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§1. Introduction

Let G be a Lie group, @ its Lie algebra, then there exists the exponential
mapping from & into G:X-— exp X, and this mapping is locally homeo-
morphic at the zero element O of &. When the exponential mapping:
X— exp X is not locally homeomorphic at X,¢®, X, is called a singular
point of &. And a set {exptX; t real} is called a path through the unit
element E of G. '

In this paper we shall investigate the path-structure and its singularity
of exp®, where exp® means the image of the exponential mapping:
expB=1{exp X; Xe®}. Let R and C be the fields of real numbers and
complex numbers respectively. In §2, we have a general consideration
concerning the singularity of Lie groups, and in §§3 and 4, from our stand-
point we shall consider the path-structure and its singularity of the complex
general linear group GL(n,C) and the real general linear group GL(n, R)
respectively.

§2. The singularity of Lie groups

Let G be a Lie group, & its Lie algebra, and X,(¢=1,2,---,r) be a base
of . Then any element x, of exp® is expressed by z,=exp > ziX;, and any
element x of ® in a sufficiently small neighborhood of x, is expressed by
r=exp > v'X; exp 3 2iX,, where |v'|(1=1,2,-- -, r) are sufficiently small. The
exponential mapping: S1#'X,—> exp > 2'X, is locally homeomorphic at
X,=>":X,, if and only if there exist two neighborhoods Ul and B of O in
& which are homeomorphic by the correspondence S1u‘X; el >1v'X;eB
such that

2.1) exp > (@i+uh)X,=exp D v' X, exp > % X,.
(2.1) is written as :

(2.2) exp > (x5 +u')z, exp (— S @i X,)=exp 21v'X,.
From (2.2) we have ([1], p. 156)"

2.3) v'=31J(@o)u' =3 ((exp C(w,) — B)/Clao)iw,

1) Numbers in brackets refer to the references at the end of the paper.
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where C(x)=||>]#'c ||, the ¢}, are the constants of structure of & such that
[X, X;1=>16¢6X,, and by (exp A—E)/A we denote Z;";rlﬁ A™-! for any
matrix A. Thus, from (2.3) we have

THEOREM 1. The exponential mapping: D)X, - exp S ¢'X, is locally
homeomorphic at X,=>aiX;€®, if and only if the matriz Clx,) has no
characteristic root such as 2=2lm'—1 (I is a non-zero integer).

X, =2 axiX, is said to be regular, if the matrix C(z,) has no charac-
teristic root such as 2=2lm1"—1 (I is non-zero integer); and X, is said to
be singular, if. X is not regular.

We assume that G is a linear Lie group, and & is its linear Lie algebra.
Let C(M) be the commutator set of M, Ce(M)=C(M)NG, and p(M) the rank
of M. Then we have

THEOREM 2. X, is singular, if and only if Ce(exp X,)=2Co(X,).

PRrOOF. It is clear that Cs(exp X,) DCe(X,). Assume that YeCs(exp X;),
ie., (expX,)Y(exp X,) '=Y, where Y=314'X,; since (exp X,)Y(exp Xy’
S1(3 (exp C(x,))jy))X;, then we have >)(exp C(x,)—E)jy’=0, where E is

i

the unit matrix of degree ». Hence, Y e€g(expX,), if and only if
S (exp C(x,)—E)iy’=0. And also it is clear that ZeGg(X,), if and only if
S1C(x,)i#’=0, where Z=3>2'X,. If and only if X, is singular, C(x,) has a
characteristic root 1=2lm1/—1 (I is a non-zero integer). By considering the
canonical form of C(z,), we have

p (exp C(z))— E)=p(C(x,))—»,
where p is the number of blocks belonging to the characteristic roots
such as 2lw1/—1 in the canonical form of C(x,). Therefore, X, is singular,
if and only if Cg(exp X,)2Cs(X,).

REMARK 1. dim Gg(exp X,)=dim €g(X,)+p, where p is the number of
blocks belonging to the characteristic roots such as 2=2wlv/—1 (I is a non-
zero integer) in the canonical form of C(xz,).

§3. The complex general linear group

Let GL(n,C) be the complex general linear group, ©®l(n,C) its Lie
algebra, then it is well know that GL(n, C)=exp &l(n,C). In this section
we shall consider the singular points of &l(n,C). From the consideration
in §2, we see that
3.1) exp Vexp A=exp(A+ U),

where U and V are infinitesimal matrices, if and only if

(3.2) V=((exp A—D)/A) U=y 7’1“ A7,

where  A'U=U, AU=[A,U]=AU—UA, A‘U=A4“'U).
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Here if, in place of U={|u,,|| we take &="(%,1, Ugy,* * =, Upy) Ugss* * * Upg,* * * Uy

then U’'=AU is placed by &' =Au=(ExX A—'AX E)u, where A=ExX A—‘AXE,
X means the Kronecker’s product and ‘A means the transposed matrix of A.
And then (3.2) is written as

(3.3) v=J(A)u=((exp A— E)/A)u,
where E is the unit matrix of degree n’. Since
(3.4) det J(A):rl?.j=»1 (exp (zi_'zj) - 1)/(31'_2]'):

where 2, are the characteristic roots of A, if we denote by &l(n, C) the set
of all the matrices whose characteristic roots do not satisfy the condition:
4,—2,=2lm/—1 (I is a non-zero integer). Then we have

THEOREM 8. The mapping: A— exp A from ®l(n,C) into GL(n,C) 1is
locally homeomorphic at A, +f and only if A, Gl,(n, C).

REMARK 2. Let Ao be the canonical form of A:

o . — N
A~A=14(2, 1 0y,
"
0 A
where A~B means that A is similar to B, then we can calculate the rank
of J(4):
p(J(A)=n*—>3,» min (n, n)),
where 3%, means the summation over the pairs (¢,5) such that 2,—2;
=2m,mV —15£0 (m,,: integers). If 1, is a neighborhood of 4 in Gl(n, C),
then we have
dim (exp ) =p(J (A))=n*—v,
v=>14, min (n; ;).
‘This v coincides with the » in Theorem VI in the previous paper ([2]).
Moreover, if A is singular, ie., p(J(4))<n? then p(J(A))<n?—2.

By definition of the singular point in §2, A is singular, if and only if
AeBl,(n, C)=6I(n, C)—G6l,(n, C). A path: M(tf)=exptA (M =exp A4, 0=t<1)
is called to be singular, if Ae¢®l,(n, C), and the path is called to be regular,
if Ae®ly(n, C). In the previous paper ([2]) we have obtained that GL(n,C)
=exp 6ly(n, C)=exp 61 _,,.4(n, C), where Gl _. .4(n,C) is the set of all the
matrices whose characteristic roots have their imaginary parts in a half
closed interval (—u, m]. Hence, for any point MeGL(n,C), there exists
always a countable number of regular paths from E to M.

THEOREM 4. There exists a singular path from E to M, if and only if
dim (M) >n.

PrOOF. From the results concerning the logarithmic function of matrix
in the previous paper ([2]), it follows that M=exp A and Ae@l, (n,C), if
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and only if the canonical form of M contains at least two blocks belonging
to the same characteristic root, that is

o —N— . N,
M~M=¢21 0\+/21 O\ - .
21 21

g B
0 A 0 . A

This condition is satisfied, if and only if dim G(M)=dim @(lef)>n. Thus,
this theorem is proved.

Moreover the condition in Theorem 4 is equivalent to the condition that
the minimal polynomial of M is of degree less-than .

THEOREM 5. A path: M()=exptA (M=exp A, 0<t=<1) from E to M

is singular, if and only if G(A)7#G(M).

Proor. It is obvious from Theorem 2.

REMARK 3. By Theorem 3, we set that ®l,(n, C) is the maximal set for
which the mapping: A—>exp A from Gl(n,C) into GL(n,C) is locally
homeomorphic. And ®I(n, C) is open and dense in Gl(n,C), and is arc-wise
connected, but is not simply connected.

In fact, clearly, G{,(n, C) is open and dense in Gl(n, C). For any Ac®l(n,C),
we can take a sufficiently small positive number 8, such that ¢®A4e®((n,C) for
all 6:0=<<6=<6, (1=1"—1), and t(e™A)eGl(n,C) for all t:0=<t<1. Then
we can connect A and ¢%A in G (n,C) by an arc A(@)=¢"°4(0<0=<6,),
and e¢™A and O in Gl(n,C) by an arc B(t)=t(e™A4), (0=t=1). Thus,
@Io((n, C) is connected. But Gl (n, C) is not simply eonnected. To show this,
it is sufficient to consider the case n=2. In ®[(2, C), we consider a curve:

00
A(())_<0 ol
2lmr <ry<(2l4+1)mw. If the curve is deformable in [, (2, C) to a point, then,
corresponding to the deformation, the curve: z(8)=re® (0 <0 <2w) in the
complex plane must be deformable in the complex plane to a point. Since
the curve: z(d)=7," contains a point 2l71/—1 as an inner point. In the
process of deformation of the curve A(6), the corresponding curve z(6)
passes through the point 2Im1/—1. Then, the corresponding point is not
‘contained in ©[(2, C). Therefore, ®,(2, C) is not simply connected.

REMARK 4. A path M(f)=exptA (0<t=1) is regular and closed, if
and only if A=2m=V/—1 E, where m is an integer.

In fact, if the path is closed, then A is given by

A=2wV—1-S(m, B+ m.E,+ - - - +m,E)S ",
where m,,- -+, m, are integers and S is an arbitrary regular matrix. Further-
more, if and only if m,=m, (=m) for all 4, j, then AeB[(n,C). Thus, the
assertion is proved.

ie), (0=<6<2w), where r, is a fixed real number such that
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§4. The real general linear group

Let GL(n, R) be a real general linear group, GL*(n, R) the connected
component of the unit element of GL(n, R), and &!(n, R) its Lie algebra.
In this section we shall investigate the relation between GL*(n, R) and exp
®I(n, R), and the path-structure and its singularity of exp ®l(n, R). To do
this, by using the real canonical form of a real matrix, we shall first
determine the real matrices such that exp A=M for a given real matrix M.

Any real matrix A is transformed to the real canonical form fi by a real
regular matrix P, that is,

4.1 A=PAP-', A=S11(21  O\iSli/L E 0\,
| 21 L.
2 ‘g
1 By
0 A 0 L

where the first summation does not contain the same blocks, 1 is real,
L:( n y), E'2=<1 O), and px and v are real.
-y u 01

From (4.1) we have
(4.2) exp A=P (exp AP,

o . . .
expA~>1+/e* 1. O0\+>+/expL E; 0y,
e, expL -,
1 R,
0 et 0 exp L

where exp L= ( e* cos v ¢*sin u), M~ N means that M=PNP-! and P is
—e*siny e* cosy

real. Hence the real matrix M such that M=exp A for a real matrix A has

the real canonical form as follows:

(4.3) M~M=>+(c 1 0N\+>+(K E, 0\,
k1 K -
-t . ..-E'2
-1 0 K

K

where « >0, K:( a B), and « and B are real. That is, if the real matrix
N a

M=exp A has real negative characteristic roots, then the real canonical
form of M must contain in the form of pairs the blocks belonging to the
real negative characteristic roots. For, then ]lol must contain the blocks of
type:

K E, 0}, K=(a 0\, a<0,
K. - (o a)

2

0 ‘K
and this block is similar to (by a real transformation)
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al, O0\f(al 0.
a. * . a' : .
: . 1 : . 1
0 a 0 a
Conversely, let M be a real matrix satisfying this condition, and write
it in the canonical form (4.3), then a real matrix A such that exp A=M
must be similar to A,:

@ A=SE e gt VESEL R i ),
A &t -, L Kt-, .
L. —E7E .. —3K?®
.':..K_l '.'_.'K‘l
0 2 0 L
where k=¢* and K=exp L. Therefore 4, x and v are determined as follows:
(4.5) i=logk, pu=logVa*+B® and v=0-+2mm,

where m is an integer and f=arg (a+1 —18), (—m<f<w). From (4.4) it
follows that exp A,=M,. And moreover we have
(4.6) expA=M, A~A, and M~M,.
Hence we can write M,=P;'MP, and A,=Q 'AQ, where P, is a fixed matrix.
From these conditions we have
P;*MP,=exp (@ 'AQ)=Q ' (exp 4) @=Q'MQ,

from which QP;'=S¢eG(M), ie., Q@eE(M)P,. For another matrix P, such
that P'MP,=M,, clearly we have G(M)P,=GC(M)P,. Thus we obtain

THEOREM 6. M is an element of exp &l(n, R), if and only if the real
canonical form of M contains in the form of pairs the blocks belonging to
the real megative characteristic roots, whenever there exist the real mnegative
characteristic roots of M. For such a matrix M, any matriz A such that
exp A=M is given by A=QAQ, QcC(M)P,, where P, is an arbitrarily
chosen and fixed matriz such that P;*MP,=M, M, is given by (4.3), and
A, is given by (4.4) corresponding to M, in (4.3).

If MeGL*(n, R), then M is expressed as ([6])

4.m M=exp A, expA,---exp A4,
where A,, A,,---, A,€G[(n,R). Since detexp A=exptr A>0 for any
Ae®l(n, R), we have det M>0. Conversely, if Me GL(n, R) and det M >0,
4.8) M=exp B, BeGl_, . (n,C)

Since M is real, exp B=exp B; hence we have exp Bexp(—E):exp(—E)
exp B=F, and also B, —Be Gl _, . (n,C). By the results of the previous

paper ([2]), from these fact it follows that B and B are commutative. So
we have
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4.9 M=exp (B+B)/2) exp (B—B)/2),

where B,=(B+B)/2 is real. If we put N=exp ((B—B)/2), then N is real
and N?=E. By considering the real canonical form of N, we have
N:P(—E,I-I'-Erz)P‘l, where FE, is the unit matrix of degree r. Since
det M>0 and det exp ((B+§)/2)>O, we have det N>0; hence r; must be
even, so we have

_ _ 01\: +/ 01\ i
N=exp B, Bi=nP{(_{ {)+---+(_{ g)+o}p.
Therefore, we obtain
(4.10) M=exp B, exp B;,, B, B.¢$l(n, R),

and hence M and E are connected in GL(n, R) by a curve: M(t)=exptB,
exptB, (0<t<1); so that MeGL*(n, R). Thus, GL*(n,R) is the set of
all the real matrices whose determinants are positive, and moreover

(4.11) GL*(n, R)=exp &!(n, R) exp Gl(n, R).
On the other hand, by Theorem 6 we see that
(4.12) exp 8l(n, R)&=GL*(n, R),

where % means the closure of % with respect to the usual topology of
GL(n, R). In fact, we shall consider M e GL*(n, R) such that M~ M,=diag
{ay, atgy+ -+, ,}, Where 0>a;>--+>a,, if n is even, a;>0>a,>++- >a, if n
is odd. By Theorem 6, M ¢ exp Gl(n, R). And the set of all the matrices
satisfying this condition is open in GL*(n, R), so that exp Gl(n, R)& GL"*(n, R).
By Theorem 6, it is also clear that exp &l(n, R)=exp Gl(n, R).

Let GLy(n, R) be the set of all the real regular matrices without real
negative characteristic roots, then from the results of the previous paper
([3]), it follows that GL,(n, R)=exp &l .(n, R) and in this correspondence,
the exponential mapping is homeomorphic, where &I._, . (n, R) is the set of
all the real matrices whose characteristic roots have their imaginary parts
in an open interval (—m, w). From this fact it follows that GL,(n, R) is a
simply connected domain. Moreover GLy(n, R) is a maximal simply connected
domain of exp Gl(n, R). In fact, if M e exp Gl(n, R) —GLy(n, R), then we have

(4.13) M=PM0P_1,. Mo=2<x<o)‘i" (3 g) E, 0 +H.
(39 =
¥

Here we consider the curve: M(9), (0 <6 <2w) in expGl(n, R), where M(9)
is given by
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(414) M(6)=PM,6)P, Mo<e>~—~2a<o,4( deosd 2sindy g +H.
—2sin@ Acosf) *

. Ez
0 ( Acos 6 Asinﬁ)
—2s8in@ Acosé
The locus of the characteristic root 2¢® (0 <6 <2w) is a circle with center
0 in the complex plane. This circle can not be deformable to a point with-
out passing through 0. Hence, the curve: M ), (0<6=<2m) is not deform-
able in exp 8I(n, R) to a point. Therefore, GL,(n, R) is a maximal simply
connected domain of exp ®I(n, R).

Furthermore, GLy(n, R)=exp®!(n, R). In fact, if Mecexp®(n, R)
—GLy(n, R), then M is written as (4.13). And if M(4) is given by (4.14),
then M(@)—>M for 6 —0; and moreover M(0) ¢ GLy(n, R) for 540, so that.
GLy(n, R)y=exp Gl(n, R). (By theorem 6, it is clear that GL,(n, R)S exp
8l (n, R)).

Next, for Meexp Gl(n, R)—GL\(n, R), (M is written as (4.13)), if we take

(4.15) M(e)=PM, ()P, M*(s):Z}(Kof;‘ (Z-I(;S 2) E, 0 +H,

oY

then M,(e) € GL*(n, R)—exp Gl(n, R) for sufficiently small e>0, and M,(e)>M
for ¢—~>0. And also GL,(n, R) is open in exp ®l(n, R) and GL,(n, R)=exp
&{(n, B). Hence Bdry (exp 8l (n, R))=exp 8{(n, R)—GLyn, R).

Summarizing these results we have

THEOREM 7. GL,(n, R)& GLy(n, R)y=exp®l(n, R)=expGl(n,R)S< GL*(n,R)
=exp Gl(n, R) exp 8l(n, R). And GLy(n, R) is a maximal simply connected
domain of exp Gl(n, R), and Bdry(exp Gl(n, R))=exp &l(n, R)—GL(n, R).

REMARK 5. K. Schrider ([7]), by showing that G°=exp® for the
connected component G° of the unit element of a linear Lie group G and
its Lie algebra &, has proved that G°=exp & exp®. But it does not seem
to be true that G°=exp®. For example, by Theorem 7, for G=GL(n, R)
we have exp 6l(n, R)& GL*(n, R)=G". Moreover, a proof of that G°=exp &.
exp® for a semi-simple Lie group is obtained from the results of G. D.
Mostow ([5]).

Finally we shall consider the path-structure of GL*(n, R) (precisely, of

exp ®l(n, R)). By using Theorem 6 we obtain the following theorems. Here
we denote by & the set of Meexp Gl(n, R) such that
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MAM=S)oo4+(c 1 0V,
Kllt

where the blocks are all distict.

THEOREM 8. There exists one and only ome path through E and M
(M e exp Bl(n, R)), if and only if MeS. If M¢S, there exist at least a
countable number of paths through E and M. And S is open in exp Sl(n, R).

THEOREM 9. If and only +f M e Bdry (exp &l(n, R)), the paths through
E and M are always singular.

In the other word, if and only if Me GL,(», R), there exists a regular
path from E to M.

REMARK 6. By the similar argument as in the previous paper ([4]),
we can prove the following propositions:

For an element M of GL.(n, R), there exists one and only one path
through F and M which is entirely contained in GL (7, R). And for an
element M of Bdry(exp ©Gl(n, R)), there exist, at least, two paths from E
to M which are contained in GL.(n, R) except for M.

- Any path from E to M intersects Bdry (exp Gl(n, R)), at most, in a
finite number of points. '

I wish to express my hearty thanks to Prof. K. Morinaga for suggest-
ing this investigation as well as for constant guidance in the course of the
work.
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