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1 Introduction

As was used Poincaré [1]V and later by some writers [2], a moving
orthonormal system along a closed path? representing a periodic solution of
an autonomous system is very convenient for study of orbital stability and
perturbation of a periodic solution of an autonomous system, if such a moving
orthonormal system exists. However, so long as the writer knows, the
existence of such a moving orthonormal system seems to have not yet been
proved for a general autonomous system, consequently the utilization of such
a moving orthonormal system also seems to have been insufficient.

In this note, for a continuous auténomous system, the existence of such
a moving orthonormal system having the same smoothness as that of the
given autonomous system is established. But the method of constructing
such a moving orthonormal system in the proof is not convenient to practical
construction. So the convenient method available in the most cases for
practical construction is added. Then three applications of such a moving
orthonormal system-—applications to the variational equation, the stability’
problem and the perturbation problem-—are shown.

2 Existence of a moving orthonormal system

Given an autonomous system

dx _ »
@1) & X,
where X(x) is continuous in a domain G of a phase n-space R*. Assume
that (2.1) has a closed path
C:x=¢()
lying in G, and let the positive period of @(f) be o*.
From definition of a path, it is assumed that

1) Numbers in the crotchets refer to the references listed at the end of this note.

2) This means that the moving system is periodic with the same period as that of the
closed path and one of unit vectors of the system is tangent to the closed path.

3) Letters in Gothic type denote the vectors.

4) We call @ also the period of the closed path C.
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2.2) X{p(®)}£0
for any t. Consequently, if we put
X=Xx/|| x|,

X{p(t)} becomes continuous and does not vanish in the interval I=[0, »].
Therefore, by Borel’s covering theorem, I is covered by a finite number of

intervals I, (m=0,1,2,--.) such that at least one of X'{gp(t)}, X{@()},---
X “{p(t)}” never vanishes in I,. Then, as is well known, in each I,, we can

construct continuous (n— 1) vectors e,,,(t), €;,.(t),- - -, e,,(t) so that these adjoined
with X{p(t)} make an orthonormal system®. Let U,(t) be the matrix of
which the column vectors are X{@(t)} and e,(t), - -,e,(t) constructed in the

interval I, covering ¢=0. Then, evidently, Uy(¢) becomes an orthogonal
matrix. At any point {=t, (>0) of I, contained in the consecutive interval
I, we consider the orthogonal matrix

M,=U'(t,) ULy,

where Ui(t) is an orthogonal matrix constructed in I,, as Uy(¢t) is in I,. Then,
if we define U(t) so that

U=Uyt) . for 0=ttty
and Ut)=U,t)M, for t, <tel,
U(t) becomes a continuous orthogonal matrix defined in I,(JI,. Taking U(t)
instead of U,(t), we repeat the above process, then we obtain a continuous
orthogonal matrix defined in I,JI,|JI, where I, is a consecutive interval of

LUIL, and so on. Thus, ultimately, by a finite number of processes, we
" obtain a continuous orthogonal matrix U(t) defined in I. Now, since the

first column of each U,(t) is X{g(t)}, the first column of each M, is /1\,
0

1) [|X|| denotes the Euclidean norm of X. 0
2) X denotes the ¢-th component of X.
3) For instance, let X'=0. Then,'if we put

X-2 )?3 }_(;n

&= ”"—X:_.l ’ Ea= _'f]'_ PR E.n: —
1 0 0
0 1 0
0 0 0
0 0 0
0 0 1

and determine @gt); @uz(t), @ua(t);---; Ane(),+ <, Aup-o(f) and ou(t), - -, on(t) so that

emll)=0 «(£)es, -
esn(t)=os(t){as:(t)esm(t) + €5k,
enm(t)-':Uﬂ(t){am(t)eZm(t)'i‘ et +ann—1(t)en-1m(t)+5n}
may be mutually orthonormal, then these e;n(t), €sm(t), -+, €xm(t) become desired vectors.
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consequently the first column of U(t) is always X{p(t)}.
Put

(2.3) U w)U(0)=A4,

then A is evidently orthogonal and moreover is proper (det A=1), for
det U(t)=det U(0) because of continuity of U(t). Further the first columns
of U(0) and U(w) are both X{@(0)}=X{p(w)}, consequently A is of the form

(2.4) A:(; j )

where A, is a proper orthogonal matrix of the order n—1. Then, as is well
known, there exists an orthogonal matrix T, such that
(2.5) TA,T,= 2@(005 a, —sin a,)@(l 0),

1

sin a, cos a, 0 1

where a,’s are not integral multiples of 27 and the symbol ¢ denotes the
. direct sum of matrices. Now, for matrices under the sign > in the right-
hand side of (2.5), it holds that

(cOSaT ——sina,):exp(O -—a,),
sina, cos a, a, 0

consequently, if we put

2$6) OBSG[ 0 —a\B(0  0\=wb,
(ar 0 ) <o O'“o)

and
(3 4
then, from (2.4) and (2.5), we have

T-'AT=e"%,
Therefore, if we put
(2.8) TB,T-'=B,
we obtain

A=e“?,

from which (2.3) is written as follows:

(2.9) U(0)=U(w)e*>.
Then, let us consider the matrix

(2.10) ‘ V(t)= U(t)e'™.



180 Minoru URABE

From (2.6), (2.7) and (2.8), the first row and the first column of B are zero

vectors, consequently the first column of e# is /1\. Therefore the first
0
0
column of V(t) is always X{@(t)}. On the other hand, from (2.6) follows
Bo = _Bol)’

consequently it holds that
(eB)* e B=(Te P T-)*(Te® T )
=T*" g5 T*Te BT !
 =F (unit matrix),

from which follows orthogonality of ¥(t). In addition, from (2.9) follows

V(w)= U(0)= V(0).
Thus, making extension of V(t) outside I by the relation

V(t+o)=V(),

we see that there exists a continuous orthogonal periodic matrix V(t) along
C?, namely that there ewists a continuous moving orthonormal system along
C of which unit vectors are the column vectors of V(t).

Next, let us consider the case where X(x)cC*[G]. Let &,(t) (+=23,---,n)
be the v-th column vector of V(t). Since £,(t)’s are continuous and periodic,
they are uniformly continuous, therefore, for any given >0, there exists a
positive number & such that

(2.11) l|&8.(8)—& (D) || <e
when [s—t|{<8. Put

~ 1 148 sy (+6 $;+8 ,
2.12) E0= g% f 6 f N_a f_ 5 £.(s0) ds, dsy+ - -dsy_®

and let V(t) be the matrix of which the column vectors are X{gp(t)} and
£() (v=23,- -,m). Then, by Schwarz’s inequality, from (2.11) follows

13.0)—5.0) ll=”@§ [r ” [ o) B 0)] deodoy - -day

8y
1) The symbol * means transposed.
2) The term ‘‘along’ means that the first column vector is tangent to the path C.
3) When N=1, we suppose that s,=t.
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TRl g O

=8 ey =8 8-

“dsy .y ||

-

IA

&,
consequently, when ¢ is sufficiently small,
(2.13) : det V(1)#=0 in —oco<t<oo

because det V(t)=1 or —1.
From (2.12) and periodicity of £,(s) follows

~ 1 t+w+8 < _1+6 $1+8
Sv(t+m)=W£m 6 f”’ f £.(s,)ds,ds, - - -dsy_,

- SN-1—S 8,8
t+8 Nty tw+S SibS

:7;—17‘[ f " °e f ' £.(s,) ds, ds; -+ -dsy_,

( ) -8 8y tw—3 86

1 ft+6fsN_1+a 45 _

= .o sv(SO+CO) dsO d31‘ . 'dsN—l

(28)1\’ -8 8y1—S {—8
=§1‘(t)f

consequently it holds that
V(t+w)= V(2.

Further, from (2.12) follows
dgv(t) 1 t+28 sy +8 8y +6 _
AN — ) RN ev(so)dso...dsN_g
S

dt (28)* gt A
3 S pr_otS 8y +8
_f f“ f §v(so)dso"'dszv-2},
426 850 5—6 8,8

.............

¢EG__1 g (M VE e+ (N =28} + - - - +(—1) Bt —
)= e (BN (1) Btt+@—28)+ - +(-1)"Ee—N)],

namely &,(t)eC".
Then, by the well-known method, we can construct an orthogonal matrix

V(t)eC" along C with period w of which the column vectors are

f{¢(t)}’ 52(t)!' ‘s §n(t)r

namely by choosing coefficients a,,(t); @y, (t), @s(t);- - -5 @u(t), - -, @,,_4(t) and
factors o,(¢), -+, a,(t) so that

&:(t)=o,(t){an ()X +&,),
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¢ s(t) = Us(t){an(t)f + asz(t)§2 + gs},

..........

.:-,,(t)za,,(t){a,,l(t)f +a,5(t)8: - - +ann—1(t)§n—1+§n}

may be orthogonal to X{p(t)}] and be mutually orthonormal. Thus it is
seen that there exists a moving orthonormal system along C belonging to C¥
of which the unit vectors are the column vectors of V().

Let {X{g(t)}, L(t), - -, L.(t)} be any moving orthonormal system along

C, then the matrix Z(t) of which the column vectors are X,{,---,(, is
evidently expressed as follows:

(2.14) Z(t) = Z() M(t),

where Zy(t) is a matrix of which the column vectors are unit vectors of any
moving orthonormal system along C—for example, the system determined
by the above V(t), and M(¢) is an arbitrary orthogonal periodic matrix of
the form

(2.15) M(t)=(1) S M)

Thus summarizing the results, we have

Theorem 1. For a continuous autonomous system (2.1), there exists
“always a moving orthonormal system along its closed path C having the same
smoothness as that of the given autonomous system.

If Z\t) is a matriz of which the column vectors are umit vectors of a
moving orthonormal system along C, then any other moving orthonormal
system along C is given by the column vectors of Z(t) given by (2.14). Here
M(t) is an arbitrary orthogonal matrix of the form (2.15) having the same
smoothness as that of Z(t) and Z(t).

From (2.14), it is readily seen that, when any orthonormal system in
the normal hyperplane of C is given at any point P of C, we can always
construct a moving orthonormal system along C so that its orthonormal
system in the normal hyperplane at P may coincide with the given ortho-
* normal system at P. For, this is always possible by choosing a suitable
constant matrix M(t) of the form (2.15).

3 Convenient method to construct a moving orthonormal system

In the preceding paragraph, in order to prove the existence of a moving
orthonormal system along a closed path, we have shown a method to construct
such a moving orthonormal system. But, as is seen, that method is not
suited to practical construction of a moving orthonormal system along a
closed path. Therefore, in this paragraph, we seek for a convenient method
available in the most cases for practical construction.
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First, let us consider the case where n>3.
We choose a unit vector e, so that X{p(t)} never coincides with —e,.

This is possible in the most cases. For, the point X{gp(t)} describes a curve
on the unit hypersphere F' in the n-dimensional Euclidean space, consequently

the set of points X {p(t)} (—e0 <t< ) does not cover the hypersphere F in
the most cases.

Starting from this e;, we construect an arbitrary constant orthonormal
system {e,} (¢=1,2,-.-, ) and put

(3.1) e} X{p(t)=cosb, (i=1.2,---,n).
Then, from || X ||=1 follows
(3.2) cos? 0, +cos? B, - - - +cos’ 6,=1
and, from the manner of choosing e, follows
(3.3) cos 6;+1+0.

For a moment, assuming that
(8.4) cos 6,1,

we rotate the system {e;} abou'b the (n—2)-dimensional subspace S perpen-

dicular both to e, and X until e, coincides with X. Let &, (»=23,---,m) be
the final position of e,. If we write e, (v=2,3,---, %) as

(8.5) e,=eé,+ie,+mX
where e, is a component vector of e, in S, then &, is written in the form
(3.6) &,=e,+Xe+uX.
Then, from orthogonality of e, it holds that’
{ e} (e,— e, — 1, X)=0,
X*(e,—Ae,—uwX)=0,
from which follows

{ A+ p, cos 6,=0,
2, €08 6, + u,=co0s g,.

From (3.83) and (8.4), these equations are solved- as follows:

6, cos 6 " cos 6
3.7 4y=—L080,c80y — v
D i sin? 6,, H sin? 6,

Since the transformation of /Ivel—i—mf to A e1+,u.51—’ is a rotation in a plane
by an angle 6,, it is readily seen that
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(3.8) A==, pho=a+2pu,cosb,.
Substituting (3.8) into (8.6), from (8.5) and (3.7), we have
cos 0 =
=€,— Y _(e;+X).
1-+cos 6, @+X)

Now we remove the temporary assumption (3.4) and define &, anew by
(8.9). Then, from (3.1) and (8.3), it is evident that &,(t)’s have the same
smoothness as that of X{g(f)}, namely that of X(x) and that they are
periodic with period ». Thus the orthonormal system {X{gp(t)}, &:(t),- -, &.(t)}
provides a moving orthonormal system along C having the same smoothness
as that of the given autonomous system (2.1).

When n=2, the vector &, defined by (3.9) becomes

cos 6,

—F 6,-e;+cosb,-e
1+cos 6, {e;+(cos 6, -e,+ 2 @)}

&:=e,—

=—cos 6,-e,+cos 0,-e,.
As is readily seen, this means that
i=%X° &==X\

Then £, defined by (3.9) adjoined with X{g(t)} provides a desired orthonormal
system also when n=2, even though (8.3) does not hold in this case.

Thus, so long as, for n=38, we can choose e, so that (3.3) may hold
always, we can easily construct a moving orthonormal system by taking &,’s
given by (3.9) as the normal unit vectors.

4 Variational equation

In this paragraph, assuming that X(x)eC?, let us consider the variational
equation with respect to a moving orthonormal system and compare it to the
initial variational equation

. dy
4.1 ZZ=A(t
(4.1) Ay
where A(t)=(0X"/02);cpr;-
Let the unit vectors of a continuously differentiable moving orthonormal

system along a closed path C be X=X/||X|, &(t) (+=2,3,- -, n), then any
point x=x(+) of a path C’ lying near C is represented by

42) x=x(r)=@(H)+ 3] P&

and this satisfies the equation
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(4.3) & X(x),

where r is a time required to reach any normal hyperplace of C along C’
from any fixed normal hyperplane of C. If we put

F(Tr va t) =x(T) —¢(t) _E’va‘v(t)!
then, from (4.3), it is evident that

oF _ oF _
-ég—X{x(r)}, 5y = 5O,

v

consequently the Jacobian of F'* with respect to + and p* does not vanish so
long as C’ lies near C. Therefore, for sufficiently small |p’|, we can solve
(4.2) with respect to » and p’, and we obtain the continuously differentiable
functions r=+(t) and p’=p*(t). Then, substituting (4.2) into (4.3), we have

dp < dp’ Jd8, _ ey dr
2 ALY X(@+33r8) o

Pa
namely
de dé ’ d’T
4.4 v V=X —
“44) S bR i X
where

X'=X(p+3p%).
Multiplying X* on both sides of (4.4), we have:

dg
2 vx* v
o NXI+sexe

45 br _ ,
(45) dé XX

consequently, multiplying &} on both sides of (4.4), we have:

dg
2 )J.X* ®
gy X+ G

4.6 =
(4.6) dt xX*X'

d&
Ex X — pEX oW
Z}Lp & di
Now X’ is written as

X':X+§} pAt)E.+o( pl)

where p is an (n—1)-dimensional vector whose components are p’. Therefore
the right-hand sides of (4.6) are written in the vector form as follows:

R(p, t)y=E(t)p+o(|lp|])

where Z(t) is an (n—1)-(n—1) matrix of which yu-element Z}(t) is
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d
E;(t)=s;'=A(t)sp—e:—d§tﬂ.

Thus, in vector notations, (4.6) is written as follows:

(4.7) %%=E(t)p+0(llp -

If we neglect the terms of higher order, we obtain

(4.8) 92 _z0p.

This is an equation for normal ‘variation of solutions with respect to a moving
orthonormal system along C.

In the sequel, we seek for the bearing of this equation to the initial
variational equation (4.1). Since any solution of (4.1) can be expressed as

substitution of this into (4.1) entails

%X—l— +2 su+2pﬂ “—A(t)(px+2pwsu),
namely

592, + 2 x =31 p( 408, — L)

because dX/dt=A(t)X. Multiplying & and X* on both sides, we have re-
spectively

dp _ ‘
. —=EF(t)p,
(4.10) i ®p
and
dp _ * dé
4.1 =£ - A(t £,
(4.11) dt uxnz 2P <X L dt)

where p denotes an (n—1)-dimensional vectors whose components are p*. The
equation (4.10) is an equation for normal components of variation of solutions
and, as is predicted at the beginning, it coincides with (4.8).

Let @(t) be a fundamental matrix of (4.1) of which the column vectors
are X{p()}, y(t) »=2,3,-- -, n), then there exists a regular constant matrix
K such that

(4.12) O(t+o)=0(t)K.

The characteristic roots of K are called multipliers of solutions of (4.1) and
their logarithms divided by « are called characteristic exponents of {4.1).
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If we put K=(k%) and
y=00) X+ pi(t)8,.
then, for ¢=0, the relation (4.12) is wri:ten as follows:
{ X{p(0)}=X{g(0)}k: +2 500k,
() X{p(0)} +3 P(w)£,(0)
=X{p(O}ei+ 3 [p(0)X{p(0}+3 P(0)8,(0) ]t
=l +> B0} X {@(0} -+ {23 pi(0)}£.(0),

consequently, from linear.independence of X, y,,---,¥, and of X, &, --, &,
follows
(4.13) ki=1, ki=0;

2w) =¥ kp,(0)+F3,
(@) =21kpi(0).

Now, det (p%(0))0, for, if det(p%(0))=0, there exist numbers ¢’ not all
vanishing such that

(i)
(4.14) {(ii)

?c“p‘;(O)=0,
consequently it is valid that
SeR0)=3¢p(0)- X (p(O))

from which follows ¢'=0 (v=2,3,.-.,n) because of linear independence of
X{p(0)}, y(0),- -+, y,(0). This is a contradiction. Then the matrix (pi(t))
becomes a fundamental matrix of (4.10).

Further, from (4.18), K is of the form K= (1 KI) where K, is a

' 0 K,

1-(n—1) matrix and K, is an (n—1)-(n—1) matrix. Then, from (ii) of (4.14),
the characteristic roots of K, become the multipliers of solutions of (4.10).
Now, as is seqh from the form of K, the characteristic roots of K, are those
left by excluding 1 once from the characteristic roots of K, namely from
the multipliers of solutions of the initial variational equation (4.1).

Thus, summarizing the above, we have

Theorem 2. The equation (4.8) for mormal wariation of solutions
coincides with the equation (4.10) for mormal components of variation of
solutions.

The multipliers of solutions of these equations are those left by excluding
1 once from the multipliers of solutions of the initial variational equation
(4.1). : : ' :
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The latter half of the above theorem can also be stated as follows:

The characteristic exponents of the equation (4.8) or (4.10) are those left
by excluding an integral multiple of 2milo once from the characteristic
exponents of the initial variational equation (4.1).

5 Orbital stability

When all but one of the characteristic exponents of the variational.
equation (4.1) have negative real parts, by Theorem 2, all the characteristic
exponents of (4.8) have negative real parts. Then, as is well known [3], for
the solution p=p(t) of (4.7) such that ||p(0)|| is sufficiently small, ||p(t)]|
remains small in 0<t< c and there exist the positive constants R and «
such that

(5.1) [p@®)|<Re ™ in 0=<t<oo.

Therefore we have the well known

Theorem 3. When all but one of the characteristic exponents of the
variational equation (4.1) have negative real parts, the periodic solution
x=e(t) is asymptotically orbitally stable.

Further, when the assumption of this theorem is valid, for 0 < <t",
from (4.5) follows

(") =8}~ () 1) |
XIS e 2
—1/dt

dt
X*X'

P dg, _
S (X*_% X*A(t)sy)+0(llpll)
X*X'

dt.

74
Consequently, for certain positive constant R,, it holds that
et )~} —et)~ ) | < By [ o de< Brgoo,

a
124

The right-hand side of this inequality tends to zero as t’— 4 <o, therefore
there exists a constant ¢, such that
(6.2) () —t—>t, as t—>+ oo,

Now, since

O]
x(r O} —x(t+t)= [ X{x(x)} dr,

42,

by Schwartz’s inequality, it holds that
[| x{r(@)} —x(@+20) || =< | +(t)—(t+1,) |-bound of || X{x()}|].
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But, when ||p(0)|| is sufficiently small, || p(¢)|| remains small in 0 <t< oo,
namely C’ lies near C, consequently || X{x(r)} || remains bounded. Then, from
(5.2) follows

Tim || xfr(8)}—x(-+4) [|=0.
On the other hand, from (5.1) and (4.2), follows

lim || x{r ()} — (@) || =0.
Therefore we have
lim | x(¢+t) — g (t) | =0,
or
Tim [} x(r)—p(r—1,) || =0.
Thus we have also
Theorem 4°. When all but one of the characteristic exponents of the
variational equation (4.1) have megative real parts, the periodic solution
x=g@(t) is not only asymptotically orbitally stable, but, as t—>-+oo, all the

netghboring solution x=x(r) of the periodic solution temd to the periodic
solution itself except for certain differences of the phases.

6 Perturbation of an autonomous system

In this paragraph, let us show how the perturbation problem of an
autonomous system can be discussed referring to the moving orthonormal
system.

Let the perturbed system of (2.1) be

dx
(6.1) Et—-—X(x, €)
where X(x, ¢) is continuously differentiable with respect to x and ¢ for xe G
and |e|<8. Assume that the system (6.1) coincides with (2.1) when e=0
and that (2.1) has a closed path C:x=¢(t) lying in G with positive period w.

As in the paragraph 4, with respect to a moving orthonormal system
along C, any point of a path C’ of (6.1) lying near C is represented by

z9) x=x()=g(®)+ 31"t IE:(1)
and this satisfies the equation
(6.3) X _ x(x,¢).

dr

1) Cf. [3].
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Consegently, as in.the paragraph 4, we have:

R
XIS O

(6.4) dr ,
dt X*X'
d \
6.5 2P —RY(p,t,
(6.5) % (P t, €)
HXW+2¢W*%% o
= O d HX -3,
ia
where

X'=X(p+> p'8,¢)
W
oX

=X+>1p"AB)8,+e—— ~Fo(ff pll+el)-
m oe £=0

¥=(®),

Consequently the equations (6.5) are written in the vector form as follows:

(66) 9P — R(p.t, 9=EOp-+en)+oll p[1+]e])
where E(f) is the same as that defined in the paragraph 4 and »(t) is an (n—1)

oX
} e lx=pu), e=0 «

Let p=p(t, ¢, <) be a solution of (6.6) such that p(0, ¢, €)=e, then, by the
assumption on differentiability of X(x,¢), p(f,e,c) becomes continuously
differentiable with respect to ¢ and & for small ||e|[+|e| in a finite interval
of , consequently, because of p(t,0,0)=0, it can be written in the form

(6.7) p(t, c,)=G(t)e+er(t)+o(|lef[+]e]),

where G(t) is an (n—1)-(r—1) matrix and r(¢) is an (r—1) dimensional vector.
Substituting (6.7) into (6.6), we have

dimensional vector whose components are &}

a6t _ g
8 £ — 26,

(6.9) E%Q=Emnw+ma

Since p(0, ¢, ¢)=e, from (6.7) follows
(6.10) G(0)=E, 1(0)=0,

where E is a unit matrix. Then G(f) becomes a regular solution of (6.8),
in other words, a fundamental matrix of (4.8), and r(t) is sought for as

r@:G@fb%Qﬂ@@.
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The necessary and sufficient condition that a path C’ may be closed is.
that there holds '

(6.11) pP(pw, e, e)=c

for some positivé integer p. From (6.7), the condition (6.11) is written as
follows:

(6.12)  {G(pw)—E)e+er(pw)+o(| c]|+]e])=0.
Consequently, if
(6.13) det {G(pw)—E}-0,

there exists a unique solution e=ec(e) of (6.12) continuously differentiable in
¢ and vanishing with & namely, in the neighborhood of C, there exists a
unique closed path C) of the perturbed system (6.1) with period

rw [P JIESINCRIONDS e

(.14 X" Xlp+30( (@), o)t o
near po.
Since G(t) is a fundamental matrix of (4.8) satisfying (6.10) it is valid that
G(pw)=G"(w), .
consequently, if (6.13) is valid, it holds that
(6.15) | det {G(w)—E}£0.

Then, as before, there exists a unique closed path C; of the perturbed system,
but, for this C}, evidently (6.11) holds, consequently C] coincides with C’, in
other words, in this case, in the neighborhood of C, there does not exist a
closed path C, other than C;. When (6.15) holds, but (6.13) does not hold,
it may happen that, in the neighborhood of C, there exists C, other than C..

Now, from Theorem 2, the characteristic roots of G(w) are the multi-
pliers left by excluding 1 once from the multipliers of solutions of the
initial variational equation (4.1). Thus we have

Theorem 5. If all but one of the multipliers of solutions of the initial
variational equation (4.1) differ from 1, in the neighborhood of C, there exists
a unique closed path of the perturbed system with period mear o, and further,
if any integral power of all but one of the multiplies of solutions of the
initial variational equation (4.1) deffers from 1, there dose not exist a closed
path of the perturbed system other than that with period near . If p-th
powers of some of the multipliers left by excluding 1 once from those of
solutions of the imitial variational equation (4.1) become 1, in the meighbor-
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_hood of C, there may exist a closed path of the perturbed system with period
near pw other than that with period mear w.
Remark When n=2, the condition that a path C’ may be closed becomes

pPlw, c, 8)=¢,

as is seen from the portrait of paths in a plane. Consequently it is seen
that, if one of the multipliers of solutions of the initial variational equation
differs from 1, there exists only a unique closed path of the perturbed
system with period near .
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