contain a
common subfield K, Put G= (E/m"E)Qx(E/m'"E). Then the canonical homo-
morphism ¢,: G,—G,_; is defined and the system {G,, ¢.}(n=1,2,...) consti-
tute an inverse system of 4AQxA4'-modules. We denote by ERQE its projec-
tive limit and call it the complete tensor product of E and E over K9 We
remark that ERQ FE is nothing but a completion of EQxFE in the (m, m’)-adic
topology.” This follows immediately from the following lemma.

6) In this section, unless otherwise' specified, we consider the tensor products and complete tensor
products of modules over K. .

7) The canonical mappings 4>4® 4" and 4’->4AQ® A’ are injective. Therefore we can identify
A and A’ with their images. .
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LEMMA 6. (With the same motations and assumptwns as above.)
i) EQFE isa finite A®A’-module
ii) EQFE is an (m, m’')-adic module.

Proor. i) Since the function f:(ARA)X(EQE)—>EQE defined by
[(a®d, xQx) = axQa'x’ is well-defined, EQFE is considered as an 4&QA4’-mo-
dule. Put E= Ax;+---+Ax, and E=A'x',+---+ A« ,, then, we see easily

that EQE = 2 2 (ARA) (2: Q).

i=1j=

ii) Put G=EXE. We first show that f\m"G =0. Let £€ Nnm"G and let
E=v,Qy 1+ +7y, Where y;€E and y; € E'(i=1,-..,7) and y’; are linearly
independent over K. Since £ € m"G and since m”G~(m"E)®E’ we have y,c m"E
for any. n. Therefore y;€ Nnm"E=0. From this we see that r\m"G+ mG=m"G,
since E'/m"E is a finite module over an m’'/m'*-adic Zariski ring A’/m’* ‘and
since EQ(E'/m’E’) is isomorphic to EQE'/m"*(EQE)=G/m’G. Therefore

NMRSQA + AQW)"G= N"m"G+m"G= N\ NM'G+m"’G) = Nm"’G=0.

Let again E and E’ be finite 4- and 4’-modules and let EQE and ARQA’
be the completions of EQRE and AR A4 in the (m, m’)(4R4’) -adic topology
respectively. The canonical AR 4’-bilinear mapping (ARA') x (EQE)—>ERQE'
may be extended by continuity to a mapping (AR 4’) x (ERE)— ERE’ which
makes EQE an AR A’-module. The eanonical injection mapping EQE —EQE’
can be extended, therefore, by linearlity to an A& 4’-homomorphism:

& (EQE)R.es/(ARQA)>ERE'.
We shall prove that &k is an exact functor. Namely,

PRrROPOSITION 8. Let A and A’ be an m- and m’-adic Zariski rings. Assume
A and A’ have the common subfield K. Let E, F and G be finite A-modules such that

(D) 0—>E—>F—>G—>0 (exact).
Then, for any ﬁnite A’-module F, we have the exact sequence of AR A’-modules.
(2) 0>ERF>FRXF->GRF—0.
. ProoF. From (1), we have the exact sequence of 4-modules:
E/m"E—F/m"F—G/m"G— 0.
" Since ®x is right exact,
(E/m"E)Q(F /m/"F)—(F/m"F )QF /m""F)—(G/m"G)Q(F m’"F")—»O
is eact as A®A’-modules, i.e.,
EQF/(m", m™)—>FRQF/(m", m™)—>GQF /(m", m™)®—0.
On the other hand we have the exact sequence of AR A’-modules:
’ 0>EQF >FRQF >GRQF —0.

‘8) This means G F’/(m», m»)(GRF’).
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Since
(", MM (FRQF)NEQF) = (m"H)QF +F®(m”’F))f\(E®F)
=M"FNE)QF +EQw'"F (by the following Lemma 7)
=m" "' FNE)QF + EQu"F (by Lemma 1) °
Cm""EQF + EQm'™F, for n>r,
we see easily that the above sequence (2) is exact as AR 4’-modules. In order
to prove Proposition 3, therefore, it remains to prove the following

LemMA 7. Let K be a field and let E and F be vector spaces over K, Then,
Jor subspaces E' and E" of E and F of F, e have

(EQF+EQP)N(E'QF) = (ENE)QF+E'NF.

PRrOOF. Since (E'NE")QF is contained in all subspaces of EQF in ques-
tion, by passing to the factor space, we may assume ENE’'=0 and P =0.
Therefore it is enough to show that (E’®F)r\(E”®F)==0 But this is obvious,
since E'NE"=0.

K

PROPOSITION 4. (With the same notations and assumptions asin Proposi-
tion 3.)

ERE' i3 a finite A®A’ -module and ®E’ %(E®E')®4®A'(A®A’)-

PROOF. Let L,—~>L—>E—0 and L';~>L'—>E—0 be the exact sequences of
finite A-and 4’-modules where L, L,, [’ and L', are free. Then
L®L +LOL,; (direct) - LOL' — EQE — 0
is exact as 4Q4’-modules (3, Proposition 4. 3, p. 24]). Put B=AR®4'. Since &

is exact by Proposition 3, we have the following commutatlve diagram where
both rows are exact:

(L1®L')®f + (L®L’1)®B—>(L®li’ )<§§>B—*(l‘~'®1'3")<§§>199 -0

LQL +L®L’ - L®L’ - E®E’ -0

Since &, and &, are obviously bijective as B-modules, we see easily that &, is
bijective.
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