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§ 1. Introduction

Let I’ be a properly discontinuous group generated by the following
mappings S;, which are defined in the (n-1)-dimensional Euclidean space
Rty _

(1.1) {Si: @y« + 2y Xpiy) > (@gy oo, 241, 002, 2,,,) (6=1,2,--, 1)
Sn+1: (xly ey g,y ﬂ’;n+1)‘—>(x{, tt x:u xn+1+1)

where xﬁ:é a2, A=(a;,) is an integral matrix of order n and det. A=1.
J=1

As is well known, we may regard I" as a group generated by the following
matrices of order n+2V:

10 10 cereee el 00\?
12 S=| 01 (t=1,2,---,m) and S,,,=|0 " 0
SR S
(E+1)th|-- 1 “. N 4
N (A 0 i ©
0 1 10-ceceen. 01

Let M, be a manifold which is generated by the classes of those points in
R™*! that are equivalent under the group I'. Then, the fundamental group
G of M, is isomorphic to I” and a generator C, of G corresponds to a
mapping S, of /. Since there exist the following relations:
{(1) Sj'Si:Si'Sj (1£i’j£n)
(li) Sn+1'Si=Sla“"'S:i"'Sn+1 (1::17 2! "'!n)’
we have

(1.3) {(i) cte=cte,  (1<i, j<n)

(H) ci+cn+1=cn+l+éaijcj (7’:1’ 2’ tt 'n)-
J=1

When n=2, H. Poincaré has proved for two groups G, G’ defined by (1.3)
‘that the n.a.s.c. in order to be G= G’ is that there exists an integral un-
imodular matrix B such that BA‘B-'=A’. And according to this theorem

1
1) In this place, any point of R™*! is expressed by < 1 )

&
2) We shall denote by A’ the transpose of A. "
3) H, Poincaré: Analysis situs, J. d. ’Ecole Polyte. 14 (1895).
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he has proved that it is impossible to topologically characterize the manifold
M, simply by using only Betti-number, because M, has only three kinds of
Betti-numbers. ,

The purpose of this paper is to investigate the n.a.s.c. to be G= G for
n=>2, and to consider the geometrical characterization of M, whose funda-
mental group is defined by the similar relations to (1.3).

§ 2. Isomorphisms of fundamental groups

We assume that the group G considered in this paragraph has the
finitely generated presentation G(C; A), where C={c,, -+ -, ¢,,,} is a system
of generators of G and A=(a,,) is an integral matrix of the coefficients in
the fundamental relations (1.8) of G. Assuming that another group G’ has such
a presentation G'(C’; A’) as (1.8), we seek for the n.a.s.c. in order to be G’ =G.
Now, let f be a given isomorphism from G’ onto G, then it is usually
written® by the following form:

2.1) Fle)=b.c,,i+ gbi,-c,- (=12, -+, n+1),

where b, and b,, are integers. In order to be G'=G, it is necessary that
the fundamental relations (1.83) of G must be derived from those of G/,

that is,
22) {f(c£)+f(6§):f(c§)+f(c$) (1<1i,5<n)
f(c£)+f(c£.+1)=f(c£+l)+gaéjf(cé) (=12, ---,m).

For the study of these conditions, let us prove the following two lemmas
about the calculation in G.

» n (O]
Lemma 1. iZhici—i—thl:hcn”—!-‘; hac;,
=1 3 J=1

where k;, (1=1,2, ---,n) and h are arbitrary integers and A":((&),-j).
Proof. We prove by induction.
(i) h=0: it is trivial for h=1. Next, assume that the above relation
holds for 2—1, then we have
h—1)

n n (h—1) n .
21 hie;+he, .y =(h—1)c,., +1zlhta'ijcj +0n 1 =hey .,y +i ; ) ha, 00,
= s J= 12 =

n [€D]
=he,.:+ ‘Z‘lhiaijcj,
W=

n (=D
(i) A<O0: if we put A’=—h and use ¢;—¢,,;=—¢C,.,+ >, a;,C;,
7=
then
n n n (=% Ed (D]
2 heithe, = ST hici+h (—c, )=k (—Co)+ X hiage,=he, .+ 3 hiae;.
i=1 =] 4,5=1 %,j=1

Lemma 2. k(he, ..+ i hie)=khe,, .+ L(cy, -+, ¢,)

4) The elements of G are written in the form acp+ +bey + -+ - +deyg,
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where h; (1=1,2, ---,n), h and k are arbitrary integers and L(c,, ---,¢,)
18 a linear combination of ¢, ---,¢,.

Pi-oof. (i) k=>0:

—(hcn+1+ th)-'_ +(hcn+1+ th)+2h’cn+1+ zhaw J
+thcl

...... o .
=khe,,,+ Ehz( a; +---ta;+0,)e,=khe,.,+Lc, -+, c,)
(i) k<0. If we set k'=—kF,

—Wh)  (—K'h-h) (—54)

k(hc‘n+1+§hici):k’(_ghici'—hcn+l):—klhcru-l Zh( a’z] + a’zj + —l—a”)c
:khcn+1+L(clf c n)'

In the first place, let us treat the special case where the isomorphism
f is written as follows:

f f)=be, (i=1,2 -+, 1)
=
lf‘(c”,““)z5cn+l_}—jgﬁlbrwl,jci

where e=+41 or —1. Since f(c}) (1=1,2, ---, »+1) must be the generators"
of G, B=(b;;) (¢,7=1,2, ---,m) is the integral unimodular matrix.
If we observe that

7 ‘(s) n
{ NACARSIACN 1):ecn+1+j§1bijajkck+§ bn+l,jcj

f(0$+1)+§ al; f(cf)=¢Cp1+ j%;la;jbjkck +JZl:1bn+l,jcj,

from the second equations of (2.2) we have
(2.3) BA'B'=A’.
Conversely, if there exist an integral unimodular matrix B and an integer
¢ satisfying (2.8), then the linear mapping f: G'—>G defined by (2.1), where
we may take b,,,; (j=1,2, ---, n) arbitrarily, is homomorphic on account
of (2.3), and is univalent and onto because B is unimodular, so f defines an
isomorphism from G’ onto G.

On the other hand, if |A'—E|=0, b, (¢+=1,2, -+ -, n) in (2.1) are all zero
and hence b,,,=¢ for an arbitrary isomorphism f, because we have, from
(2.1),

@.2)

{f(co+f(:nI)Z(bi+bn+l)cn+1+Li(Cb ) cn)
f(ca’1+1)+§ aéjf(c.{i):(bn+1+jz=;a$ j)cn+1+Ln+l(cl! B C"),

8o comparing the coefficients of ¢,,, in both equations, we find that
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J_Z}El(aéj~5,.j)bj:0 (1=1,2, -- -, m),

hence b,=0 (1=1,2, ---, n) by our assumption |A'—E|=0.
Also even if |A—E|=:0, we are able to reach the same results as (2.3) by
considering f~! in place of f.

Thus summarizing the results, we have

Theorem 1. Assume that |A—E|=0 or |A'—E|30, then the n.a.s.c.
in order to be G' =@ 1is that there exists an integral unimodular matrix
B such that BA'B'=A" where e=+1 or —1.

In the next place, let us consider the problem of reduction of the re-
presentation (2.1) of a given isomorphism f, in which (b, b,, ---, 5,) (0, 0,

-+, 0). There exists an integral unimodular matrix £’ such that

b, b
o %)=
b, 0
where b is G.C.M. of b,b,, ---,b,. Define that
o o
Gl %) and &..=c.,,
A ¢ |

then é’z{é{, ¢, --+, ¢} is a system of the generators of G’ because of det.
Q'==1, and its fundamental relations turn into

(i) &+e&=e¢+e  (1<i,j<n)
(i) e;+a:,+1=a:,”+§agja; (i=1,2, ---,n)
where A'=(a)=0"A'2’-", and it is easily proved that
F@)=ben..+ 3 dye,
@)= §¢mj (i=2,8, -+, n)
F@ ) =brs ot 2 boess0;

where D=(d;;) is an integral matrix. Since the above transformation of
the generators C’ keeps the generators C of G fixed, we have the similar
results with regard to

fnl(cz):b£67:+1+2”bij‘é; (7/:17 27 tt n+1)-
st
We find, therefore,

Lemma 3. As for G'(C’; A), G(C; A) and the mapping f deﬁned by
(2.1), there exist the generators C’, C of G, G respectively, such that
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F@)=be,,,+315,,8,

2.4) f@= BbiE  @=23m)
F@ ) =brssCarit 21 baes 3,
FrE)=be A+ 25

25) @)= SE (=28 )
@) =Y thit 380

and that G'(C'; A") and G(C; A), where A'=Q'A'Q'~', A=A and Q, '
are the integral unimodular matrices.
From (2.4) follows

ci—‘z bw(a]lb 'n+1+2 b.,ykalc) (?/:2r 3: Tty n);

consequetly, we obtaln

3

(2.6) b.=0 (6=2,8, ---,n) and Sb,¥, (i=2,8, ---, ).
j=1
Similarly, from (2.5) we have
@.7) B,=0 (i=2,8, -+, m) and }ﬁB{,Ek:am (i=2,3, - -, n).
Furthermore, if we use the followmg generators C’—{c’ &, +--, 8.} of G';
¢ ¢
Y4 ~ ~!
@ \=0( & and &,,,=Ch.s,
where
10---0 \
§l= (.)bgﬂ"'bgn)
A

is the integral unimodular matrix from (2.7), (2.4) reduces to
fle)= bcn+1+zblj

(2.4Y fe)=e, (z_2, 3, .-, m)
CINEL NIRRT SRR

Finally, define the generators C'={¢), ¢/, ---,¢,,,} of G’ by

A

¢1 1

E’ A Y% _ oA

2 =0 | and @,,=&,,—b,..;&,
. . =2

cn \én

where
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then the presentation G'(C’; A’) turns into G'(C’; 9’A'Q’-') and (2.4) is
reduced to

f@)=b8,..4+b,%
(2.4)" feh=¢e, (i=2 ---,n)

f(avlu1)=bn+15n+1+?’n+1,151-

Thus, summarizing the above considerations, we find

Lemma 4. As for G'(C’; A"), G(C; A) and the mapping f defined by
(2.1), there exist the gemerators C', C of G, G respectively, such that
G'(C'; ZA'Q'-Y), G(C; RARY) where 2, and Q are the integral unimodular
matrices, and (2.1) is reduced to

fe)=at,..+8¢
(2.8) {f(?:ﬁ):%i (1=2,8,---,m)
S )=r¢, . +d¢
where a, B, 71,0 are integers.

Let us now consider the case of (b, by, -+, 5,):(0,0, ---, 0) making use
of the reduced form (2.8). We set A=(d,,)=RAQ' and A'=(al)=2A'0"
We have the following relations;
29) {f(51)+f(5$)=a5n+1+551+5i

n (a) R
f(a)+f(éq)=aén+l+§]a’zjaj+ﬁél (%:27 39 "'7”’)
i
n (r)
F@)+ £ )=7801+ 31008+ 08,
(2.10) 5=

f(_é:w1)+2:613f(6.;>=r6n+1+551+6:1(a5n+1+ﬁ61)+§ a’éjéj
(i=2! 37 Tty n‘)r

and
n (r

) ~
f(—C_é)-'}—f(El,H):(a—f—T)bnﬂ+2 ﬁa1jbj+5c1
(2.11) . =1 .
FE D+ F @) =10, 430+ Th(at i+ BE)F 2 T8,
Then, the relations (2.9) yield
a Ca)
2.12) 8,=3, (i=2,8, ---,m, j=1,2, -+, 1) and du=1,
the relations (2.10) imply
. )
(2'13) 621—_—&{1:5121 (’[::2’ 3! Sty n) and &5.7:({” (Ii! j:2; 3; Y n)y
and from (2.11) we have

L@ L, @ .
(2.14) a,,=0a},=08,=1 and a};=pa,,—aa,, (1=2,8, -+, n).
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Ca) rd
Also we can prove from G,,=d,;=1 that the n.a.s.c. in order that f is onto

and univalent is ad—Sr==1.

Thus, summarizing (2.12), (2.13) and (2.14) and taking the case of
(by, by -+, b,)=(0,0, --+,0) into consideration, we have

Theorem 2. The m.a.s.c. in order to be G'(C'; A)=G(C; A) where
|A’'—E|=0 and |A—E|=0, is that '

(i) there exists an integral unimodular matrix B such that

BA‘B'=4"

or

(ii) there exist two integral unimodular matrices Q' and Q such that
(ad (a)

1 (:112"'a1n‘ 1 ay,---a,,
A=040 = 9% O g [0 1 g ) apg
0d,- -+, 0 0 "1

Z’:,_Q—’A’g’"l_—_ 0 a_zz . 'a.2n

oW
0 anZ"'ann

where af;j:fga'lj-ﬁa«lj (j:2"'n), a:\FO and aé—ﬁ;f:—_s—l

Remark 1. If the characteristic roots of A are all simple, we can
prove from (2.9) that A® is the unit matrix. Hence, in the case where the
characteristic roots of A are all simple in Theorem 2, the n.a.s.c. in order
to be G'=G is (i) in Theorem 2 or (ii); the condition (ii)’ is obtained from

(ii) by replacing A° with the unit matrix.

§ 3. Geometrical meanings of isomorphisms

Let I'={S,} and I""={S/} be the groups corresponding to A and A’ by
(1.2) respectively, then we shall consider the two manifolds M, and M,
corresponding to I” and I respectively, when I" and I’ are isomorphiec.
We investigate into such a matrix U=(u,;) corresponding to an isomorphism
f: I''>TI that US/U'=f(8!) (1=1,2, ..., n+1) and its first row is (1,0,

-+, 0). If such a matrix U exists, M. and M, are mutually transformable
by a coordinate transformation, so that all the manifolds whose fundamental
groups are isomorphic to G and the same type with G, are geometrically
characterized by M.

In the first place, assume that the conditions of Theorem 1 are satis-
fied, then there exists an isomorphism f:7I"'—I" defined by
3.1) {f(s;)=sgasgn. S (4=1,2, ---,m)

f(S;+1)=S€n+1,lsgn+l,2. . .Sgnn,nS;HI
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where BA‘B'=A'. From US/U'=f(8) (:=1,2, ---,n) i.e.

10 10
N R
(u,;) 1 . . = . . (u,;)
M | biu "
: 0 1 o 0 "4 ,
it follows that
1 0.-------0 0
u."l » u2:n+2
(3.2) v=| B ;
u'll+1, 1 TrTTrmmemmme ’ un+1,n+2
Unyz, 1 Qosevennn 0 Upst, nez
Also from US.,, U-*=f(S}.)) i.e.
1 Qeverenns 00 1 Qeevvenes 00
0 0 0 b1, 0 v
| o4 =@y |
S TR
0 Qcovvvnnes 01 P TR 01
where (u,;;) is the matrix (3.2), we have %,,; ,,.,=1 and
n (&)
(3.3) uk1+uk,n+2:bn+1,Ic—1+j2=1a’j,k‘luj+l,l (k=2,8, ---, n+1)
n (&)
(3-4) uk,ne-l:jé; Qj g1 Ujr1,nee (k=2,8, ---,n+1).

From (3.4) and |A*—E|30, we have %,,; ,..=0 (7=1,2, ---, »), and (3.3)
is, therefore, written in the form

n (&)
(3.5) bn+1,k—1=§(aj,k—1_a}‘,k—l)u]’+1,!r

consequently #,,,, (7=1,2, -- ~,"n) are uniquely determined as the solutions
of the equations (3.5). Therefore, U is of the form

1 Qeeeeenes 00

Uy i 0

(3.6) u=| : B
Upyg, 1 0oeereees 01

where u,,, , is an arbitrary number and w.,, - -, %,,; ; are the solutions of
(3.5). Since

1 0
Uy 1 0
T= . .

un+2,1 O . 1
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is a translation in R"*! and it holds that

10..--00

0o -0
U=T| :: B  :

00----01/,

we have

Theorem 3. If |A—E|x0 or |A'—E|=x0, there exists such a matrix
U corresponding to a given isomorphism f:I"—I that US;U*=f(8}) (1=1,
2, .-, n+1) and its first row is (1,0, ---,0), ard this matriz U is uni-
modular and is uniquely determined except for a translation.

Now, let us consider the case in which |[A—FE|=|A'—E|=0 and the
characteristic roots of A are all simple. Then it suffices for our purpose
to investigate the case of (b, b, --+,b,)2(0, ---,0), because the case of
by, by ---,b,)=(0, ---,0) has been investigated in Theorem 3. It is easily
shown in the similar way to Theorem 2 that
3.7 dl,=d,=06, (t=1,2,---,n).

Then we have

f(c’)—}—f(c,,“) (0:104+b,.1)C, 1+ ;b &jkék‘f‘zbnu,;‘?’j
if(cm»l)_*-z a/ijf(cy) (5zlb+bn+1)cn«rl+2a’;ijkclc—l_Zer-l FAS A

Jik=1
Hence
(3.8) BA™B =4,

where B=(b,;) and det. B==0. Hence, there exists an isomorphism f:1"—T"
defined by

( f(§{)—_—§’,7u§§n. . .§fm§g+1
if([g”{): Seiz. . . Stin (1=2,8, -+, n)
f(g;”):ginn,x :§§n+1,2 - §§n+l,n ,'S':’r;‘
where A’=E and BA "B1=A" »
Theorem 2 means that a suitable coordinate transformation corresponds

to that of commutative generators of G, and consequently we may assume

that the mappings S, corresponding to the generators ¢, of G are of the
following forms:

10 10----++--00
_ 01 0 B o Y
Siz : .. (i:]w 2; "'!n) and Sn+1= . ~ .

Ci+-th|-w1 ", 4 o

0 1 : : 1Qcececens 01

and that the mappings S; (1=1,2, .+-,n+1) are of the smular forms to
the above. =
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From US/U-'=£(8) (i=1,2, ---,n), we have

1 0.-ce---r0 0
Ugy | U2, ez
(3.9 uv=| . B
Uit g o Ut nre
un+2,1b1 Oeervee 0uu+2,’n+2 .

Moreover, comparing the corresponding elements of both sides of
U§7,1+1=f(§1£+1)a 1 €.

10:eeeenn 00 1 0eevvvnn- 00
0 i 0 byoro: . 0
)| o (A =| 1 @y )
0\ 10 S I
1 Qeeeenens 01 by, Oeeevens 01/,
we have u2,n+2:bn+l,17 u‘n+2,n+2:bn+1 and \
n (bne1)
(3-10) uk1+uk,n+2:bn+l,k—l+§a’i,k—lui+1,1 (k=27 3, -, %+1)
‘ 7 (Bna1)
(3'11) Uk, nr2= Ziai,k—lui+1,n+2 (k=2’ 3! tty n+1)~
From (3.11)
21(27.'“) Gns1d
(8.12) %I(ailc—aik)ui+l,n+2: —a_’lkbn+1, , (k=2,3,..-,n).

Ons1) ~
Since det.(@;;—0d:);, k2, ....n=F0 because of (b,b,,,)=1, A*=FE and a,=0d,
(1=1,2, -+, m), %;,,. (¢=3,:--,n+2) are uniquely determined as the
solutions of (3.12).
And also from (3.10), we have
(f_nﬂ) n (e_yu-l}
uk+1,n+2_bn+1,k"‘a1ku21= gg(am"‘am)uiu,l (k=2,8,---,n),

hence, u,,,, (4=2, --+, n) are uniquely determined involving u,, as a para-
meter. So U is of the form

1 0--:v----0 0
u.21 | bn+1 1
U: : Et u3 n+2
un+1, 1 e un+1,n+2
un+2,lbl cree:0 by

Thus we conclude

Theorem 4. If |A—E|=|A'—FE|=0 and the characteristic roots of A
are all simple, there exists such a matriz U corresponding to a given
isomorphism f:I'"—>1T that US!U-'=f(S)) (i=1,2, ---,n+1) and its first
row is (1,0, ---,0), and this matriz U is unimodular and is uniquely
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determained, except for a translation.

Finally, let us consider the case in which |A—E|=|4’"—E|=0 and the
characteristic equation of A has not necessarily simple roots. In this case,
the matrix U corresponding to the given f does not exist. For example,
if we put ’

A=(}) ’1‘) and A’=((1) “{‘) (h=0)
and take a mapping f:I"'— I defined by
F(S)=8{S5
{ F(8H)=8,
F(S)=2818;
where a-f+0 and ad—pfy=1, then, f is an isomorphism from I"” onto I
We cannot, however, construct such a matrin U as US;U'= f(S)) (:=1, 2, 3).
As a matter of fact, from US;U-'=f(S)) we have
10 00
U= | %o Uz 0 u,,
Usy Ugp 1 Uy
Ugy Uge 0 Uy
and since US;U'=f(S)) ie. U(S;—E)U '=f(S))—E, ecomparing (2.1)-and
(38.2)-elements of both sides of

0000, ;00 0 0
1000\_[Bgo0 0 0

Uy =

(’)(0000 (OahO 0)(“’)
0000/ \ao0o00

we get u,,=p and ahu,=0, and consequently, we obtain «-8=0. This
contradicts our assumption. Hence it is not always possible to construct a
matrix U corresponding to the given isomorphism f.
From this example, we have
Theorem 5. If G'=G, |A—E|=|A'—-E|=0 and the characteristic
roots of A are not all simple, we cannot always construct such a matric
U corresponding to the given isomorphism f as US;U'=f(S})) (1=1,2,
n+1). '
Remark 2. Especially if #=2, by Theorem 2 there exists an integral
unimodular matrix B=(b,;) satisfying
BA'B-'=A',
In our example, e=1 and B is of the form
B:(El T )
0 —¢
where ¢’=1 or —1 and r is an arbitrary integer, so that a mapping g:/"'—>1I"
defined by
9(SN==S7-S;
{ 9(S5) =8
9(S5)=S8;87S¢
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z, Y, being arbitrary integers, is an isomorphism from I’ onto I" by Theorem
2. Then we can construct U corresponding to g®.

From the above disccusion, the manifolds of which the fundamental
groups are defined by (1.3) are geometrically characterized by the manifold
M, in the following three cases; (i) n=2, and as for n=3, (ii) [A—E|+0
or |A'—E|%0, or (ili) |A—E|[=|A’'—E|=0 and the characteristic roots of
A or A’ are all simple.

In conclusion, the author wishes to express his sincere thanks to Prof.
K. Morinaga for his kind guidance.

Department of Mathematics
Faculty of Science
Hiroshima University

5) As for n=3, the author does not know whether such a favourable isomorphism exists
or not.
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