
JouRNAL OF SCIENCE OF THE HrnosHIMA UNIVERSITi'., SER. A, VoL. 22, No. 3, DECEMBER 1958 

On the Nonlinear Autonomous System Admitting of a Family of 
Periodic Solutions near its Certain Periodic Solution 

(1.1) 

1. Introduction 

Let 
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dy =Y(y) 
dt 

be a given nonlinear autonomous system, where Y(y)eC; in a domain G of 
the phase (n+l)-space Rn+ 1• Here, of course, y and Y are the (n+l)­
dimensional vectors. In the sequel, let us call the independent variable t 
the time. 

In this paper, we consider the case where, in a domain G, the system 
(1.1) admits of a family ~ of .closed paths in the neighborhood of its certain 
closed path 

Co: Y=<f,(t). 

According to the nomenclature of the preceding paper [5] 1', the system 
(1.1) is called respectively the fully or the partially oscillatory system ac­
cording as the family it consists of whole paths or of a portion of them 
lying near C0• In either case, according to [5], we assume that, when n>2, 
the periods of the closed paths belonging to ~ are bounded. Then, by 4.1 
of [5], there exist the universal periods for paths belonging to tt such 
that they are continuous at C0• Let us denote such a universal period of 
Co by Wpo 

According to [5], we make use of a moving orthonormal system along 
C0• Let e/s (i=l, 2, • • •, n) be the normal unit vectors of a moving 
orthonormal system along C0 such that elt)eC,2. Then, with respect to this 
moving orthonormal system, any path C lying near C0 is represented as 

" (1.2) Y=</J(t)+ ~ x'et 
•-1 

and the time variable r- .along C and the n-dimensional vector x=(xt) are 
det.ermined. respectively by the differential equations 

(1.3) dr­
dt Y*Y' 

1) Numbers in brackets refer to the references listed at the end of the paper . 
. 2) 11 Y 11 denotes the E.uclidean norm of Y. The dots above the letters .denote differenti­

ation with respect to t. The symbol * denotes the transposed. 
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i II Yll2+fx1Y*i1 .. • 
dx =Xi(x t)= ,;-1 ,e*Y'-'1xie*e (1.4) 
dt ' Y*Y' '-' f.:t "'"1 

(i=l, 2, · · ·, n), 

where .. 
Y' = Y(¢+ ~ x1~ 1). 

i-1 

Since Y' is written as .. 
Y'= Y + ~ xiV(t)~1+o(llxll) 

i=l 

where V(t) is a matrix whose elements are 

aYkl 
ayl Y=<P<t> 

(k, l=l, 2, · · ·, n+l), 

the equations (1.4) can be written in the vector form as follows: 

(1.5) dx =X(x, t)=A(t)x+o(llxll); 
dt 

where A(t) is a periodic matrix whose elements are 

(1.6) AJ(t)=~tV(t)e1-~tf1 (i,j=l,2, .. ,,n). 

From (1.4) and (1.6), it is evident that X(x, t) and A(t) are continuous and 
periodic in t with period w0, and X(x, t)eC; for sufficiently small llxll. The 
equation (1.5) is the equation for the normal deviation of C fr9m C0, or, in 
other words, the relative equation of C in the normal hyperplane of C0• 

The equation (1.3) enables us to calculate the universal period w of C 
belonging to ~ as follows: .. . 

! ... II Yll2+ ~ x'Y*ei 
w= •-1 dt 

Y*Y' ' 
0 

because the universal periods are continuous at C0• 

In this paper, first, the equation (1.5) is reduced to that of the form 
as simple as possible and thereby the behavior of paths of the initial system 
(1.1) lying near C0 is made clear. Next, making use of the reduced form 
obtained there, the perturbation problems are discussed and the criteria of 
stability of the perturbed oscillation are found for both fully and partially 
oscillatory systems. 

As is proved in their paper [1], the system considered by Diliberto and 
Hufford-the system which admits of regular integrals through C0-is a 
special one of the partially oscillatory systems. Our results show that their 
reduced form can be reduced further and that they are of the special form 
of ours. 

The perturbation problems were discussed already for both fully and 
partially oscillatory systems in the preceeding paper [5], but there the 
criteria of stability have not yet been found for the partially oscillatory 
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system. In this paper, making use of the reduced form of (1.5), the criteria 
of stability have been found also for the partially oscillatory system. 

2. Fully oscillatory system 

Let 

(2.1) X=<p(t, c) 

be the solution of (1.5) such that 

cp(O, c)=c. 

Then evidently <p(t, c)eC; for any finite t and sufficiently small llcll- Conse­
quently <p(t, c) is written in the form as follows: 

(2.2) <p(t, c)=G(t)c+o(llcll) 

and G(t) becomes a fundamental matrix of the linear homogeneous differ­
ential equation 

such that 

dx =A(t)-v 
dt 

G(O)=E, 

where E is a unit matrix. 
In the present case, from the continuity of universal periods, it holds 

that 

(2.3) <p(<v0, c)=c 

for any c such that II c II is sufficiently small. Consequently, if, according to 
the previous paper [3], we consider the transformation 

(2.4) x' =<p(t, x) 

depending on a parameter t 1', this transformation becomes an identical 
transformation for t=w0• Since this identical transformation is of course 
imbedded in a one-parameter group of transformations 

x'=e1Bx, 

where B is any matrix such that 

(2.5) exp (w0B)=E, 

by the results of the paper [3], the equation (1.5) is transformed to the 
equation 

(2.6) dx -=Bx 
dt 

by the periodic transformation 

1) Since, from (2.2), 
a(~'. ~2. ...• ~n) I ~o 
o(x1, X2, ••• ' xn) .,_o 

for any t, (2.4) expresses surely a transformation depending on a parameter t for sufficiently 
small llxll. 
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(2.7) 

But the above discussion evidently prevails whenever Y(y) of the right­
hand side of (1.1) is once continuously differentiable. Thus we have 

Theorem I. For the once continuously differentiable fully oscillatory 
system (1.1), the relative equation of any path C lying near C0 · in the 
normal hyperplane of C0 is transformed to the equation (2.6) by the periodic 
transformation (2.7). Here B is any matrix such that (2.5) holds. 

When B is chosen so that B=O, the equation (2.6) becomes 

dx =O 
dt ' 

consequently all paths lying near C0 becomes the fixed points in the normal 
hyperplane of C0• 

When the system (1.1) is perturbed as 

(2.8) ~! = Y(y)+eH(y; e) 

where Isl is small and H(y; e)EC:;., from (1.4), it is seen that the equation 
(1.5) is perturbed as follows: 

dx (2.9) -=X(x, t)+eK(x, t; e), 
dt 

where K(x, t; e) is continuous and periodic in t with period w0 and 
K(x, t; e)EC~;•• Then, by the transformation (2.7) where B is chosen so that 
B=O, the equation (2.9) is transformed to the equation of the form 

dx ) (2.10) -=eF(x, t; e 
dt 

and F(x, t; e) becomes a function of the same character as that of K(x, t; e), 
because o<p/ociEC;,,. 

Thus the problem to seek for a periodic solution of the perturbed 
system (2.8) and to decide its orbital stability is reduced to the same 
problem for the system (2.10). This latter problem is already solved by the 
so-called stroboscopic method [3] 1>, namely by seeking for a critical point of 
the stroboscopic image 

dx e J"' (2.11) -=eF0(x)=- F(x, t; O)dt 
dt W 0 0 

and by deciding its stability. 
Thus, by the results of [3], we have 

Theorem 2. When the stroboscopic image (2.11) has no critical point, 
there exists no periodic solution of the perturbed system (2.8). When (2.11) 

1) In [3], there is given a proof for mathematical legality of the heuristic stroboscopic 
method of N. Minorsky. 
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has some simple critical pointsl), there exist periodic solutions of (2.8) 
corresponding to each simple critical point of (2.11), and the orbital stability 
of these periodic solutions of (2.8) becomes the same as that of simple critical 
points of (2.11), so long as the stability is decided· according to the signs 
of the real parts of the characteristic exponents of the equation of first 
variation. 

The method stated in this theorem is a direct generalization of the idea 
of the method proposed by Kry loff and Bogoliuboff [2], though the methods 
seem to be entirely different in appearance. 

3. Reduced form of the partially oscillatory system 

In the present case, we assume that the initial system (1.1) admits of 
an m-parameter family ~ of closed paths. When m=n, \y consists of all 
paths, therefore the system becomes a fully oscillatory system. This case 
is already discussed in the preceding paragraph, therefore, in this paragraph, 
we assume that 1 <m<n-1. 

Since the intersection of closed paths belonging to ~ with the normal 
hyperplane of C0 at y=¢(0) is an m-dimensional manifold, we may assume 
that that manifold V'n is represented as 
(3.1) c=c(u), 
where u=(u1, u2, • • •, um) is an m-dimensional vector. For (3.1), without loss 
of generality, we may suppose that c(0)=0. We assume that c(u)~C~ for 
sufficiently small I I c I j. Then the rank of the matrix whose elements are 

(3.2) (i=l, 2, • • •, n; a=l, 2, • • •, m) 

cannot be identically smaller than m, because, otherwise, the manifold vm 
would become a manifold of lower dimension than m. Therefore we may 
assume naturally that the rank of the matrix whose elements are (3.2) is 

. m for u=O, for this means that the point c=O is an ordinary point of the 
manifold. 

Then, if we put 
(3.3) S?[t, c(u)] ='if;(t, u), 
for this function 'ip(t, u), we can prove 

Lemma 1. The function 'ip(t, u) is twice continuously dijf erentiable 
with respect to u and is periodic in t with period w0 and the rank of the 
matrix whose elements are 

(3.4) 
a,p 
ou" 

(i=l,2, •·•,n; a=l,2, •·•,m) 

is m for any t. 

1) A crtical point x=xo of (2.11) is called simple when 
a(FJ. FJ, · · ·, F~) '"t'O 
a(x', x2, .. ·, xn) 

for X=Xo. 
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Proof. Since cp(t, c)eC; and c(u)eC!, it is evident that 'ip(t, u)eC!. Also 
the path represented by 

x="ij>(t, u) 

passes through a point of the manifold vm, therefore it is also evident that 
the function 'ip(t, u) is periodic in t with period m0• 

If the rank of the matrix whose elements are (3.4) is smaller than m, 
then there exist numbers i«'s (a=l, 2, • • •, m) not all vanishing such that 

~ ,a a,/ =0 (. 1 2 ) L.J A 'I,= I I • • •, n 1 
a-1 aua 

which are written from (3.3) as follows: 

This implies 

(3.5) 

because 

(i=l,2, ··•,n). 

(j=l, 2, · · ·, n), 

a( cp1, cp2, ••• , <pn) =\= 0 
O(C1 C2 • • • Cn) , , ' 

as is remarked on (2.4). (3.5) implies that the rank of the matrix whose 
elements are (3.2) is smaller than m. This contradicts the assumption on 
the parameter u. 

Thus the lemma has been proved. 

Now, since x='ip(t, u) is a solution of (1.5), the n-dimensional vectors 

(3.6) o'cfi 
au« 

(a=l,2, •·•,m) 

a,p 
aua 

becomes the solution of the equation of · first variation of (1.5), consequently 

it is evident that a'cp eC~. Then the above lemma says that the continu-
au« • 

ously differentiable n-dimensional vectors a'ip (a=l, 2, • • •, m) constitute a 
aua 

periodic m-ple system of linearly independent vectors. Then, by Gram­
Schmidt's process, we can construct a periodic orthonormal m-ple system of 
n-dimensional continuously differentiable unit vectors Pa(t)'s (a=l, 2, • • •, m) 
so that 



On the Nonlinear Autonomous System 159 

(3.7) Pa(t)='i:ik!(t) o<p I (a=l, 2, • · ·, m) 
P-1 ouP U=O 

may hold. For this m-ple system {Pa(t)} (a=l, 2, • · ·, m), we can prove 
Lemma 2. For a given c,ontinously differentiable periodic orthonormal 

m-ple system {Pa(t)} (a=l, 2, • • •, m), there exists a continuously differenti­
able periodic orthonormal n-ple system {Pi(t)} (i=l, 2, · · ·, n) which contains 
the given m-ple system {Pa(t)} (a=l, 2, • • •, m). 

This lemma is a generalization of Theorem 1 of [4] or Theorem 1 of 
[5]. The proof is carried out quite analogously as these theorems. 

Proof. Evidently there exist local continuous orthonormal n-ple systems 
{Pi"')(t)} (k=O, 1, 2, • • •) each of which contains the given m-ple system 
{Pa(t)}. Let Uit) be the matrix whose column vectors are Pi"')(t)'s (i=l, 2, 
• • •, n). Then, by the definition of {Pi"')(t)}, the matrices Uit) (k=O, 1, 2, • • •) 
are orthogonal, and the interval [O, w0] is covered by a finite number of the 
intervals on each of which Uit) is defined. Let I0 <I1 < · ~ · <lNv be such 
intervals covering [O, w0]. 

For any t1 e/0 ,,....._/1, construct an orthogonal matrix 

(3.8) 

and define U(t) so that 

U(t)= { Uo(t) 
U1(t)M1 

Then, from (3.8), M1 is of the form 

for O<t<t1, 

for t1<tel1• 

M1=( Em ~ ) 2
' 

0 M1 

and U(t) becomes a continuous orthogonal matrix defined on / 0'-'/1 such 
that its first m column vectors are always Pa(t)'s (a=l,2, ··•,m). Taking 
this U(t) instead of Uo(t), we repeat the above process, then there is 
is obtained a continuous orthogonal matrix defined on / 0 '-' / 1 '-' / 2 such that 
its first m column vectors are always Pa(t)'s (a=l, 2, · · ·, m), and so on. 
Thus, ultimately, after the N-th step, there is obtained a continuous 
orthogonal matrix U(t) defined on [O, w0] such that its first m column vectors 
are always Pa(t)'s (a=l,2, •·•,m). 

Put 

(8.9) u-1(0Jo) U(O)=A, 

then A is a proper orthogonal matrix, because U(t) is a continous orthogonal 
matrix. Moreover, from (8.9), it is evident that A is of the form 

1) I.,,<11 means that Ii contains t greater than any t belonging to Ik. 
2) E711 denotes a unit matrix of order m. 
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(3.10) ~)' A 

because 

(a=l,2, •·•,m). 

Consequently A becomes also a proper orthogonal matrix. Then, as is well 

known, there exists an orthogonal matrix T such that 

T* AT= ~EB (c?s ar -sin ar) EBE, 
Sln ar COS O:r 

(3.11) 

where EB denotes the direct sum of matrices. Now, for matrices under the 
sign ~EB in the right-hand side of (3.11), it holds that 

r 

( C?Sar 
sin O:r 

consequently, if we put 

(3.12) 

and 

(3.13) 

then from (3.11) follows 

Therefore, if we put 

(3.14) 

it holds that 

(3.15) 

-sinar)=exp( 0 
cosar ar 

T* AT=exp (w0B 0). 

from which (3.9) is written as follows: 

(3.16) U(O)= U(w0)e"'•n. 

Then, let us consider the matrix 

V(t)= U(t)e1B. 

From (3.13) and (3.14), etB is of the form 

( !m i) ' 
consequently the first m column vectors of V(t) are also Pa(t)'s (a= 1, 2, • · ·, 
m ). Also, from (3.12) and (3.14), B is skew-symmetric, consequently etB is 
orthogonal. In addition, from (3.16), 

V(o,0)= V(O). 

Thus, if we define V(t) outside the interval [O, m0] by 
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V(t+w0)= V(t), 

then V(t) becomes a continuous periodic orthogonal matrix whose first m 
column vectors are always P,,(t)'s (a=l, 2, · · ·, m). 

Let P.(t)'s (2,1=m+l, • • •, n) be the last (n-m) column vectors of V(t), 
then these are evidently continuous periodic vectors. In order to make these 
continuously differentiable periodic vectors, for any positive number s, taking 
a sufficiently small positive number o1i so that 

11.P.(t')-.P.(t")II < s (2,1=m+l, • • •, n) 

for It' - t" I < o, let us consider the vectors 

(3.17) 
_ l Jt+ii _ 
P.(t)= - . P.(s)ds 

20 
t-ii 

(2,1=m+l, • • •, n). 

Then these are evidently periodic in t because of periodicity of P.(t)'s 
(2,1=m+l, · · ·, n). Moreover, by Schwartz's inequality, it holds that 

IIP,(t)-.P,(t)II= : 0 llfi+ii[P.(s)-P.(t)]ds\\ 
t-ii 

< ~:: [j1+0IIP.(s)-P.(t)ll2dsJ112 

•-• 

Therefore, when Is I is sufficiently small, P,(t)'s (l,l=m+l, · • ·, n) are linearly 

independent relatively and to P,,(t)'s (a=l, 2, • • •, m), because P.(t)'s (2,1=m+l, 
· · ·, n) and P,,(t)'s (a=l, 2, · · ·, m) are relatively orthonormal. In addition, 

P,(t)'s (2,1=m+l, • • •, n) are evident!~ continuously differentiable as follows: 

dP.(t) =__!__ [J5 (t+o)-P (t-o)J 
dt 2o " " 

(2,1=m+l, • • •, n). 

Then, if we again apply Gram-Schmidt's process to this system {P,,(t), P.(t)} 
(a=l, 2, • • ·, m; 2,1=m+l, · · ·, n), we can obtain a continuously differentiable 
periodic n-ple system of orthonormal vectors P;(t)'s (i=l, 2, • • •, n) which 
contains initial m vectors P,,(t)'s (a=l, 2, • • •, m). Thus the lemma has 
been proved. 

This lemma says that there exists a continuously differentiable moving 
orthonormal system along C0 such that its first m normal unit vectors are 
,. 
~P;~; (a=l,2,··•,m). Then, if we denote x=(xi) with respect to this 
i=l 

moving orthonormal system by x=(xi), from 

-------------------

1) This is really possible because .P.(t)'s (11=m+l, · · ·, n) are uniformly continuous in 
-w<t<oo on account of their periodicity. 
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it is valid that 

(3.18) P(t)x=x, 

where P(t) is a matrix whose elements are PJ(t) (i, j=l, 2, · · ·, n). Then, 
from (1.5), for any path lying near C0, x=x(t) becomes a solution of the 
equation 

(3.19) dx =X(x t) 
dt ' 

of the same form as (1.5), where 

x(x, t)=P- 1(t)X[P(t)x, tJ -P- 1(t) dP(t) x 
. dt 

=( p- 1AP-P-1 ~~ )x+o(llxll). 

Then, since X=\CJ(t, u) is a periodic solution of (1.5), from (3.18), 

(3.20) x=T(t, u)=P- 1(t)cp(t, u) 

becomes a periodic solution of (3.19). Since, frotn the above relation follows 

~ P!(t) atpj = a,? ( · 1 2 1 2 ) ...:::.i , i=, ,··•,n; a=, ,··•,m, 
j-1 aua aua 

from (3.7), we have 

(3.21) t PJ(t) aip: \ = ~ K!(t)Pt(t), 
J-1 au 1'=0 fi-1 

where K!(t) (a, /3=1, 2, • • •, m) are the elements of the inverse matrix of 
the matrix whose elements are k!(t) (a, /3=1, 2, • • •, m)1). (3.21) can be 
written as follows: 

tPJ(t)[ aip: f -tK!(t)~]=o 
J-1 OU U=O fi-1 

(i=l,2, ... ,n; a=l,2, •·•,m). 

Then, since det P(t) =\= 0, it follows that 

a§;: I =~K!(t)oi (j=l, 2, · · ·, n; a=l, 2, · · ·, m), au U=O fi-1 

(v=m+l, • • •, n; a=l, 2, • · ·, m), 

(a, /3=1, 2, • • •, m). 

From the second of the above formulas, it follows that 
o(q;1, <p2, ••• , tpm) 

a(u1, u2, • • •, u'") 

1) The determinant of the matrix whose elements are k!(t) (a, /3=1, 2, •· •, m) does not 
vanish as a matter of course because (3.7) is an expression of the Gram-Schmidt's process, 
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never vanishes for any t when II u II is sufficiently small. 
Then, the relations 

(3.22) xa=q;a(t,u) (a=l,2, • 00 ,m) 

can be solved with respect to (u1, u2, •·•,um) for any t as follows: 

(3.23) u"=u"(t,x1,x2, .. ,,xm) (a=l,2, .. ,,m) 

where ua(t, x1, x2, • • ·, :1:»')'s are periodic in t with period w0• Then, substi­
tuting (3.23) into the others of (3.20), i.e. 

we obtain 

(3.24) 

x'=v,'(t, u) (v=m+l, · · ·, n), 

(v=m+l, • • •, n), 

where f'(t, x1, x2, • • •, x"')'s are periodic in t with period w0 and twice con­
tinuously differentiable with respect to &1, &2, • • •, a;m, Of course, 

J•(t, 0, 0, · · ·, 0)=0 (v=m+l, · • •, n), 
for ua=0 (a=l, 2, • • •, m) when xa=0 (a=l, 2, • • •, m). Thus the equation 
(3.24) represents an (m+l)-dimensional closed integral strip sm+i passing 
through C0 as is seen from its formation. 

Then, if we transform the variable x to z by 

(3.25) { za=x" (a=l, 2, · · ·, m), 
z' =x" -f·(t, &1, x2, ••• 'xm) (v=m+ 1, ... 'n), 

the equation (3.19) is transformed to the equation 
dz (3.26) - =Z(z, t) 
dt 

of the same form 1' as (3.19), namely as (1.5), and z"=0 (v=m+l, • • •, n) 
satisfy (3.26) identically. Hence Z(z, t) can be written in the form 

7) 

Z"(z, t)= ~ Z;(z, t)zµ 
µ=m+l 

where Z;(z, t)'s (v, ,u=m+l, • • •, n) are periodic in t and continuous in z and 
t. Thus the equation (3.26) becomes the equation of the form 

" dz" 

1
dt=Z"(z,t) (a=l,2, •·•,m), 

(3.27) 
dz' = ± Z;(z, t)z" (v=m+l, · · ·, n). 
dt µ~m+l 

Then, in S"'+ 1, the equation (3.27) becomes 

{ 
dza = za(zl . . . zm O • . . 0 t) 
dt ' ' ' ' ' ' 

(3.28) dz' 
--=0 (v=m+l, • • •, n). 
dt 

(a=l,2, •·•,m), 

But, in sm+i, all paths lying near C0 are closed and they are expressed by 

1) The condition that Z(z, t) is continuously differentiable with respect to z is included. 
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Za=f/f(t,u) (a=l,2, ··•,m) 

as is seen from (3.22). Therefore, in like manner as in Theorem 1, by the 
periodic transformation 

(3.29) za=tpa(t, z') (a=l, 2, · · ·, m), 

the first of (3.28) is transformed to the equation 
dz'a 
-=0 
dt 

(a=l,2, •·•,m), 

namely the equation of the same form as (3.28) but with 

za(z1, ... ,zm,o, ···,0,t)=O (a=l,2, ··•,m). 

When these hold, za(z, t) (a=l, 2, • • •, m) are of the same form as Z'(z, t) 
(ll=m+l, · · ·, n). Thus we have 

Theorem 3. For the twice continuously differentiable m-parameter ii 
partially oscillatory system (1.1), the relative equation of any path C lying 
near Co in the normal hyperplane of C0 is transformed to the continuously 
differentiable equation 2i 

(3.30) 
d i .. 

_x_ = ~ X!(x, t)x' 
dt ,-m+i 

(i=l 2 · · · n) , , , 

by the periodic transformation, when a moving orthonormal system along 
C0 is suitably chosen. Here X!(x, t)'s (i=l, 2, • • •, n; ll=m+l, • • •, n) are 
periodic in t and continuous in x and t. 

As is seen from the form of (3.30), for the present system, there exists 
an (m+l)-dimensional closed integral strip sm+i, which is represented by 

x'=O (ll=m+l, • • •, n) 

for the equation (3.30). In addition, for the equation (3.30), the paths in 
sm+i are represented by the fixed points in the normal hyperplane of C0• 

4. . Perturbation problem for the partially oscillatory system 

In this paragraph, we ,consider the case where the three times con­
tinuously differentiable m-parameter3i partially oscillatory system (1.1) is 
perturbed as 

(4.1) :: = Y(y)+sH(y; s) 

where sH(y; s)EC;;.. In this case, as is seen from the proof of Theorem 3, 
the equation (3.30) is perturbed as 

(4.2) dx = ± X,(x, t)x"+sK(x, t; s) 
dt ,-m+I 

and it becomes that ± X,(x, t)x'EC;;, and sK(x, t; s)EC;;,• 
v=m+l 

----- ---··---- --

1) This means that Y(y) E q and c(u) of (3.1) belongs to CJ. 
2) This means that the function of the right-hand side of the equation belongs to C;,. 
3) This means that Y(y) E c; and c(u) of (3,1) belongs to CJ. 
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Let x=<p(t, c; e) be the solution of (4.2) such that 

(4.3) <p(0, c; e)=c. 

Then the function <p(t, c; e) is twice continuously differentiable with respect 
to c and e, and, from the form of (4.2), it is seen that 

{<p«(t,c1, •·•,cm,o, •·•,0;0)=ca (a=l,2, ···,m), 

cp'(t,c1, ··•,cm,0, ···,0;0)=0 (1,1=m+l, ···,n). 

Therefore <p(t, c; e) can be expressed as follows: 

(4.4) 1 
<pa(t, c; e)=ca+,,-tl G;cµ+era+o(I cm+l 1 + ... + jcn I+ I e I) 

(a=l,2, •·•,m), 

<p'(t, c; .s)= ± G;cµ+er"+o(jcm+il + · · · + lcnl + i.s1) 
µ=m+l 

().)=m+l, • • •, n) 
as cµ, .,-o (p=m+l, • • •, n). Here 

G'-G'(t c1 • • • c'") r•-ri(t c1 • • • cm) 
µ- µ ' ' , ' - ' ' ' 

(i=l,2, •·•,n; 11.=m+l, ··•,n) 

and, from ( 4.3), 

(4.5) 
{ G:(0, c1, • · ·, cm)=rt(0, c1, · · ·, cm)=0, 

G;(o, c1, · · ·, cm)=o; 

(a=l, 2, • • •, m; ).), p=m+l, • • •, n; i=l, 2, • • •, n). 

In the sequel, for brevity, let us denote G;(t, c1, •••,cm) and ri(t, c1, •••,cm) 
by G;(t) and ri(t) respectively. 

When (4.4) is substituted into (4.2), there are obtained 

dG" " 
µ - 2i xa(c1 • • • cm O · • • 0 t)G' 

~- ~=m+l v ' ' ' ' ' ' µ 

(a=l,2, • • •,m; p=m+l, •·•,n), 
( i) 

dra " -- 2i X"(c1 • • • cm O • • · 0 t)r" 
dt -v-m+I V , , , '+K'·c'1 ... m 0 ... 0 t·0) c, ,c,, ,,, 

(ii) 

(4.6) (a=l, 2, • • •, m), 

dG; - ± X'(c1 •• • c"' 0 · · · 0 t)G• 
dt - ..t=m+l r ' ' ' ' ' ' µ 

(l,i,f-l=m+l, •·•,n), 
(iii) 

d • " . 
~ = 2i X~(c1, ••·,cm, 0, • • ·, 0, t)r• 
dt •-m+I +Kv( I••• m O ••• O t•0) C, , C , , , , , 

(iv) 

(1,1=m+l, • • •, n). 

Therefore, from (4.5), the matrix G whose elements are G; ().), p=m+l, • • •, 
rb) becomes a fundamental matrix of the linear homogeneous equation 

(4.7) _!!f!__=Xg 
dt 

such that 
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(4.8) G(0)=E, 

where Xis a matrix whose elements are X;(c1, •••,cm, 0, • • •, 0, t) (v, it=m+l, 
· · ·, n). Then, from (4.5), the equation (iv) of (4.6) is easily integrated as 
follows: 

(4.9) r=G(t) jtG- 1(s)K(s)ds, 
0 

where r and K(s) are (n-m)-dimensional vectors whose components are r" 
and K'(c1, •·•,c"',0, •··,0,t;0) (v=m+l, •·•,n) respectively. Making use 
of these results, G; (a=l, 2, • • •, m; µ=m+l, • • •, n) and ra (a=l, 2, • • ·, m) 
are easily found from (4.5) by integrating (i) and (ii) of (4.6) as follows: 

(4.10) f t .. 

G;(t)= >~+IX:(c1,. ·•,cm,o, ···,0,s)G;(s)ds 
0 (a=l, 2, • • •, m; µ=m+l, · · ·, n), 

(4.11) f t " 
r«(t)= [.~+

1
X:(c1, ···,cm, 0, · · ·, 0, s)r'(s) 

0 +K«(c1, •••,cm, 0, · · ·, 0, s; 0)J ds 
(a=l, 2, • • •, m). 

Since <p(t, c; e)EC;;., it is evident that 

Gt(t)= o<i(t, ~; e) I- ' ri(t)= o<pi(t, c; e) I~ 
ac C=<=O Oe a=e=O 

(i=l, 2, • • •, n; µ=m+l, • • •, n) 

belong to C!,, 0 ,, ••• , 0 m, where c is an (n-m)-dimensional vector whose com­
ponents are c" (µ=m+I, • • •, n). For the functions G;(t), ri(t) (i=l, 2, • · ·, 
n; µ=m+I, · • •, n), there holds 

Lemma 3. For any positive integer p, it holds that 

(ii) r(pw0)=(E+G0 + · · · +G;- 1)r(w0), 1 
( i) G(pw0)=G'C, 

(4.l2) (iii) G'(pco0 )=G'(wo)(E+Go+ · · · +Gc- 1 ), 

(iv) r'(pw0)=pr'(w0)+ [G'(w0)+G'(2w0)+ · · · +G'((p-l)w0)]r(w0), 

where 

G0 =G(w0); 

G'(t) is a matrix whose elements are G; (a=l, 2, • • •, m; p=m+l, • • •, 
n); 

r'(t) is an m-dimensional vector whose components are ra (a= 1, 2, • • •, 
m). 

Proof. Since G(t) is a fundamental matrix of the periodic linear 
homogeneous differential equation (4.7) such that (4.8) holds, as is well 
known, it holds that · 

(4.13) G(t+w0) = G(t)G(u>0), 

from which immediately follows (i). 



On the Nonlinear Autonomous System 167 

When we calculate r(t+m0) from (4.9) and (4.13), we obtain: 

(4.14) r(t+w0)=G(t)G(w0 )[j.,0 G- 1(s)K(s) ds+ J"•+t G- 1(s)K(s) ds] 
0 .,. 

=G(t)r(w0)+G(t)G(w0) j' G- 1(w0)G- 1(s)K(s) ds 
0 

=G(t)r(w0)+r(t), 

from which immediately follows (ii). 
For G'(t), from (4.10) and (4.13), we obtain: 

G'(t+uJ0)=G'(w0)+ j.,o+t X'(s)G(s) ds 
.,. 

=G'(m0)+ j' X'(s)G(s+w0) ds 
0 

= G'(m0)+ G'(t)G0, 

where X'(s) is the matrix whose elements are X:(c1, •••,cm, 0, • • •, 0, s) 
(a=l, 2, • • •, m; v=m+l, · · ·, n). (iii) of (4.12) is immediately derived from 
the above formula. 

For r'(t), from (4.11) and (4.14), we obtain: 

r 1(t+w0)=r'(w0)+ j.,,+, [X'(s)r(s)+K'(s)] ds 

"o 

=r'(w0)+ j' [X'(s)(r(s)+G(s)r(w0))+K'(s)J ds 
0 

=r'(w0)+r'(t)+ G'(t)r(m0), 

where K'(s) is a vector whose components are K«(c1, •••,cm, 0, • • •, 0, s; 0) 
(a=l, 2, • • •, m). From the above formula, (iv) of (4.12) is derived readily 
by induction. 

Thus the lemma has been proved. 

The condition that the solution x=<p(t, c; e) may represent a periodic 
solution of (4.1) is that the following relation holds for a certain positive 
integer p: 

(4.15) <p(pw0, c; e)=c. 

When (4.4) is substituted into the left-hand side, this relation is written as 
follows: 

(4.16) 

" 

{ G'(Pmo)c+er'(pmo)+o(Jcl + Jel)=0, 

[G(pmo)-E]c+er(pmo)+o(Jcl + lel)=0, 

where I c I = 2J I cµ J. Thus the problem to seek for a periodic solution of 
11-=m+l 

(4.1) becomes the problem to determine c satisfying (4.16) so that c«➔ci 

(a=l, 2, • • •, m), c➔O as s➔O. 

At present let us assume that 
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(4.17) det [G(p(/)0)-E]=\=0, 

which, by (i) of ( 4.12), is equivalent to 

det [GP((/)0)-E]=\=0, 

namely to that the p-th power of any characteristic roots of G((/)0) is not 
equal to unity. Then, in the present case, it evidently holds that 

(4.18) det [G((/)0)-E]=\=0. 

When (4.17) is valid, from the latter of (4.16), it follows that 

(4.19) c= -e[G(P(t)o)-EJ- 1r(p<tJo)+o(I e l)eC;,, ... ,om; •• 

Consequently substitution of this into the former. of (4.16) entails 

( 4.20) - G' (P(t)0) [ G(p(t)0)-E] - 1r(P(t)o) + r' (Pmo) + 0( e) = 0, 

of which the left-hand side belongs to C0\, ... , 0m;, because <p(t, c; e)ECo2;,• Then, 
letting e➔0, c"=ci (a=l, 2, • • •, m) be~omes the solution of the equation 

( 4.21) - G' (pw0) [ G(pmo)- E] - 1r(p(t)0) + r' (pw0) = 0. 

However this is equivalent to the equation 

(4.22) '-G'(w0)[G((t)0)-EJ- 1r((t)0)+r'((t)0)=0. 

For, by Lemma 3, the left-hand side of, (4.21) is calculated as follows: 

-G'(oJo)(E+Go+ ... +Gr- 1)(GJ'-E)- 1(E+Go+ ... +Gr- 1)r(mo)+pr'(wo)+ 

+G'(,no)[E+(E+Go)+ · · · +(E+G0 + · · · +GJ'- 2)]r(oJ0) 

= -G'(mo)[(E+Go+ • • • +Gr- 1)(Go-E)- 1 

-(E+(E+G0)+ · · · +(E+G0+ · · · +.GJ'- 2))]r(w0)+pr'((t)0) 

= -G'((t)o)[(E+Go+ · · · +Gr- 1) 

-((Go-E)+(Gi-E)+ · · · +(GJ'- 1-E))](G0 -E)- 1r(w0)+pr'((t)0) 

=P[ -G'(<oo)(Go-E)- 1r((t)o)+r'((t)0)]. 

Thus we see that, when there exists no real solution c"=c~ (a=l, 2, • • •, m) 
of (4.22), there exists no c satisfying (4.16), namely there exists no periodic 
solution of (4.1). 

When there exists a real solution c"=ci (a=l, 2, • • •, m) of (4.22), 
let us assume that the Jacobian J of the left-hand side of (4.22) with 
respect to c" (a=l, 2, • • •, m) does not vanish for c"=ci (a=l, 2, • • •, m). 
Then, since the Jacobian of the left-hand side of (4.20) with respect to c" 
(a=l, 2, • • •, m) becomes pJ for e=0, by the theorem on implicit functions, 
there exists a unique solution c"=:=c;(e)eC! (a=l, 2, • • •, m) of (4.20) such 
that c;(0)=ci (a=l, 2, · · •, m) .. Substituting this solution c"=c;(e) (a=l, 2, 
··•,m) into (4.19), there is obtained c of the form c=ecie) where ci,(e)eC!. 

Now, in the present case, since (4.18) is valid, there also exists a so­
lution {c"=cHe) (a=l, 2, · · ·, m), c=eci(e)} of (4.16) such that cf(0)=ci (a=l; 
2, • • •, m). Then, for such c=(c1, •••,cm, c), there holds 

<p(w0, c; e)=c, 
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consequently, for any positive integer p, there holds 

<p(pw0, c; s) = c. 

This says that {ca=cf(e) (a=l, 2, · · ·, m), c=eci(s)} also satisfy (4.16). But, 
as is stated above, the solution of (4.16) such that ca(O)=c; (a=l, 2, • • •, m) 
is unique, therefore 

c;(e)=cf(s) (a=l, 2, · · ·, m), cp(e)=ci(c), 

namely, in the present case, there does not exist any subperiodic solution 1) 

for p such that ( 4.17) holds. 
When ( 4.18) holds but ( 4.17) does not hold for a certain positive integer 

p ( > 1), there exists a solution of ( 4.16), but is not necessarily unique for 
such p, because c is in general not determined uniquely as (4.19). 

When (4.17) holds but J=O for ca=ci (a=l, 2, • • •, m), there may not 
exist any solution of (4.16). 

Thus, summarizing the above results, we have 
Theorem 4. When the three times continuously differentiable m­

parameter partially oscillatory system (1.1) is perturbed as (4.1), 
consequently when the relative equation (3.30) is perturbed as (4.2), on the 
periodic solution of (4.1), we have the following conclusions: 

1 ° when ( 4.17) holds and ( 4.22) has no real solution ca (a= 1, 2, • • •, 
m), there exists no periodic solution of (4.1); 

2° when (4.17) holds and (4.22) has a real solution ca=c; (a=l, 2, • • •, 
m), there exists a unique periodic solution of (4.1) provided J =\=O for 
ca=ci (a=l, 2, • • •, m); in this case, there exists no subperiodic solution for 
p for which ( 4.17) holds; 

3° when (4.17) holds but J=O for ca=c; (a=l, 2, • • •, m), there may 
exist no periodic solution of (4.1) even when (4.22) has a real solution 
Ca=ci (a=l, 2, · · ·, m); 

4 ° when ( 4.17) does not hold but ( 4.18) holds, the same conclusions as 
1 ° and 3° are valid and the conclusion of 2° is replaced by: 

provided J=¾=O for ca=cg (a=l, 2, • • •, m), there exists a periodic so­
lution of (4.1) and there may also exist a subperiodic solution; 

5° when (4.18) does not hold, there may or may not exist the periodic 
solution of (4.1) and it may not be unique when it may exist. 

5. Stability of the periodic solution of the perturbed system 

In this paragraph, we study on the stability of the periodic solution of 
(4.1), whose existence is asserted by Theorem 4, namely on the stability of 
the periodic solution of (4.1) corresponding to 

{ca=cf(e) (a=l, 2, · · ·, m), c=eci(s)}. 

1) The periodic solution corresponding to (c!, • • •, c';, ecp) different from (c11, • • •, c';', ec1) is 
called a subperiodic solution. Cf. 3.2 of [5]. 
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For the subsequent discussion, a lemma on the eigenvalues of matrices 
will be proved. 

Lemma 4. When det B(0) =\= 0 and I e I is sufficiently small, the eigen­
values of the continuous square matrix of the form 

( eAi(e) A(e)) 
-eB1(e) B(e) 

are the numbers of the forms 

e[J+o(l)J and p+o(l) 

as e➔0, where i and µ are respectively the eigenvalues of the matrices 

Ai(O)-A(O)B- 1(0)B1(0) and B(0). 

Proof. Since, by the assumption, there exists B- 1(e) for sufficiently 
small le I, put 

then 

T=E+Z=E+( 0 AB
0 

- 1), 

,-c:B-1B1 

T-1=(E+zt1 

=E-Z+Z2-Z3+··· 

=(E1-eAB-2B 1 
eB- 1B 1 

-AB- 1 + eAB-2 B 1AB-1) + O(e2) 1>. 

E2-eB-1B 1AB- 1 

Therefore it follows that 

(5.1) T-\:!: !)T=(e(A1-!B-1B 1) 
e(A1 -AB- 1 B1)AB- 1 )+O(e2). 

B+eB1AB- 1 

If we put 

then 

f(p, e)=det (eA1 -pE1 
eB1 

A )• 
B-pE2 

f(p, O)=det (-pE1)•det (B(0)-pE2), 

consequently the roots of 

f(p, e)=O, 

namely the eigenvalues of the given matrix are the numbers of the forms 
o(l) and µ+o(l) as e➔O. 

If we write the eigenvalues of the forms o(l) as ep, then, from f(ep, e)=0, 
we have 

(5.2) det(.A\-.A.B- 1 .81 -pE1 +o(l) 
0 
O(s) ) =0, 

O(e) B+o(l) 

because, from (5.1), f(ep, e) can be written as follows: 

1) E1 and E2 denote the unit matrices. 
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J(cp, c)=det ( c(.,4i-AB- 1 Bi -pEi)+o(c) s!Ai -
0
.A~~ 1 Bi)AB-i+o(s)) . 

O(c2) B+cBiAB-i +o(l)-s.0E2 

Here Ai, A, • • • etc. denote respectively Ai(0), A(O), · • · etc. The equation 
(5.2) says that, as s➔0, p tends to a root of the equation 

det [(Ai-AB-iBi)-PE1] =0, 

namely one of A's. This says that the eigenvalues of the form o(l) of the 
given matrix are of the forms 

c[A+o(l)]. 

Thus the lemma has been proved. 

Now, the multipliers of the solutions of the equation of the first vari­
ation of (4.2) with respect to the periodic solution of (4.1) corresponding to 
{c«=cf(e) (a=l,2, • • ·, m), c=s(\(c)} are the characteristic roots of the matrix 
(/) whose elements are 

for c«=cr(e) 
follows: 

O<pi(w0, C; e) 
oci 

(i J·=l 2 · · · n) ' ' , ' 
(a=l, 2, · • ·, m), c=eci(e). But, from (4.4), (/) is written as 

G'(w0)+o(l)) 

. G(w0)+o(l) 

where aG;, aGµ{wo), or' and _j!:___ denote the matrices whose elements 
oC0 oC0 oC0 oC0 

are respectively aG:(wo), aG;(aio), ar«(wo) and or"(wo) (a J3=1 2 • • • m· 
ocP oCP oCP iJcP ' ' ' ' ' 

v, µ=m+l, · · ·, n) for c«=cr(e) (a=l, 2, • • •, m). Then, from (4.19), (/) can 
be written as 

(5.3) 

where 

7/f=(e[- f aGt (H-ir(w0)t+ or' +o(l)] G'(a10)+o(l)). 
µ~m+l oc0 . OC0 

l - f oH,, (H- 1r(w0 )Y+ ~+o(l)] H+o(l) 
L p~m+I oc0 oC0 

(5.4) 

Here H=G(wo)-E, aHµ/OCo=oGµ{wo)/oco and (H- 1(wo))µ denotes the µ-th 
component of H- 1r(w0). 

Let us consider the case where the eigenvalues of G(w0 )=G0 are all 
smaller than 1 in absolute values. As is readily seen from (4.4), this means 
that the integral strip sm+i of the unperturbed system (3.30) is completely 
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stable1), In this case, the 'condition (4.18) is of course fulfilled, namely 
detH=\=O. Consequently, for sufficiently small Isl, det(H+o(1))=¥=0 and 
(H+o(l))- 1 =H- 1 +o(l). Then, by Lemma 4, for sufficiently small Isl, the 
eigenvalues of 7/f are approximately equal to the eigenvalues of H and those 
of the matrix 

S [- ± aG: (H- 1r(wo))µ+ or' -G'(wo)H- 1(- ± oHµ (H- 1r(wo))"+l!!'_)J' 
p-m+I OC0 oC0 µ-m+I OC0 oC0 

=s I - ± aG: (H- 1r(wo))µ+G'(wo)H- 1 ± oHµ (H- 1r(woW-G'(wo)H-ll!!'_ 
L µ~m+l oc0 µ~m+l oC0 oC0 

=s. - 0-[ -G'(wo)H- 1r(wo)+r'(wo)]. oc0 

or'] +-
OCo 

Here the matrix - 0-[ -G'(w0)H- 1r(w0)+r'(w0)] is a Jacobian matrix of the 
oC0 

left-hand side of ( 4.22) with respect to c" (a= l, 2, · · ·, m ). Therefore, if 
we denote this matrix for the value c"=ct (a=l, 2, · · ·, m) by J 0, it follows 
that, for sufficiently small Is I, the eigenvalues of 1/f are approximately equal 
to the eigenvalues of H and of d 0• Then, from (5.3), it is seen that the 
eigenvalues of </J are approximately equal to the eigenvalues of G0 and the 
eigenvalues of d 0 increased by 1. Thus, if the real parts of the eigenvalues 
of d 0 are all negative, the eigenvalues of </J become all smaller than 1 in 
absolute values because of the assumption on the eigenvalues of G02). Thus, 
on the stability, we have 

Theorem 5. When the eigenvalues of G0 are all smaller than 1 in 
absolute values and the real parts of the eigenvalues of sJ0 are all negative, 
there exists a unique periodic solution of the perturbed system (4.1) and 
this periodic solution is stable with the integral strip sm+i of the unperturbed 
system. Here J 0 is a Jacobian matrix of the left-hand side of (4.22) with 
respect to ca (a=l,2, ··•,m) for the value c"=Co (a=l,2, ··•,m). 

When det(G0 -E)=¥:O and J=¥:O for c"=c0 (a=l,2, .. ,,m), if some of 
the eigenvalues of G0 are greater than 1 in absolute values, or if the real 
parts of some of the eigenvalues of sJ0 are positive, there exists a unique 
periodic solution of the perturbed system (4.1), but it can not be stable, for, 
in this case, some of the eigenvalues of </J become greater than 1 in 
absolute values. 

---------~----------

1) The stable periodic solution is called completely stable when the multipliers of solutions 
of the equation of the first variation with respect to that periodic solution are all smaller 
than 1 in absolute values. 

2) Because, for any complex number a+ib, we have 

I l+e(a+ib) I =-vl+2eaTe2(a2 -b2) =l +ea+O(e2). 
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6. Remarks 

Except for slight generality on the order of periodic solutions, Theorem 
4 is the same as Theorem 13 of the preceding paper [5]. However the 
method of the present paper is different from, and far simpler than, that 
of the preceding paper. On account of this simplicity, we could find Theorem 
5-the criteria of stability of the periodic solution of the perturbed system, 
which has not been obtained in the preceding paper. 

But, for actual calculation of periodic solutions of the perturbed system, 
the method of the preceding paper will probably be preferable to the method 
of the present paper, for the reduction of the relative equation of the paths 
to the form ( 4.2) will not be so simple for actual calculation. 

Thus it may be said that the method of the preceding paper is suited 
to actual calculation and the method of the present paper is suited to 
theoretical research. 
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