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Abstract. We give a necessary and su‰cient condition for orbits of commutative

Hermann actions and actions of the direct product of two symmetric subgroups on

compact Lie groups to be biharmonic in terms of symmetric triad with multiplicities.

By this criterion, we determine all the proper biharmonic orbits of these Lie group

actions under some additional settings. As a consequence, we obtain many examples

of proper biharmonic homogeneous submanifolds in compact symmetric spaces and

compact Lie groups.

1. Introduction

Study of harmonic maps, which are critical points of the energy func-

tional, is one of the central problems in di¤erential geometry including minimal

submanifolds. The Euler-Lagrange equation is given by the vanishing of the

tension field. In 1983, J. Eells and L. Lemaire ([EL]) proposed to study

biharmonic maps, which are critical points of the bienergy functional, by

definition, half of the integral of square of the norm of tension field tðjÞ for
a smooth map j of a Riemannian manifold ðM; gÞ into another Riemannian

manifold ðN; hÞ. After a pioneering work of G. Y. Jiang [J], several geometers

have studied biharmonic maps (see [CMP], [IIU1], [IIU2], [II], [LO], [MO],

[OT2], [S], etc.). Notice that harmonic maps are always biharmonic. One of

central problems is to ask whether the converse is true. B.-Y. Chen’s conjec-

ture is to ask whether every biharmonic submanifold of the Euclidean space Rn

must be harmonic, i.e., minimal ([C]). There are many works supporting this
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conjecture ([D], [HV], [KU], [AM]). However, B.-Y. Chen’s conjecture is still

open in a general setting. Moreover, R. Caddeo, S. Montaldo, P. Piu ([CMP])

and C. Oniciuc ([On]) raised the generalized B.-Y. Chen’s conjecture to ask

whether each biharmonic submanifold in a Riemannian manifold ðN; hÞ of non-
positive sectional curvature must be harmonic (minimal). For the generalized

Chen’s conjecture, Y.-L. Ou and L. Tang gave ([OT1], [OT2]) a counter exam-

ple in some Riemannian manifold of negative sectional curvature. However,

it is also known (cf. [NU1], [NU2], [NUG]) that every biharmonic map of

a complete Riemannian manifold into another Riemannian manifold of non-

positive sectional curvature with finite energy and finite bienergy must be

harmonic.

On the contrary, for the target Riemannian manifold ðN; hÞ of non-

negative sectional curvature, theories of biharmonic maps and/or biharmonic

immersions seems to be quite di¤erent from the case ðN; hÞ of non-positive

sectional curvature. Indeed, there exist biharmonic submanifolds which are

not harmonic in the sphere Sn.

In 2015, we characterized the biharmonic property of isometric immersions

into Einstein manifolds whose tension fields are parallel with respect to the

normal connections in terms of the second fundamental forms and the cur-

vature tensors, and determined all the biharmonic hypersurfaces in irreducible

symmetric spaces of compact type which are regular orbits of commutative

Hermann actions of cohomogeneity one (cf. [OSU]). For this purpose, we

used the description of second fundamental forms of orbits of commutative

Hermann actions in terms of symmetric triad with multiplicities, which was

given by O. Ikawa ([I1]). Recently, the first author ([Oh1]) applied the method

of symmetric triad to study the geometry of orbits of actions of the direct

product of two symmetric subgroups on compact Lie groups, which are asso-

ciated to commutative Hermann actions.

In this paper, we characterize the biharmonic property of orbits of

commutative Hermann actions and the actions of the direct product of two

symmetric subgroups on compact Lie groups in terms of symmetric triad

with multiplicities (cf. Theorems 6 and 7). By this characterization, we

give a complete table of all the proper biharmonic singular orbits of

commutative Hermann actions of cohomogeneity two (cf. Theorem 8), and

also we give a complete list of all the proper biharmonic regular orbits of

ðK2 � K1Þ-actions of cohomogeneity one on G for a commutative compact

symmetric triad ðG;K1;K2Þ (cf. Theorem 9). We note that recently J.

Inoguchi and T. Sasahara ([IS]) also investigated biharmonic homogeneous

hypersurfaces in compact symmetric spaces, and the first author studied

biharmonic orbits of isotropy representations of symmetric spaces in the sphere

([Oh2]).
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2. Biharmonic isometric immersions

We first recall the definition and fundamentals of harmonic maps

and biharmonic maps. Let j : ðM; gÞ ! ðN; hÞ be a smooth map from an

m-dimensional compact Riemannian manifold ðM; gÞ into an n-dimensional

Riemannian manifold ðN; hÞ. Then j is said to be harmonic if it is a critical

point of the energy functional defined by

EðjÞ ¼ 1

2

ð
M

jdjj2vg:

That is, for any variation fjtg of j with j0 ¼ j,

d

dt

����
t¼0

EðjtÞ ¼ �
ð
M

hðtðjÞ;VÞvg ¼ 0: ð1Þ

Here V A Gðj�1TNÞ is a variation vector field along j which is given by

VðxÞ ¼ d
dt

��
t¼0jtðxÞ A TjðxÞN ðx A MÞ, and tðjÞ is the tension field of j which is

given by tðjÞ ¼
Pm

i¼1 Bjðei; eiÞ A Gðj�1TNÞ, where feigmi¼1 is a locally defined

orthonormal frame field on ðM; gÞ, and Bj is the second fundamental form of j

defined by

BjðX ;Y Þ ¼ ð~‘‘ djÞðX ;Y Þ

¼ ð~‘‘X djÞðYÞ

¼ ‘X ðdjðYÞÞ � djð‘XYÞ;

for all vector fields X ;Y A XðMÞ. Here we denote by ‘ and ‘h the Levi-

Civita connections on TM, TN of ðM; gÞ, ðN; hÞ, and by ‘ and ~‘‘ the induced

connections on j�1TN and T �Mn j�1TN, respectively. By (1), j is har-

monic if and only if tðjÞ ¼ 0. We note that if j : M ! N is an isometric

immersion, then the tension field tðjÞ coincides with the mean curvature vector

field of j, hence j is harmonic if and only if j is a minimal immersion.

J. Eells and L. Lemaire [EL] proposed the notion of biharmonic maps, and

G. Y. Jiang [J] studied the first and second variation formulas of biharmonic

maps. Let us consider the bienergy functional defined by

E2ðjÞ ¼
1

2

ð
M

jtðjÞj2vg;

where jV j2 ¼ hðV ;VÞ for V A Gðj�1TNÞ. The first variation formula of the

bienergy functional is given by

d

dt

����
t¼0

E2ðjtÞ ¼ �
ð
M

hðt2ðjÞ;VÞvg;
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where t2ðjÞ is called the bitension field of j which is defined by

t2ðjÞ :¼ JðtðjÞÞ ¼ DðtðjÞÞ �RðtðjÞÞ:

Here J is the Jacobi operator acting on Gðj�1TNÞ given by

JðVÞ ¼ DV �RðVÞ;

where DV ¼ ‘�‘V ¼ �
Pm

i¼1f‘ei‘eiV �‘‘ei ei
Vg is the rough Laplacian and R is

the linear operator on Gðj�1TNÞ defined by RðVÞ ¼
Pm

i¼1 R
hðV ; djðeiÞÞdjðeiÞ,

where Rh is the curvature tensor of ðN; hÞ given by RhðU ;VÞW ¼ ‘h
Uð‘h

VWÞ �
‘h
V ð‘h

UWÞ � ‘h
½U ;V �W for U ;V ;W A XðNÞ. A smooth map j of ðM; gÞ into

ðN; hÞ is said to be biharmonic if t2ðjÞ ¼ 0. By definition, every harmonic

map is biharmonic. We say that a smooth map j : ðM; gÞ ! ðN; hÞ is proper

biharmonic if it is biharmonic but not harmonic.

Now we give a characterization theorem for an isometric immersion j of a

Riemannian manifold ðM; gÞ into another Riemannian manifold ðN; hÞ whose
tension field tðjÞ satisfies ‘?X tðjÞ ¼ 0 for all X A XðMÞ to be biharmonic, where

‘? is the normal connection on the normal bundle T?M. From Jiang’s

theorem ([J]), we showed the following theorem.

Theorem 1 ([OSU]). Let j : ðM; gÞ ! ðN; hÞ be an isometric immersion

which satisfies that ‘?X tðjÞ ¼ 0 for all X A XðMÞ. Then j is biharmonic if and

only if

Xm
k¼1

RhðtðjÞ; djðekÞÞdjðekÞ ¼
Xm
j;k¼1

hðtðjÞ;Bjðej; ekÞÞBjðej ; ekÞ ð2Þ

holds.

The condition (2) is equivalent to the following equation.

Xm
i¼1

RhðtðjÞ; djðeiÞÞdjðeiÞ ¼
Xm
i¼1

BjðAtðjÞei; eiÞ: ð3Þ

3. Hermann actions and associated ðK2 � K1Þ-actions

3.1. Hermann actions and symmetric triads. O. Ikawa ([I1]) introduced the

notion of symmetric triad as a generalization of irreducible root system. He

described the second fundamental forms of orbits of commutative Hermann

actions in terms of symmetric triads with multiplicities, and studied geometric

properties of the orbits as submanifolds in compact symmetric spaces. In this

section, we review O. Ikawa’s method, and we show that his method can be

50 Shinji Ohno, Takashi Sakai and Hajime Urakawa



also applied to study geometric properties of orbits of actions of the direct

product of two symmetric subgroups on compact Lie groups, which are asso-

ciated to Hermann actions.

Let G be a compact connected semisimple Lie group, and K1, K2 closed

subgroups of G. For each i ¼ 1; 2, we assume that there exists an involutive

automorphism yi of G which satisfies ðGyiÞ0 � Ki � Gyi , where Gyi is the set

of fixed points of yi and ðGiÞ0 is the identity component of Gyi . Then ðG;K1Þ
and ðG;K2Þ are compact symmetric pairs, and the triple ðG;K1;K2Þ is called

a compact symmetric triad. We denote the Lie algebras of G, K1 and K2 by

g, k1 and k2, respectively. The involutive automorphism of g induced from

yi will be also denoted by yi. Take an AdðGÞ-invariant inner product h� ; �i
on g. Then the inner product h� ; �i induces a bi-invariant Riemannian metric

on G and G-invariant Riemannian metrics on the left coset manifold N1 :¼
G=K1 and on the right coset manifold N2 :¼ K2nG. We denote these Rie-

mannian metrics on G, N1 and N2 by the same symbol h� ; �i. These Rie-

mannian manifolds G, N1 and N2 are Riemannian symmetric spaces with

respect to h� ; �i. The isometric action of K2 on G=K1 and that of K1 on K2nG
defined by

� K2 1 N1: k2 � p1ðxÞ ¼ p1ðk2xÞ ðk2 A K2; x A GÞ
� K1 1 N2: k1 � p2ðxÞ ¼ p2ðxk�11 Þ ðk1 A K1; x A GÞ

are called Hermann actions, where pi denotes the natural projection from G

onto Ni ði ¼ 1; 2Þ. Under this setting, we can also consider the isometric

action of K2 � K1 on G defined by
� K2 � K1 1 G: ðk2; k1Þ � x ¼ k2xk

�1
1 ðk2 A K2; k1 A K1; x A GÞ.

The three actions have the same orbit space, and in fact the following diagram

is commutative:

G

N1 N2

K2nG=K1

 �����
�� �������!

������!  �����
�

p1 p2

~pp1 ~pp2

where ~ppi is the natural projection from Ni onto the orbit space K2nG=K1.

For x A G, we denote the left (resp. right) transformation on G by Lx (resp.

Rx). The isometry on N1 (resp. N2) induced by Lx (resp. Rx) will be also

denoted by the same symbol Lx (resp. Rx).

For i ¼ 1; 2, we set

mi ¼ fX A g j yiðX Þ ¼ �Xg:
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Then we have two orthogonal direct sum decompositions of g, that is the

canonical decompositions:

g ¼ k1 lm1 ¼ k2 lm2:

The tangent space TpiðeÞNi of Ni at the origin piðeÞ is identified with mi in a

natural way. We define a closed subgroup G12 of G by

G12 ¼ fx A G j y1ðxÞ ¼ y2ðxÞg:

Then y1 induces an involutive automorphism of the identity component ðG12Þ0
of G12, hence ððG12Þ0;K12Þ is a compact symmetric pair, where K12 is a closed

subgroup of ðG12Þ0 defined by

K12 ¼ fk A ðG12Þ0 j y1ðkÞ ¼ kg:

The canonical decomposition of g12 ¼ LieðG12Þ0 with respect to y1 is given

by

g12 ¼ ðk1 \ k2Þl ðm1 \m2Þ:

In general, an isometric action of a compact Lie group on a Riemannian

manifold is said to be hyperpolar if there exists a closed connected submani-

fold which is flat in the induced metric and meets all orbits orthogonally.

Such a submanifold is called a section of the Lie group action. In our

setting, fix a maximal abelian subspace a in m1 \m2. Then exp a is a torus

subgroup in ðG12Þ0. Then exp a, p1ðexp aÞ and p2ðexp aÞ are sections of the

ðK2 � K1Þ-action on G, the K2-action on N1, and the K1-action on N2,

respectively. Hence these three actions are hyperpolar, and their cohomoge-

neities are equal to dim a. A. Kollross ([K]) classified hyperpolar actions on

compact irreducible symmetric spaces. By the classification, we can see that

a hyperpolar action on a compact irreducible symmetric space whose coho-

mogeneity is greater than or equal to two is orbit-equivalent to some Hermann

action.

In order to describe the orbit spaces of the three actions, we consider

an equivalent relation @ on a defined as follows: for H1;H2 A a, we de-

fine H1 @H2 if ðK2 � K1Þ � expðH1Þ ¼ ðK2 � K1Þ � expðH2Þ. Clearly, we have

H1 @H2 if and only if K2 � p1ðexpðH1ÞÞ ¼ K2 � p1ðexpðH2ÞÞ, and similarly,

H1 @H2 if and only if K1 � p2ðexpðH1ÞÞ ¼ K1 � p2ðexpðH2ÞÞ. This implies

that a=@GK2nG=K1. For a subgroup L of G, we define the normalizer

NLðaÞ and the centralizer ZLðaÞ of a in L by

NLðaÞ ¼ fk A L jAdðkÞa ¼ ag;

ZLðaÞ ¼ fk A L jAdðkÞH ¼ H ðH A aÞg:
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Then ZLðaÞ is a normal subgroup of NLðaÞ. We define a group ~JJ by

~JJ ¼ fð½s�;Y Þ A ðNK2
ðaÞ=ZK1\K2

ðaÞÞy a j expð�Y Þs A K1g:

The group ~JJ naturally acts on a by the following manner:

ð½s�;YÞ �H ¼ AdðsÞH þ Y ðð½s�;YÞ A ~JJ; H A aÞ:

T. Matsuki ([M]) proved that

K2nG=K1 G a= ~JJ:

Hereafter, we suppose y1y2 ¼ y2y1. In such a case, ðG;K1;K2Þ is called

a commutative compact symmetric triad, and the K2-action on N1 and the

K1-action on N2 are called commutative Hermann actions. Then we have an

orthogonal direct sum decomposition of g:

g ¼ ðk1 \ k2Þl ðm1 \m2Þl ðk1 \m2Þl ðm1 \ k2Þ:

We define subspaces of g as follows:

k0 ¼ fX A k1 \ k2 j ½a;X � ¼ f0gg;

Vðk1 \m2Þ ¼ fX A k1 \m2 j ½a;X � ¼ f0gg;

Vðm1 \ k2Þ ¼ fX A m1 \ k2 j ½a;X � ¼ f0gg:

For l A a,

kl ¼ fX A k1 \ k2 j ½H; ½H;X �� ¼ �hl;Hi2X ðH A aÞg;

ml ¼ fX A m1 \m2 j ½H; ½H;X �� ¼ �hl;Hi2X ðH A aÞg;

V?l ðk1 \m2Þ ¼ fX A k1 \m2 j ½H; ½H;X �� ¼ �hl;Hi2X ðH A aÞg;

V?l ðm1 \ k2Þ ¼ fX A m1 \ k2 j ½H; ½H;X �� ¼ �hl;Hi2X ðH A aÞg:

We set

S ¼ fl A anf0g j kl 0 f0gg;

W ¼ fa A anf0g jV?a ðk1 \m2Þ0 f0gg;

~SS ¼ S [W :

It is known that dim kl ¼ dim ml and dim V?l ðk1 \m2Þ ¼ dim V?l ðm1 \ k2Þ for
each l A ~SS. Thus we set mðlÞ :¼ dim kl, nðlÞ :¼ dim V?l ðk1 \m2Þ: Notice

that S is the restricted root system of the symmetric pair ððG12Þ0;K12Þ, and
~SS becomes a root system of a (see [I1]).

53Biharmonic homogeneous submanifolds



We define an open subset ar of a by

ar ¼
\

l AS;a AW

H A a j hl;Hi B pZ; ha;Hi B
p

2
þ pZ

� �
:

A connected component of ar is called a cell. The a‰ne Weyl group
~WWð ~SS;S;WÞ of ð ~SS;S;WÞ is a subgroup of A¤ðaÞ generated by

sl;
2np

hl; li
l

� ����� l A S; n A Z
� �

[ sa;
ð2nþ 1Þp
ha; ai

a

� ����� a A W ; n A Z
� �

;

where A¤ðaÞ is the a‰ne group of a which is expressed as the semidirect

product OðaÞy a. The action of ðsl; ð2np=hl; liÞlÞ on a is the reflection

with respect to the hyperplane fH A a j hl;Hi ¼ npg, and the action of

ðsa; ðð2nþ 1Þp=ha; aiÞaÞ on a is the reflection with respect to the hyperplane

fH A a j ha;Hi ¼ ðnþ 1=2Þpg. The a‰ne Weyl group ~WWð ~SS;S;WÞ acts tran-

sitively on the set of all cells. More precisely, for each cell P, it holds that

a ¼
[

s A ~WW ð ~SS;S;W Þ
sP:

For x ¼ exp H ðH A aÞ, the orbit K2 � p1ðxÞ in N1 is regular, so

ðK2 � K1Þ � x in G is, if and only if H A ar. Here we call an orbit regular

if it is an orbit of the maximal dimension. In [I1], it is proved that
~WWð ~SS;S;WÞ is a subgroup of ~JJ. Moreover, if N1 and N2 are simply-

connected, then ~WWð ~SS;S;WÞ ¼ ~JJ, hence the orbit space K2nG=K1 of the

actions can be identified with a= ~JJ ¼ a= ~WWð ~SS;S;WÞGP. Indeed, for each

orbit K2 � p1ðxÞ in N1 and ðK2 � K1Þ � x in G, there exists H A P uniquely so

that K2 � p1ðxÞ ¼ K2 � p1ðexp HÞ in N1 and ðK2 � K1Þ � x ¼ ðK2 � K1Þ � ðexp HÞ
in G. An interior point H in P corresponds to a regular orbit, and a point

H in the boundary of P corresponds to a singular orbit. In fact, P is a

closed region in a, which is a direct product of some simplexes. Then the

cell decomposition of P gives a stratification of orbit types of the action. We

should note that, in general, the cell decomposition of P gives a stratification of

local orbit types of the action. In this paper, we study the biharmonicity of

the orbits, that is a local property of a submanifold. Therefore, without loss

of generality, we may assume that N1 and N2 are simply-connected, hence

K2nG=K1 GP. In Sections 5 and 6, for some orbit types, we will examine the

number of biharmonic orbits. If N1 or N2 are not simply-connected, then the

number of biharmonic orbits does not increase compared with the cases of N1

and N2 are simply-connected.

O. Ikawa ([I1]) introduced the notion of symmetric triad with multiplicities

as a generalization of irreducible root system. For the precise definition of
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symmetric triad with multiplicities, we refer to O. Ikawa’s papers ([I1, I2, I3]).

In general, the triad ð ~SS;S;WÞ, which is obtained from a compact symmetric

triad ðG;K1;K2Þ, is not a symmetric triad with multiplicities in the sense of [I1].

However, we know the following theorem.

Theorem 2 ([I2] Theorem 3.1, [I3] Theorem 1.14). Let ðG;K1;K2Þ be a

compact symmetric triad which satisfies one of the following conditions.

(A) G is simple and y1 S y2, i.e. y1 and y2 can not be transformed each

other by an inner automorphism of g.

(B) There exists a compact connected simple Lie group U and a symmetric

subgroup K of U such that

G ¼ U �U ; K1 ¼ DG ¼ fðu; uÞ j u A Ug; K2 ¼ K � K :

(C) There exists a compact connected simple Lie group U and an involu-

tive outer automorphism s such that

G ¼ U �U ; K1 ¼ DG ¼ fðu; uÞ j u A Ug;

K2 ¼ fðu1; u2Þ j ðsðu2Þ; sðu1ÞÞ ¼ ðu1; u2Þg:

Then the triple ð ~SS;S;WÞ defined as above is a symmetric triad of a, moreover

mðlÞ and nðaÞ are multiplicities of l A S and a A W. Conversely every sym-

metric triad is obtained in this way.

When ðG;K1;K2Þ satisfies (A), (B) or (C) in Theorem 2, hence ð ~SS;S;WÞ is
a symmetric triad, we take a fundamental system ~PP of ~SS. We denote by ~SSþ

the set of positive roots in ~SS. Set Sþ ¼ ~SSþ \ S and W þ ¼ ~SSþ \W . Denote

by P the set of simple roots of S. We set

W0 ¼ fa A W þ j aþ l B W ðl A PÞg:

From the classification of symmetric triads, we have that W0 consists of

the only one element, denoted by ~aa. We define an open subset P0 of a

by

P0 ¼ H A a

���� h~aa;Hi <
p

2
; hl;Hi > 0 ðl A PÞ

� �
: ð4Þ

Then P0 is a cell. For a nonempty subset D � P [ f~aag, set

PD
0 ¼ H A P0

hl;Hi > 0 ðl A D \PÞ
hm;Hi ¼ 0 ðm A PnDÞ

h~aa;Hi
< ðp=2Þ ðif ~aa A DÞ
¼ ðp=2Þ ðif ~aa B DÞ

�
���������

9>>>=
>>>;:

8>>><
>>>:
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Then

P0 ¼
[

D�P[f~aag
PD
0 ðdisjoint unionÞ: ð5Þ

When ðG;K1;K2Þ satisfies y1 @ y2, i.e. y1 and y2 are transformed each

other by an inner automorphism of g, the Hermann action of K2 on the

compact symmetric space G=K1 is equivalent to the action of the isotropy

group K1 on G=K1. Hence we may assume that y1 ¼ y2, and so K1 ¼ K2.

Since W ¼q, then ð ~SS;S;WÞ is not a symmetric triad, and ~SS ¼ S is the

restricted root system of ðG;K1Þ. In this case, we can describe the orbit space

of K1-action on G=K1 in terms of the restricted root system S of ðG;K1Þ.
For simplicity, here we assume that G is simple. We take a fundamental

system P of S, and denote the set of positive roots by Sþ and the highest root

by d. We define an open subset P0 of a by

P0 ¼ fH A a j hd;Hi < p; hl;Hi > 0 ðl A PÞg: ð6Þ

Then P0 is a cell. For a nonempty subset D � P [ fdg, set

PD
0 ¼ H A P0

hl;Hi > 0 ðl A D \PÞ
hm;Hi ¼ 0 ðm A PnDÞ

hd;Hi
< p ðif d A DÞ
¼ p ðif d B DÞ

�
���������

9>>>=
>>>;:

8>>><
>>>:

Then

P0 ¼
[

D�P[fdg
PD
0 ðdisjoint unionÞ: ð7Þ

3.2. Second fundamental forms of orbits. We express the second fundamental

forms and mean curvature vector fields of orbits of commutative Hermann

actions and their associated K2 � K1-actions.

Here, let G be a compact connected semisimple Lie group and ðG;K1;K2Þ
a commutative compact symmetric triad. Fix a maximal abelian subspace a in

m1 \m2, then we have a triad ð ~SS;S;WÞ. We take a fundamental system ~PP of
~SS, and set

~SSþ ¼ fl A ~SS j l > 0g; Sþ ¼ S \ ~SSþ; W þ ¼W \ ~SSþ:

Then we have an orthogonal direct sum decomposition of g:

g ¼ k0 l
X
l ASþ

kl l al
X
l ASþ

ml lVðk1 \m2Þl
X

a AW þ

V?a ðk1 \m2Þ

lVðm1 \ k2Þl
X

a AW þ

V?a ðm1 \ k2Þ:
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According to the above orthogonal direct sum decomposition of g, we

have the following lemma.

Lemma 1 ([I1] Lemmas 4.3 and 4.16). (1) For each l A Sþ, there exist

orthonormal bases fSl; igmðlÞi¼1 and fTl; igmðlÞi¼1 of kl and ml respectively such that

for any H A a,

½H;Sl; i� ¼ hl;HiTl; i; ½H;Tl; i� ¼ �hl;HiSl; i; ½Sl; i;Tl; i� ¼ l;

Adðexp HÞSl; i ¼ coshl;HiSl; i þ sinhl;HiTl; i;

Adðexp HÞTl; i ¼ �sinhl;HiSl; i þ coshl;HiTl; i:

(2) For each a A Wþ, there exist orthonormal bases fXa; jgnðaÞj¼1 and

fYa; jgnðaÞj¼1 of V?a ðk1 \m2Þ and V?a ðm1 \ k2Þ respectively such that for any H A a

½H;Xa; j � ¼ ha;HiYa; j; ½H;Ya; j� ¼ �ha;HiXa; j; ½Xa; j ;Ya; j� ¼ a;

Adðexp HÞXa; j ¼ cosha;HiXa; j þ sinha;HiYa; j;

Adðexp HÞYa; j ¼ �sinha;HiXa; j þ cosha;HiYa; j:

First, for x A G, we consider an orbit K2 � p1ðxÞ of the commutative

Hermann action of K2 on N1. Without loss of generality we can assume

that x ¼ exp H where H A a, since p1ðexp aÞ is a section of the action. For

H A a, we set

SH ¼ fl A S j hl;Hi A pZg; WH ¼ fa A W j ha;Hi A ðp=2Þ þ pZg;

~SSH ¼ SH [WH ; SþH ¼ Sþ \ SH ; W þ
H ¼W þ \WH ; ~SSþH ¼ SþH [W þ

H :

Then, for H A a, H is in ar if and only if SH ¼q and WH ¼q. In such

case, the tangent space

Tp1ðxÞðN1Þ ¼ dLxðm1Þ ¼ dLxððm1 \m2Þl ðm1 \ k2ÞÞ

¼ dLx al
X
l ASþ

ml lVðm1 \ k2Þl
X

a AW þ

V?a ðm1 \ k2Þ
 !

of N1 at p1ðxÞ is decomposed to the tangent space Tp1ðxÞðK2 � p1ðxÞÞ and the

normal space T?p1ðxÞðK2 � p1ðxÞÞ of the orbit K2 � p1ðxÞ as follows.

Tp1ðxÞðK2 � p1ðxÞÞ ¼
d

dt
expðtX2Þ � p1ðxÞ

����
t¼0

����X2 A k2

� �

¼ dLxðdp1ðAdðxÞ�1k2ÞÞ

¼ dLx

X
l ASþnSH

ml lVðm1 \ k2Þl
X

a AW þnWH

V?a ðm1 \ k2Þ

0
@

1
A;

57Biharmonic homogeneous submanifolds



T?p1ðxÞðK2 � p1ðxÞÞ ¼ dLxððAdðxÞ�1m2Þ \m1Þ

¼ dLx al
X
l ASþ

H

ml l
X

a AW þ
H

V?a ðm1 \ k2Þ

0
@

1
A:

From Lemma 1, O. Ikawa proved the following theorems.

Theorem 3 ([I1] Lemma 4.22). For x ¼ exp H ðH A aÞ, we denote the

second fundamental forms of the orbits K2 � p1ðxÞ in N1 by B1
H. Then we have

(1) dL�1x B1
HðdLxðTl; iÞ; dLxðTm; jÞÞ ¼ cotðhm;HiÞ½Tl; i;Sm; j �?,

(2) dL�1x B1
HðdLxðYa; iÞ; dLxðYb; jÞÞ ¼ �tanðhb;HiÞ½Ya; i;Xb; j�?,

(3) B1
HðdLxðY1Þ; dLxðY2ÞÞ ¼ 0,

(4) B1
HðdLxðTl; iÞ; dLxðY2ÞÞ ¼ 0,

(5) B1
HðdLxðYa; iÞ; dLxðY2ÞÞ ¼ 0,

(6) dL�1x B1
HðdLxðTl; iÞ; dLxðYb; jÞÞ ¼ �tanðhb;HiÞ½Tl; i;Xb; j �?,

for

l; m A Sþ with hl;Hi; hm;Hi B pZ; 1a iamðlÞ; 1a jamðmÞ;

a; b A W þ with ha;Hi; hb;Hi B
p

2
þ pZ; 1a ia nðaÞ; 1a ja nðbÞ;

Y1;Y2 A Vðm1 \ k2Þ:

Here X ? is the normal component, i.e. ðAdðx�1Þm2Þ \m1-component, of a

tangent vector X A m1.

Theorem 4 ([I1] Corollaries 4.23, 4.29, 4.24, and [GT] Theorem 5.3). For

x ¼ exp H ðH A aÞ, we denote the mean curvature vector field of K2 � p1ðxÞ in N1

by t1H. Then we have

dL�1x ðt1HÞp1ðxÞ ¼ �
X

l ASþnSH

mðlÞ cothl;Hilþ
X

a AW þnWH

nðaÞ tanha;Hia:

We can also apply Theorem 4 for the orbit K1 � p2ðxÞ in N2. Thus we

have the following corollary.

Corollary 1 ([I1] Corollary 4.30). The orbit K2 � p1ðxÞ is minimal if and

only if K1 � p2ðxÞ is minimal.

Next we consider the second fundamental forms of orbits of the ðK2 � K1Þ-
action on G. For x ¼ exp H ðH A aÞ, the tangent space TxððK2 � K1Þ � xÞ and
the normal space T?x ððK2 � K1Þ � xÞ of the orbit ðK2 � K1Þ � x at x are given as

follows.
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TxððK2 � K1Þ � xÞ

¼ d

dt
expðtX2Þx expð�tX1Þ

����
t¼0

����X1 A k1; X2 A k2

� �

¼ dLxððAdðxÞ�1k2Þ þ k1Þ

¼ dLx

0
@k0 l

X
l ASþ

kl l
X

l ASþnSH

ml lVðk1 \m2Þ

l
X

a AW þ

V?a ðk1 \m2ÞlVðm1 \ k2Þl
X

a AW þnWH

V?a ðm1 \ k2Þ

1
A; ð8Þ

T?x ððK2 � K1Þ � xÞ

¼ dLxððAdðxÞ�1m2Þ \m1Þ

¼ dLx al
X
l ASþ

H

ml l
X

a AW þ
H

V?a ðm1 \ k2Þ

0
@

1
A: ð9Þ

For X ¼ ðX2;X1Þ A g� g, we define a Killing vector field X � on G by

ðX �Þy ¼
d

dt
expðtX2Þy expð�tX1Þ

����
t¼0

ðy A GÞ:

Then

ðX �Þy ¼ ðdLyÞðAdðyÞ�1X2 � X1Þ

holds. If X2 ¼ 0, then X � is a left invariant vector field. Denote by ‘ the

Levi-Civita connection on G. By Koszul’s formula, we have the following.

Lemma 2 ([Oh1] Lemma 3). Let y A G, X ¼ ðX2;X1Þ, Y ¼ ðY2;Y1Þ A
g� g. Then we have

ð‘X �Y
�Þy ¼ �

1

2
dLy½AdðyÞ�1X2 � X1;AdðyÞ�1Y2 þ Y1�:

Here, g� g denotes the Lie algebra of G � G.

By Lemma 2, the first author proved the following theorems.

Theorem 5 ([Oh1] Theorem 3). For x ¼ exp H ðH A aÞ, we denote the

second fundamental form of the orbit ðK2 � K1Þ � x in G by BH. We define

subspaces V1 and V2 of dL�1x ðTxðK2 � K1Þ � xÞ by
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V1 ¼
X

l ASþnSH

ml l
X

a AW þnWH

V?a ðm1 \ k2Þ;

V2 ¼
X
l ASþ

kl l
X

a AW þ

V?a ðk1 \m2Þ:

Then we have

(1) For X A k0, BHðdLxðXÞ;YÞ ¼ 0 where Y A TxððK2 � K1Þ � xÞ:
(2) For X A Vðk1 \m2Þ,

dL�1x BHðdLxðXÞ; dLxðYÞÞ ¼
0 ðY A k1 lVðm1 \ k2ÞÞ

� 1

2
½X ;Y �? ðY A V1Þ:

8<
:

(3) For X A Vðm1 \ k2Þ,

dL�1x BHðdLxðX Þ; dLxðY ÞÞ ¼
0 ðY A Vðm1 \ k2ÞlV1Þ
1

2
½X ;Y �? ðY A V2Þ:

8<
:

(4) For Sl; i ðl A Sþ; 1a iamðlÞÞ,

dL�1x BHðdLxðSl; iÞ; dLxðYÞÞ ¼
0 ðY A V2Þ

� 1

2
½Sl; i;Y �? ðY A V1Þ:

8<
:

(5) For Xa; i ða A Wþ; 1a ia nðaÞÞ,

dL�1x BHðdLxðXa; iÞ; dLxðYÞÞ ¼
0 ðY A V2Þ

� 1

2
½Xa; i;Y �? ðY A V1Þ:

8<
:

(6) For Tl; i ðl A SþnSH ; 1a iamðlÞÞ,
� dL�1x BHðdLxðTl; iÞ; dLxðTm; jÞÞ ¼ cothm;Hi½Tl; i;Sm; j�? where m A

SþnSH, 1a jamðmÞ:
� dL�1x BHðdLxðTl; iÞ; dLxðYb; jÞÞ ¼ �tanhb;Hi½Tl; i;Xb; j�? where b A

W þnWH, 1a ja nðbÞ:
(7) For Ya; i ða A WþnWH ; 1a ia nðaÞÞ,

dL�1x BHðdLxðYa; iÞ; dLxðYb; jÞÞ ¼ �tanhb;Hi½Ya; i;Xb; j �?

where b A W þnWH, 1a ja nðbÞ:
Here, X ? denotes the normal component, i.e. the ððAdðxÞ�1m2Þ \m1Þ-
component, of a tangent vector X A g.

By Theorems 4 and 5, we obtain the following corollary.
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Corollary 2 ([Oh1] Corollary 2). For x ¼ exp H ðH A aÞ, we denote the

mean curvature vector field of the orbit ðK2 � K1Þ � x in G by tH. Then,

dL�1x ðtHÞx ¼ �
X

l ASþnSH

mðlÞ cothl;Hilþ
X

a AW þnWH

nðaÞ tanha;Hia:

Moreover, dL�1x ðtHÞx ¼ dL�1x ðt1HÞp1ðxÞ holds. Hence, the orbit ðK2 � K1Þ � x in

G is minimal if and only if K2 � p1ðxÞ in N1 is minimal.

We show the following properties of the mean curvature vector field tH
of ðK2 � K1Þ � x in G and t1H of K2 � p1ðxÞ in N1.

Proposition 1. For H A a and s ¼ ð½s�;YÞ A ~JJ, we set H 0 ¼ s �H A a,

x ¼ expðHÞ and x 0 ¼ expðH 0Þ. Then ðK2 � K1Þ � x ¼ ðK2 � K1Þ � x 0 and

dL�1x 0 ðtHÞx 0 ¼ ½s� � dL�1x ðtHÞx:

Proof. By the definition of ~JJ, there exists s A NK2
ðaÞ such that AdðsÞja ¼

½s� and ðs; expð�Y ÞsÞ A K2 � K1. Then we have

ðs; expð�Y ÞsÞ � expðHÞ ¼ s expðHÞs�1 expðYÞ ¼ expðAdðsÞH þ YÞ ¼ expðH 0Þ:

Thus, ðK2 � K1Þ � x ¼ ðK2 � K1Þ � x 0. Since Ls � Rs�1 expðYÞ is an isometry, we

have

ðtHÞx 0 ¼ ðtHÞLs�Rs�1 expðYÞðxÞ

¼ dLs � dRs�1 expðYÞððtHÞxÞ

¼ d

dt
s expðHÞ expðt dL�1x ðtHÞxÞs�1 expðY Þ

����
t¼0

¼ d

dt
expðAdðsÞðt dL�1x ðtHÞx þHÞÞ expðY Þ

����
t¼0

¼ d

dt
expðAdðsÞH þ YÞ expðt AdðsÞðdL�1x ðtHÞxÞÞ

����
t¼0

¼ dLx 0 ðAdðsÞdL�1x ðtHÞxÞ

¼ dLx 0 ð½s� � dL�1x ðtHÞxÞ:

By Lemmas 4.4 and 4.21 in [I1], we have that ~WWð ~SS;S;WÞ is a subgroup

of ~JJ. Then we have the following Lemma.

Lemma 3. For x ¼ exp H ðH A aÞ, we have

hl; dL�1x ðtHÞxi ¼ 0 ðl A ~SSHÞ:
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Proof. When ðtHÞx ¼ 0, it is trivial. Thus we assume ðtHÞx 0 0. Since

l A ~SSH , we have

sl; 2
hl;Hi

hl; li
l

� �
A ~WWð ~SS;S;WÞ:

Then,

sl; 2
hl;Hi

hl; li
l

� �
H ¼ slðHÞ þ 2

hl;Hi

hl; li
l ¼ H:

By Proposition 1, we have

dL�1x ðtHÞx ¼ slðdL�1x ðtHÞxÞ ¼ dL�1x ðtHÞx � 2
hl; dL�1x ðtHÞxi

hl; li
l:

Therefore, we obtain hl; dL�1x ðtHÞxi ¼ 0.

Proposition 2. For x ¼ exp H ðH A aÞ, we have

‘?X tH ¼ 0 ðX A XððK2 � K1Þ � xÞÞ:

Proof. Since the orbit ðK2 � K1Þ � x is a homogeneous submanifold in G,

it is su‰cient to prove that ‘?X tH ¼ 0 at one point x in G.

Let X A TxððK2 � K1Þ � xÞ. Then there exists ðX2;X1Þ A k2 � k1 such that

X ¼ ðX2;X1Þ�x . For k2 A K2, we have

ð0;�dL�1x ðtHÞxÞ
�
k2x
¼ d

dt
k2x expðt dL�1x ðtHÞxÞ

����
t¼0

¼ dLk2dLx

d

dt
expðt dL�1x ðtHÞxÞ

����
t¼0

¼ dLk2ðtHÞx
¼ ðtHÞk2x:

Since H and dL�1x ðtHÞx are in a from Corollary 2, we have, for k1 A K1,

ðdL�1x ðtHÞx; 0Þ
�
xk�1

1
¼ d

dt
expðt dL�1x ðtHÞxÞxk�11

����
t¼0

¼ d

dt
x expðt dL�1x ðtHÞxÞk�11

����
t¼0

¼ dR�1k1
dLx

d

dt
expðt dL�1x ðtHÞxÞ

����
t¼0
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¼ dR�1k1
ðtHÞx

¼ ðtHÞxk�1
1
:

In particular, tH ¼ ð0;�dL�1x ðtHÞxÞ
� on the curve expðtX2Þx for X2 A k2 and

tH ¼ ðdL�1x ðtHÞx; 0Þ
� on the curve x expðtX1Þ for X1 A k1.

Since H and dL�1x ðtHÞx are in a,

AdðxÞ�1 dL�1x ðtHÞx ¼ dL�1x ðtHÞx:

Hence, by Lemma 2, we have

ð‘?X tHÞx ¼ ð‘ðX2;X1Þ�tHÞ
?
x

¼ ð‘ðX2;0Þ�tHÞ
?
x þ ð‘ð0;X1Þ�tHÞ

?
x

¼ ð‘ðX2;0Þ� ð0;�dL
�1
x ðtHÞxÞ

�Þ?x þ ð‘ð0;X1Þ� ðdL
�1
x ðtHÞx; 0Þ

�Þ?x

¼ � 1

2
dLx½AdðxÞ�1X2;�dL�1x ðtHÞx�

� �?
þ � 1

2
dLx½�X1; dL

�1
x ðtHÞx�

� �?

¼ 1

2
dLx½AdðxÞ�1X2 þ X1; dL

�1
x ðtHÞx�

� �?
:

Therefore, in order to prove ‘?X tH ¼ 0, it is su‰cient to show that

½ðAdðxÞ�1k2Þ þ k1; dL
�1
x ðtHÞx� � ðAdðxÞ�1k2Þ þ k1:

From (8), we have

ðAdðxÞ�1k2Þ þ k1

¼

0
@k0 l

X
l ASþ

kl l
X

l ASþnSH

ml lVðk1 \m2Þl
X

a AW þ

V?a ðk1 \m2Þ

lVðm1 \ k2Þl
X

a AW þnWH

V?a ðm1 \ k2Þ

1
A:

Since dL�1x ðtHÞx A a and Lemma 1, we have

½k0 lVðm1 \ k2ÞlVðk1 \m2Þ; dL�1x ðtHÞx� ¼ f0g;

½kl lml; dL
�1
x ðtHÞx� � kl lml;

½V?a ðm1 \ k2ÞlV?a ðk1 \m2Þ; dL�1x ðtHÞx� � V?a ðm1 \ k2ÞlV?a ðk1 \m2Þ
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for l A SþnSH and a A W þnWH . By Lemmas 1 and 3, we also have

½kl; dLxðtHÞx� ¼ f0g; ½V?a ðk1 \m2Þ; dLxðtHÞx� ¼ f0g

for l A SþH and a A Wþ
H . Therefore we have the consequence.

In Theorem 4, we described the tension field of the orbit of commuta-

tive Hermann actions of K2 on N1. From this expression, we can verify the

existence of minimal orbits. In the case of isotropy actions of compact

symmetric spaces, the orbit space can be identified with a cell P0 as in (6).

D. Hirohashi, H. Tasaki, H. J. Song and R. Takagi, proved that, according to

the stratification of orbit types, there exists a unique minimal orbit in each orbit

type (cf. [HTST, Theorem 3.1]). For commutative Hermann actions which

satisfy one of (A), (B) and (C) in Theorem 2, O. Ikawa obtained the same

result (cf. [I1, Theorem 2.24]).

4. Characterizations of biharmonic orbits

In the previous section, we described the second fundamental forms of

orbits of the Hermann action of K2 on N1 and the ðK2 � K1Þ-action on G. In

this section, we give a necessary and su‰cient condition for an orbit to be a

biharmonic submanifold.

4.1. Characterization of biharmonic orbits of commutative Hermann actions.

First, we consider orbits of commutative Hermann actions. Since all orbits of

Hermann actions satisfy ‘?X t1H ¼ 0 (see [IST1]), we can apply Theorem 1.

Theorem 6. Let ðG;K1;K2Þ be a commutative compact symmetric triad.

For x ¼ exp H ðH A aÞ, the orbit K2 � p1ðxÞ is biharmonic in N1 if and only

if X
l ASþnSH

mðlÞhdL�1x ðt1HÞp1ðxÞ; lið1� ðcothl;HiÞ2Þl

þ
X

a AW þnWH

nðaÞhdL�1x ðt1HÞp1ðxÞ; aið1� ðtanha;HiÞ2Þa ¼ 0 ð10Þ

holds.

Proof. The curvature tensor Rh;i of the Riemannian symmetric space

ðN1; h ; iÞ is given by

Rh;iðdLxðX Þ; dLxðY ÞÞdLxðZÞ ¼ �dLx½½X ;Y �;Z� ðX ;Y ;Z A m1Þ:
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Since dL�1x ðt1HÞp1ðxÞ A a, we have

� for l A SþnSH , 1a iamðlÞ,

Rh;iððt1HÞp1ðxÞ; dLxðTl; iÞÞdLxðTl; iÞ ¼ �dLx½½dL�1x ðt1HÞp1ðxÞ;Tl; i�;Tl; i�

¼ hdL�1x ðt1HÞp1ðxÞ; lidLx½Sl; i;Tl; i�

¼ hdL�1x ðt1HÞp1ðxÞ; lidLxðlÞ;

� for a A W þnWH , 1a jamðaÞ,

Rh;iððt1HÞp1ðxÞ; dLxðYa; jÞÞdLxðYa; jÞ ¼ hdL�1x ðt1HÞp1ðxÞ; aidLxðaÞ;

� for X A Vðm1 \ k2Þ,

Rh;iððt1HÞp1ðxÞ; dLxðX ÞÞdLxðX Þ ¼ 0:

Since dL�1x ðt1HÞp1ðxÞ is in a, by Theorem 3, we have

� for l A SþnSH , 1a iamðlÞ,

Aðt1
H
Þp1ðxÞ

dLxðTl; iÞ ¼ �hdL�1x ðt1HÞp1ðxÞ; liðcothl;HiÞdLxðTl; iÞ;

B1
HðAðt1H Þp1ðxÞ dLxðTl; iÞ; dLxðTl; iÞÞ

¼ �hdL�1x ðt1HÞp1ðxÞ; liðcothl;HiÞB1
HðdLxðTl; iÞ; dLxðTl; iÞÞ

¼ hdL�1x ðt1HÞp1ðxÞ; liðcothl;HiÞ2dLxðlÞ;

� for a A W þnWH , 1a ja nðaÞ,

B1
HðAðt1H Þp1ðxÞ dLxðYa; jÞ; dLxðYa; jÞÞ

¼ �hdL�1x ðt1HÞp1ðxÞ; aiðtanha;HiÞB1
HðdLxðYa; jÞ; dLxðYa; jÞÞ

¼ hdL�1x ðt1HÞp1ðxÞ; aiðtanha;HiÞ2dLxðaÞ;

� for X A Vðm1 \ k2Þ,

B1
HðAðt1H Þp1ðxÞ dLxðXÞ; dLxðXÞÞ ¼ 0:

Therefore, by Theorem 1, we have the consequence.

Corollary 3. Let ðG;K1;K2Þ be a commutative compact symmetric triad

which satisfies dim a ¼ 1, i.e. ~SS � fa; 2ag. For x ¼ exp H ðH A aÞ, suppose

that the orbit K2 � p1ðxÞ is a regular orbit. Then K2 � p1ðxÞ is biharmonic in N1

if and only if
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hdL�1x ðt1HÞp1ðxÞ; aiðmðaÞf1� ðcotha;HiÞ2g þ 4mð2aÞf1� ðcoth2a;HiÞ2g

þ nðaÞf1� ðtanha;HiÞ2g þ 4nð2aÞf1� ðtanh2a;HiÞ2gÞ ¼ 0

holds. Here, for l A a, if l B S (resp. l B W), then mðlÞ ¼ 0 (resp. nðlÞ ¼ 0).

4.2. Characterization of biharmonic orbits of ðK2 � K1Þ-actions. Next, we

consider orbits of the ðK2 � K1Þ-action on G. By Proposition 2, we can

apply Theorem 1.

Theorem 7. Let ðG;K1;K2Þ be a commutative compact symmetric triad.

For x ¼ exp H ðH A aÞ, the orbit ðK2 � K1Þ � x is biharmonic in G if and only if

X
l ASþnSH

mðlÞhdL�1x ðtHÞx; li
3

2
� ðcothl;HiÞ2

� �
l

þ
X

a AW þnWH

nðaÞhdL�1x ðtHÞx; ai
3

2
� ðtanha;HiÞ2

� �
a

þ
X
m ASþ

H

mðmÞhdL�1x ðtHÞx; mimþ
X

b AW þ
H

nðbÞhdL�1x ðtHÞx; bib ¼ 0

holds.

Proof. Since ðG; h ; iÞ is a Riemannian symmetric space, the curvature

tensor Rh;i of ðG; h ; iÞ is given by

Rh;iðdLxðXÞ; dLxðYÞÞdLxðZÞ ¼ �dLx½½X ;Y �;Z� ðX ;Y ;Z A gÞ:

Hence, we have
� for l A SþnSH , 1a iamðlÞ,

Rh;iððtHÞx; dLxðTl; iÞÞdLxðTl; iÞ ¼ hdL�1x ðtHÞx; lidLxðlÞ;

� for l A Sþ, 1a iamðlÞ,

Rh;iððtHÞx; dLxðSl; iÞÞdLxðSl; iÞ ¼ hdL�1x ðtHÞx; lidLxðlÞ;

� for a A W þnWH , 1a ja nðaÞ,

Rh;iððtHÞx; dLxðYa; jÞÞdLxðYa; jÞ ¼ hdL�1x ðtHÞx; aidLxðaÞ;

� for a A W þ, 1a ja nðaÞ,

Rh;iððtHÞx; dLxðXa; jÞÞdLxðXa; jÞ ¼ hdL�1x ðtHÞx; aidLxðaÞ;

� for X A k0 lVðk1 \m2ÞlVðm1 \ k2Þ,

Rh;iððtHÞx; dLxðX ÞÞdLxðX Þ ¼ 0:
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On the other hand, for each l A SþnSH , 1a iamðlÞ and X A AdðxÞ�1ðk2Þ þ
k1, by Theorem 5, we have

hAðtH Þx dLxðTl; iÞ; dLxðX Þi

¼ hBHðdLxðTl; iÞ; dLxðX ÞÞ; ðtHÞxi

¼

0 ðX A k0 lVðm1 \ k2ÞÞ
� 1

2 hdLx½X ;Tl; i�?; ðtHÞxi ðX A Vðk1 \m2Þl
P

m ASþ km

l
P

a AW þ V?a ðk1 \m2ÞÞ
cothm;HihdLx½Tl; i;Sm; j �?; ðtHÞxi ðX ¼ Tm; j for m A SþnSH ;

1a jamðlÞÞ
�tanha;HihdLx½Tl; i;Xa; j�?; ðtHÞxi ðX ¼ Ya; j for a A W þnWH ;

1a ja nðaÞÞ

8>>>>>>>>>><
>>>>>>>>>>:

¼
� 1

2 hdL
�1
x ðtHÞx; li ðX ¼ Sl; iÞ

�cothl;HihdL�1x ðtHÞx; li ðX ¼ Tl; iÞ
0 ðif hX ;Sl; ii ¼ hX ;Tl; ii ¼ 0Þ:

8><
>:

Thus, we have

AðtH Þx dLxðTl; iÞ ¼ �
1

2
hdL�1x ðtHÞx; lidLxSl; i � cothl;HihdL�1x ðtHÞx; lidLxTl; i:

Therefore, we obtain

BHðAðtH Þx dLxðTl; iÞ; dLxðTl; iÞÞ

¼ � 1

2
hdL�1x ðtHÞx; liBHðdLxðSl; iÞ; dLxðTl; iÞÞ

� hdL�1x ðtHÞx; li cotðhl;HiÞBHðdLxðTl; iÞ; dLxðTl; iÞÞ

¼ hdL�1x ðtHÞx; li
1

4
þ ðcothl;HiÞ2

� �
dLxðlÞ

for l A SþnSH , 1a iamðlÞ. Similarly, we have
� for l A SþnSH , 1a iamðlÞ,

BHðAðtH Þx dLxðSl; iÞ; dLxðSl; iÞÞ

¼ � 1

2
hdL�1x ðtHÞx; liBHðdLxðTl; iÞ; dLxðSl; iÞÞ

¼ 1

4
hdL�1x ðtHÞx; lidLxðlÞ;
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� for a A W þnWH , 1a ja nðaÞ,

BHðAðtH Þx dLxðYa; jÞ; dLxðYa; jÞÞ

¼ � 1

2
hdL�1x ðtHÞx; aiBHðdLxðXa; jÞ; dLxðYa; jÞÞ

þ hdL�1x ðtHÞx; ai tanðha;HiÞBHðdLxðYa; jÞ; dLxðYa; jÞÞ

¼ hdL�1x ðtHÞx; ai
1

4
þ ðtanha;HiÞ2

� �
dLxðaÞ;

� for a A W þnWH , 1a ja nðaÞ,

BHðAðtH Þx dLxðXa; jÞ; dLxðXa; jÞÞ

¼ � 1

2
hdL�1x ðtHÞx; aiBHðdLxðYa; jÞ; dLxðXa; jÞÞ

¼ 1

4
hdL�1x ðtHÞx; aidLxðaÞ;

� for X A k0lVðk1\m2ÞlVðm1 \ k2Þl
P

l ASþ
H
kll

P
a AW þ

H
V?a ðk1\m2Þ,

BHðAðtH Þx dLxðXÞ; dLxðXÞÞ ¼ 0:

Therefore, by Theorem 1, we have the consequence.

When dim a ¼ 1, we have the following corollary.

Corollary 4. Let ðG;K1;K2Þ be a commutative compact symmetric triad

which satisfies dim a ¼ 1, i.e. ~SS � fa; 2ag. For x ¼ exp H ðH A aÞ, suppose

that ðK2 � K1Þ � x is a regular orbit. Then the orbit ðK2 � K1Þ � x is biharmonic

in G if and only if

hdL�1x ðtHÞx; ai
�
mðaÞ 3

2
� ðcotha;HiÞ2

� �
þ 4mð2aÞ 3

2
� ðcoth2a;HiÞ2

� �

þ nðaÞ 3

2
� ðtanha;HiÞ2

� �
þ 4nð2aÞ 3

2
� ðtanh2a;HiÞ2

� ��
¼ 0

holds. Here, for l A a, if l B S (resp. l B W), then mðlÞ ¼ 0 (resp. nðlÞ ¼ 0).

5. Biharmonic homogeneous submanifolds in compact symmetric spaces

In the previous section, we characterized the biharmonic property of orbits

of commutative Hermann actions and the actions of the direct product of

two symmetric subgroups on compact Lie groups in terms of symmetric triad

68 Shinji Ohno, Takashi Sakai and Hajime Urakawa



with multiplicities. In this section, we study proper biharmonic orbits of com-

mutative Hermann actions by using Theorems 4 and 6. In [OSU], we clas-

sified proper biharmonic hypersurfaces in irreducible compact symmetric spaces

which are orbits of commutative Hermann actions. In order to obtain proper

biharmonic orbits of higher codimension, we have to consider the cases of

dim ab 2. Here we determine the biharmonic properties of singular orbits of

commutative Hermann actions in the cases of dim a ¼ 2. Then all cohomo-

geneity two isotropy actions and commutative Hermann actions satisfying the

condition (A), (B), or (C) in Theorem 2 are classified as follows:

Cases of y1 ¼ y2 (isotropy actions). Since K1 ¼ K2, we show the list of

irreducible symmetric pairs of compact type of rank two.
� Type A2

– ðSUð3Þ; SOð3ÞÞ,
– ðSUð3Þ � SUð3Þ; SUð3ÞÞ,
– ðSUð6Þ; Spð3ÞÞ,
– ðE6;F4Þ,

� Type B2

– ðSOð5Þ � SOð5Þ; SOð5ÞÞ,
– ðSOð4þ nÞ; SOð2Þ � SOð2þ nÞÞ,

� Type C2

– ðSpð2Þ;Uð2ÞÞ,
– ðSpð2Þ � Spð2Þ; Spð2ÞÞ,
– ðSpð4Þ; Spð2Þ � Spð2ÞÞ,
– ðSUð4Þ; SðUð2Þ �Uð2ÞÞÞ,
– ðSOð8Þ;Uð4ÞÞ,

� Type BC2

– ðSUð4þ nÞ; SðUð2Þ �Uð2þ nÞÞÞ,
– ðSOð10Þ;Uð5ÞÞ,
– ðSpð4þ nÞ; Spð2Þ � Spð2þ nÞÞ,
– ðE6;T

1 � Spinð10ÞÞ,
� Type G2

– ðG2; SOð4ÞÞ,
– ðG2 � G2;G2Þ,

Cases of y1 S y2. The following classification is due to O. Ikawa [I2].
� Type I-B2

– ðSOð2þ sþ tÞ; SOð2þ sÞ � SOðtÞ; SOð2Þ � SOðsþ tÞÞ ð2 < t; 1a sÞ,
– ðSOð6Þ � SOð6Þ;DðSOð6Þ � SOð6ÞÞ;K2Þ (condition (C)).

Here K2 ¼ fðu1; u2Þ A SOð6Þ � SOð6Þ j ðsðu2Þ; sðu1ÞÞ ¼ ðu1; u2Þg and

s is an involutive outer automorphism on SOð6Þ. Then ðGsÞ0 G
SOð3Þ � SOð3Þ or SOð5Þ.
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� Type I-C2

– ðSOð8Þ; SOð4Þ � SOð4Þ;Uð4ÞÞ,
– ðSUð4Þ; SOð4Þ; SðUð2Þ �Uð2ÞÞÞ,
– ðSUð4Þ � SUð4Þ;DðSUð4Þ � SUð4ÞÞ;K2Þ (condition (C)).

Here K2 ¼ fðu1; u2Þ A SUð4Þ � SUð4Þ j ðsðu2Þ; sðu1ÞÞ ¼ ðu1; u2Þg and

s is an involutive outer automorphism on SUð4Þ. Then ðGsÞ0 G
SOð4Þ.

– ðSUð4Þ � SUð4Þ;DðSUð4Þ � SUð4ÞÞ;K2Þ (condition (C)).

Here K2 ¼ fðu1; u2Þ A SUð4Þ � SUð4Þ j ðsðu2Þ; sðu1ÞÞ ¼ ðu1; u2Þg and

s is an involutive outer automorphism on SUð4Þ. Then ðGsÞ0 G
Spð2Þ.

� Type I-BC2-A
2
1

– ðSUð2þ sþ tÞ; SðUð2þ sÞ �UðtÞÞ; SðUð2Þ �Uðsþ tÞÞÞ ð2 < t; 1a sÞ,
– ðSpð2þ sþ tÞ; Spð2þ sÞ � SpðtÞ; Spð2Þ � Spðsþ tÞÞ ð2 < t; 1a sÞ,
– ðSOð12Þ;Uð6Þ;Uð6Þ0Þ. Here, we define Uð6Þ0 ¼ fg A SOð12Þ j

JgJ�1 ¼ gg, where

J ¼

I5
�1

�I5
1

2
66664

3
77775

and Il denotes the identity matrix of l � l.
� Type I-BC2-B2

– ðSOð4þ 2sÞ; SOð4Þ � SOð2sÞ;Uð2þ sÞÞ ð2 < sÞ;
– ðE6; SUð6Þ � SUð2Þ; SOð10Þ �Uð1ÞÞ,
– ðE7; SOð12Þ � SUð2Þ;E6 �Uð1ÞÞ,

� Type II-BC2

– ðSUð2þ sÞ; SOð2þ sÞ; SðUð2Þ �UðsÞÞÞ ð2 < sÞ,
– ðSOð10Þ; SOð5Þ � SOð5Þ;Uð5ÞÞ,
– ðE6; Spð4Þ; SOð10Þ �Uð1ÞÞ,
– ðSUð5Þ � SUð5Þ;DðSUð5Þ � SUð5ÞÞ;K2Þ (condition (C)).

Here K2 ¼ fðu1; u2Þ A SUð5Þ � SUð5Þ j ðsðu2Þ; sðu1ÞÞ ¼ ðu1; u2Þg and

s is an involutive outer automorphism on SUð5Þ. Then ðGsÞ0 G
SOð5Þ.

� Type III-A2

– ðSUð6Þ; Spð3Þ; SOð6ÞÞ,
– ðE6; Spð4Þ;F4Þ,
– ðU �U ;DðU �UÞ;K � KÞ (condition (B)).

Here ðU ;KÞ is a compact symmetric pair of type A2.
� Type III-B2
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– ðU �U ;DðU �UÞ;K � KÞ (condition (B)).

Here ðU ;KÞ is a compact symmetric pair of type B2.
� Type III-C2

– ðSUð8Þ; SðUð4Þ �Uð4ÞÞ; Spð4ÞÞ,
– ðSpð4Þ;Uð4Þ; Spð2Þ � Spð2ÞÞ,
– ðU �U ;DðU �UÞ;K � KÞ (condition (B)).

Here ðU ;KÞ is a compact symmetric pair of type C2.
� Type III-BC2

– ðSUð4þ 2sÞ; SðUð4Þ �Uð2sÞÞ; Spð2þ sÞÞ ð2 < sÞ,
– ðSUð10Þ; SðUð5Þ �Uð5ÞÞ; Spð5ÞÞ,
– ðSpð2þ sÞ;Uð2þ sÞ; Spð2Þ � SpðsÞÞ ð2 < sÞ,
– ðU �U ;DðU �UÞ;K � KÞ (condition (B)).

Here ðU ;KÞ is a compact symmetric pair of type BC2.
� Type III-G2

– ðU �U ;DðU �UÞ;K � KÞ (condition (B)).

Here ðU ;KÞ is a compact symmetric pair of type G2.

In the following, we consider the biharmonic properties of singular orbits

of Hermann actions for each compact symmetric triad in the above list. For

H A a, we set x ¼ expðHÞ and consider the orbit K2 � p1ðxÞ of the K2-action on

N1 through p1ðxÞ. For simplicity, we denote the tension field dL�1x ðt1HÞp1ðxÞ by
tH . According to the classification of types of symmetric triads, we examine

biharmonic property of orbits individually. Hereafter, we assume that N1 and

N2 are simply-connected.

Cases of y1 @ y2. First, we examine isotropy actions of compact symmetric

spaces. When y1 @ y2, Hermann actions are orbit equivalent to isotropy

actions of compact symmetric spaces. We set a basis fHaga AP of a as

follows;

hHa; bi ¼ 0 ða0 b; a; b A PÞ; hHa; di ¼ p;

where d is the highest root of S. Then we have

P0 ¼
X
a AP

taHa

���� ta > 0 ða A PÞ;
X
a AP

ta < 1

( )
:

From (6) and (7), the orbit space of an isotropy action is described as P0 ¼S
D�P[fdg P

D
0 : Since dim a ¼ 2, P ¼ fa1; a2g and P0 is a triangle region in a.

We apply Theorem 6 to the following three cases;

(1) H A P
fa1; dg
0 ¼ ftHa1 j 0 < t < 1g,

(2) H A P
fa2; dg
0 ¼ ftHa2 j 0 < t < 1g,

(3) H A P
fa1;a2g
0 ¼ ftHa1 þ ð1� tÞHa2 j 0 < t < 1g.
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These three cases correspond to three edges of P0. In these cases, we can solve

the equation (10) in Theorem 6 concretely in most cases. In the following, we

compute the equation (10) in Theorem 6 for each root type.

5.1. Type A2. We set

a ¼ fx1e1 þ x2e2 þ x3e3 j x1 þ x3 þ x3 ¼ 0g:

Then, we have

Sþ ¼ fa1 ¼ e1 � e2; a2 ¼ e2 � e3; a1 þ a2g; W þ ¼q;

m ¼ mðaÞ ða A SÞ:

(1) When H A P
fa1; dg
0 ¼ ftHa1 j 0 < t < 1g, we have SþH ¼ fa2g. Hence

we obtain

tH ¼ m cotha1;Hia1 þm cotha1 þ a2;Hiða1 þ a2Þ ¼ m cotha1;Hið2a1 þ a2Þ:

Thus the orbit K2 � p1ðxÞ is harmonic if and only if ha1;Hi ¼ p=2. By

Theorem 6, the orbit K2 � p1ðxÞ is biharmonic if and only if

0 ¼ mhtH ; a1ið1� ðcotha1;HiÞ2Þa1

þmhtH ; a1 þ a2ið1� ðcotha1 þ a2;HiÞ2Þða1 þ a2Þ

¼ mhtH ; a1ið1� ðcotha1;HiÞ2Þð2a1 þ a2Þ:

Thus we have tH ¼ 0 or ha1;Hi ¼ ð1=4Þp, ð3=4Þp: Therefore, the orbit

K2 � p1ðxÞ is proper biharmonic if and only if ha1;Hi ¼ ð1=4Þp or ð3=4Þp:
In this case, there exist exactly two proper biharmonic orbits. By the same

argument, we have the followings:

(2) The orbit K2 � p1ðxÞ is proper biharmonic if and only if ha2;Hi ¼
ð1=4Þp, ð3=4Þp for H ¼ tHa2 ð0 < t < 1Þ:

(3) The orbit K2 � p1ðxÞ is proper biharmonic if and only if ha1;Hi ¼
ð1=4Þp, ð3=4Þp for H ¼ tHa1 þ ð1� tÞHa2 ð0 < t < 1Þ:

5.2. Type B2 and C2. We set

Sþ ¼ fa1 ¼ e1 � e2; a2 ¼ e2; a1 þ a2; a1 þ 2a2g; W þ ¼q;

d ¼ a1 þ 2a2 ¼ e1 þ e2;

and

m1 ¼ mðe1Þ; m2 ¼ mðe1 � e2Þ:
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(1) When H A P
fa1; dg
0 ¼ ftHa1 j 0 < t < 1g, we have SþH ¼ fe2g. By

Theorem 4, we have

tH ¼ �m2 cotha1;Hia1 �m1 cotha1 þ a2;Hiða1 þ a2Þ

�m2 cotha1 þ 2a2;Hiða1 þ 2a2Þ

¼ �ð2m2 þm1Þ cotha1;Hiða1 þ a2Þ:

Hence, tH ¼ 0 if and only if ha1;Hi ¼ p=2. By Theorem 6, K2 � p1ðxÞ is

biharmonic if and only if

0 ¼ m2htH ; a1ið1� ðcotha1;HiÞ2Þa1

þm1htH ; a1 þ a2ið1� ðcotha1;HiÞ2Þða1 þ a2Þ

þm2htH ; a1 þ 2a2ið1� ðcotha1;HiÞ2Þða1 þ 2a2Þ

¼ htH ; a1ið2m2 þm1Þð1� ðcotha1;HiÞ2Þða1 þ a2Þ:

Therefore, the orbit K2 � p1ðxÞ is biharmonic if and only if tH ¼ 0 or ha1;Hi ¼
p=4, ð3=4Þp. In particular, K2 � p1ðxÞ is proper biharmonic if and only if

ha1;Hi ¼ p=4 or ð3=4Þp. In this case, there exist exactly two proper bihar-

monic orbits.

(2) When H A P
fa2; dg
0 ¼ ftHa2 j 0 < t < 1g, we have SþH ¼ fe1 � e2g. By

Theorem 4, we have

tH ¼ �m1 cotha2;Hia2 �m1 cotha1 þ a2;Hiða1 þ a2Þ

�m2 cotha1 þ 2a2;Hiða1 þ 2a2Þ

¼ � 1

2
fð2m1 þm2Þ cotha2;Hi�m2 tanha2;Higða1 þ 2a2Þ:

Hence, tH ¼ 0 if and only if

ðcotha2;HiÞ2 ¼ m2

2m1 þm2
:

By Theorem 6, the orbit K2 � p1ðxÞ is biharmonic if and only if

0 ¼ m1htH ; a2ið1� ðcotha2;HiÞ2Þa2

þm1htH ; a1 þ a2ið1� ðcotha2;HiÞ2Þða1 þ a2Þ

þm2htH ; a1 þ 2a2ið1� ðcoth2a2;HiÞ2Þða1 þ 2a2Þ

¼ 1

2
htH ; a2ifð2m1 þm2Þð1� ðcotha2;HiÞ2Þ

þm2ð1� ðtanha2;HiÞ2Þ þ 4m2gða1 þ 2a2Þ:
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Therefore, the orbit K2 � p1ðxÞ is biharmonic if and only if tH ¼ 0 or

ð2m1 þm2Þð1� ðcotha2;HiÞ2Þ þm2ð1� ðtanha2;HiÞ2Þ þ 4m2 ¼ 0

holds. The last equation is equivalent to

ðð2m1 þm2Þðcotha2;HiÞ2 �m2Þððcotha2;HiÞ2 � 1Þ ¼ 4m2ðcotha2;HiÞ2:

Since m2 > 0, the solutions of the equation are not harmonic. Hence the orbit

K2 � p1ðxÞ is proper biharmonic if and only if

ðcotha2;HiÞ2 ¼
m1 þ 3m2 G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

1 þ 4m1m2 þ 8m2
2

q
2m1 þm2

:

In this case, there exist exactly two proper biharmonic orbits.

(3) When H A P
fa1;a2g
0 ¼ ftHa1 þ ð1� tÞHa2 j 0 < t < 1g, we have SþH ¼

fe1 þ e2g and ha2;Hi ¼ ðp=2Þ � ha1;Hi=2. By Theorem 4, we have

tH ¼ �m2 cotha1;Hia1 �m1 cotha2;Hia2 �m1 cotha1 þ a2;Hiða1 þ a2Þ

¼ 1

2
�m2 cot

ha1;Hi

2

� �
þ ð2m1 þm2Þ tan

ha1;Hi

2

� �� �
a1:

Hence, tH ¼ 0 if and only if

cot
ha1;Hi

2

� �2
¼ 2m1 þm2

m2
:

By Theorem 6, the orbit K2 � p1ðxÞ is biharmonic if and only if

0 ¼ m2htH ; a1ið1� ðcotha1;HiÞ2Þa1 þm1htH ; a2ið1� ðcotha2;HiÞ2Þa2

þm1htH ; a1 þ a2ið1� ðcotha1 þ a2;HiÞ2Þða1 þ a2Þ

¼ 1

4
htH ; a1i

(
4m2 þm2 1� cot

ha1;Hi

2

� �2 !

þ ð2m1 þm2Þ 1� tan
ha1;Hi

2

� �2 !)
a1:

Therefore, the orbit K2 � p1ðxÞ is biharmonic if and only if tH ¼ 0 or

4m2 þm2 1� cot
ha1;Hi

2

� �2 !
þ ð2m1 þm2Þ 1� tan

ha1;Hi

2

� �2 !
¼ 0
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holds. The last equation is equivalent to

m2 cot
ha1;Hi

2

� �2
� ð2m1þm2Þ

 !
cot

ha1;Hi

2

� �2
� 1

 !
¼ 4m2 cot

ha1;Hi

2

� �2
:

Since m2 > 0, the solutions of the equation are not harmonic. Hence the orbit

K2 � p1ðxÞ is proper biharmonic if and only if

cot
ha1;Hi

2

� �2
¼

m1 þ 3m2 G
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

1 þ 4m1m2 þ 8m2
2

q
m2

holds. In this case, there exist exactly two proper biharmonic orbits.

5.3. Type BC2. We set

Sþ ¼ fa1 ¼ e1 � e2; a2 ¼ e2; a1 þ a2; a1 þ 2a2; 2a2; 2a1 þ 2a2g;

Wþ ¼q; d ¼ 2a1 þ 2a2;

and

m1 ¼ mðe1Þ; m2 ¼ mðe1 � e2Þ; m3 ¼ mð2e1Þ:

(1) When H A P
fa1; dg
0 ¼ ftHa1 j 0 < t < 1g, we have SþH ¼ fe2; 2e2g. By

Theorem 4, we have

tH ¼ f�ðm1 þ 2m2 þm3Þ cotha1;Hiþm3 tanha1;Higða1 þ a2Þ:

Hence, tH ¼ 0 if and only if

ðcotha1;HiÞ2 ¼ m3

m1 þ 2m2 þm3

holds. By Theorem 6, K2 � p1ðxÞ is biharmonic if and only if

0 ¼ htH ; a1ifð2m2 þm1 þm3Þð1� ðcotha1;HiÞ2Þ

þm3ð1� ðtanha1;HiÞ2Þ þ 4m3gða1 þ a2Þ:

Therefore, the orbit K2 � p1ðxÞ is biharmonic if and only if tH ¼ 0 or

ð2m2 þm1 þm3Þð1� ðcotha1;HiÞ2Þ þm3ð1� ðtanha1;HiÞ2Þ þ 4m3 ¼ 0

holds. The last equation is equivalent to

ðð2m2 þm1 þm3Þðcotha1;HiÞ2 �m3Þððcotha1;HiÞ2 � 1Þ ¼ 4m3ðcotha1;HiÞ2:

Since m3 > 0, the solutions of the equation are not harmonic. Hence the orbit

K2 � p1ðxÞ is proper biharmonic if and only if

75Biharmonic homogeneous submanifolds



ðcotha1;HiÞ2

¼
m1 þ 2m2 þ 6m3 G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm1 þ 2m2 þ 6m3Þ2 � 4ðm1 þ 2m2 þm3Þm3

q
2ðm1 þ 2m2 þm3Þ

:

In this case, there exist exactly two proper biharmonic orbits.

(2) When H A P
fa2; dg
0 ¼ ftHa2 j 0 < t < 1g, we have SþH ¼ fe1 � e2g. By

Theorem 4, we have

tH ¼ �
1

2
fð2m1 þm2 þ 2m3Þ cotha2;Hi� ðm2 þ 2m3Þ tanha2;Higða1 þ 2a2Þ:

Hence, tH ¼ 0 if and only if

ðcotha2;HiÞ2 ¼ m2 þ 2m3

2m1 þm2 þ 2m3
:

By Theorem 6, the orbit K2 � p1ðxÞ is biharmonic if and only if

0 ¼ 1

2
htH ; a2ifð2m1 þm2 þ 2m3Þð1� ðcotha2;HiÞ2Þ

þ ðm2 þ 2m3Þð1� ðtanha2;HiÞ2Þ þ 4ðm2 þ 2m3Þgða1 þ 2a2Þ:

Therefore, the orbit K2 � p1ðxÞ is biharmonic if and only if tH ¼ 0 or

ð2m1 þm2 þ 2m3Þð1� ðcotha2;HiÞ2Þ

þ ðm2 þ 2m3Þð1� ðtanha2;HiÞ2Þ þ 4ðm2 þ 2m3Þ ¼ 0

holds. The last equation is equivalent to

ðð2m1 þm2 þ 2m3Þðcotha2;HiÞ2 � ðm2 þ 2m3ÞÞððcotha2;HiÞ2 � 1Þ

¼ 4ðm2 þ 2m3Þðcotha2;HiÞ2:

Since m2 þ 2m3 > 0, the solutions of the equation are not harmonic. Hence

the orbit K2 � p1ðxÞ is proper biharmonic if and only if

ðcotha2;HiÞ2 ¼
m1 þ 3ðm2 þ 2m3ÞG

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

1 þ 4m1ðm2 þ 2m3Þ þ 8ðm2 þ 2m3Þ2
q
2m1 þm2 þ 2m3

:

In this case, there exist exactly two proper biharmonic orbits.

(3) When H A P
fa1;a2g
0 ¼ ftHa1 þ ð1� tÞHa2 j 0 < t < 1g, we have SþH ¼

f2e1g and ha2;Hi ¼ ðp=2Þ � ha1;Hi. By Theorem 4, we have

tH ¼ �ðm1 þm3Þ tanha1;Hia2 þ ð2m2 þm3Þ cotha1;Hia2:
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Hence, tH ¼ 0 if and only if

ðcotha1;HiÞ2 ¼ m1 þm3

2m2 þm3
:

By Theorem 6, the orbit K2 � p1ðxÞ is biharmonic if and only if

0 ¼ �htH ; a1ifðm3 þ 2m2Þð1� ðcotha1;HiÞ2Þ

þ ðm1 þm3Þð1� ðtanha1;HiÞ2Þ þ 4m3ga2:

Therefore, the orbit K2 � p1ðxÞ is biharmonic if and only if tH ¼ 0 or

ðm3 þ 2m2Þð1� ðcotha1;HiÞ2Þ þ ðm1 þm3Þð1� ðtanha1;HiÞ2Þ þ 4m3 ¼ 0

holds. The last equation is equivalent to

ððm3 þ 2m2Þðcotha1;HiÞ2 � ðm1 þm3ÞÞððcotha1;HiÞ2 � 1Þ ¼ 4m3ðcotha1;HiÞ2:

Since m3 > 0, the solutions of the equation are not harmonic. Hence the orbit

K2 � p1ðxÞ is proper biharmonic if and only if

ðcotha1;HiÞ2 ¼
m1 þ 2m2 þ 6m3 G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm1 � 2m2Þ2 þ 8m3ðm1 þ 2m2 þ 4m3Þ

q
2ð2m2 þm3Þ

holds. In this case, there exist exactly two proper biharmonic orbits.

5.4. Type G2. We set

Sþ ¼ fa1; a2; a1 þ a2; 2a1 þ a2; 3a1 þ a2; 3a1 þ 2a2g; Wþ ¼q;

ha1; a1i ¼ 1; ha1; a2i ¼ �
3

2
; ha2; a2i ¼ 3;

d ¼ 3a1 þ 2a2;

and

m ¼ mða1Þ ¼ mða2Þ:

(1) When H A P
fa1; dg
0 ¼ ftHa1 j 0 < t < 1g, we have SþH ¼ fa2g, Wþ

H ¼q.

By Theorem 4, we have

tH ¼ �m cotha1;Hiþ coth2a1;Hiþ 3
cotha1;Hi coth2a1;Hi� 1

cotha1;Hiþ coth2a1;Hi

� �
ð2a1þ a2Þ:

Thus, tH ¼ 0 if and only if
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0 ¼ cotha1;Hiþ coth2a1;Hiþ 3
cotha1;Hi coth2a1;Hi� 1

cotha1;Hiþ coth2a1;Hi

� �

¼ 1

4
ð15ðcotha1;HiÞ2 � 24þ ðtanha1;HiÞ2Þ:

Since 0 < ha1;Hi < ðp=3Þ, tH ¼ 0 if and only if

ðcotha1;HiÞ2 ¼ 12þ
ffiffiffiffiffiffiffiffi
129
p

15
:

By Theorem 6, the orbit K2 � p1ðxÞ is biharmonic if and only if

0 ¼ mhtH ; a1ifð1� ðcotha1;HiÞ2Þ

þ 2ð1� ðcoth2a1;HiÞ2Þ þ 9ð1� ðcoth3a1;HiÞ2Þgð2a1 þ a2Þ:

Then, we have

ð1� ðcotha1;HiÞ2Þ þ 2ð1� ðcoth2a1;HiÞ2Þ þ 9ð1� ðcoth3a1;HiÞ2Þ

¼ 12�
"
ðcotha1;HiÞ2 þ 2ðcoth2a1;HiÞ2

þ 9
cotha1;Hi coth2a1;Hi� 1

cotha1;Hiþ coth2a1;Hi

� �2#
:

Thus, the orbit K2 � p1ðxÞ is biharmonic if and only if

0 ¼ fðcotha1;HiÞ2 þ 2ðcoth2a1;HiÞ2gðcotha1;Hiþ coth2a1;HiÞ2

þ 9ðcotha1;Hi coth2a1;Hi� 1Þ2 � 12ðcotha1;Hiþ coth2a1;HiÞ2

¼ ðtanha1;HiÞ4

8
f45ðcotha1;HiÞ8 � 378ðcotha1;HiÞ6

þ 318ðcotha1;HiÞ4 � 30ðcotha1;HiÞ2 þ 1g:

We set u ¼ ðcotha1;HiÞ2 and

f ðuÞ ¼ 45u4 � 378u3 þ 318u2 � 30uþ 1:

Then,

df

du
ðuÞ ¼ 180u3 � 1026u2 þ 636u� 30 ¼ 6ðu� 5Þð30u2 � 21uþ 1Þ

¼ 180ðu� 5Þ u� 21þ
ffiffiffiffiffiffiffiffi
321
p

60

 !
u� 21�

ffiffiffiffiffiffiffiffi
321
p

60

 !
:
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Since

f
1

3

� �
¼ 128

9
> 0;

df

du

1

3

� �
¼ 224

3
> 0;

f ð5Þ ¼ �6824 < 0 and f ð7Þ ¼ 6112 > 0;

the equation f ðuÞ ¼ 0 has distinct two solutions for ð1=3Þ < u. Therefore,

there exist 0 < t�; tþ < 1 such that the orbits K2 � p1ðexpðtGHa1ÞÞ are bihar-

monic. Since

f
12þ

ffiffiffiffiffiffiffiffi
129
p

15

 !
0 0;

the orbits K2 � p1ðexpðtGHa1ÞÞ are proper biharmonic. In this case, there exist

exactly two proper biharmonic orbits.

(2) When H A P
fa2; dg
0 ¼ ftHa2 j 0 < t < 1g, we have SþH ¼ fa1g, Wþ

H ¼q.

By Theorem 4, we have

tH ¼ �
1

2
mf5 cotha2;Hi� tanha2;Higð3a1 þ 2a2Þ:

Hence, tH ¼ 0 if and only if

ðcotha2;HiÞ2 ¼ 1

5
:

By Theorem 6, the orbit K2 � p1ðxÞ is biharmonic if and only if

0 ¼ 1

2
mhtH ; a2if5ð1� ðcotha2;HiÞ2Þ þ ð1� ðtanha2;HiÞ2Þ þ 4gð3a1 þ 2a2Þ:

Therefore, the orbit K2 � p1ðxÞ is biharmonic if and only if tH ¼ 0 or

5ð1� ðcotha2;HiÞ2Þ þ ð1� ðtanha2;HiÞ2Þ þ 4 ¼ 0

holds. The last equation is equivalent to

ð5ðcotha2;HiÞ2 � 1Þððcotha2;HiÞ2 � 1Þ ¼ 4ðcotha2;HiÞ2:

Thus, the solutions of the equation are not harmonic. Hence K2 � p1ðxÞ is

proper biharmonic if and only if

ðcotha2;HiÞ2 ¼ 5G 2
ffiffiffi
5
p

5

holds. In this case, there exist exactly two proper biharmonic orbits.

79Biharmonic homogeneous submanifolds



(3) When H A P
fa1;a2g
0 ¼ ftHa1 þ ð1� tÞHa2 j 0 < t < 1g, we have SþH ¼

f3a1 þ 2a2g, W þ
H ¼q. We set Q ¼ ðp=6Þt. Then,

ha1;Hi ¼ 2Q; ha2;Hi ¼ p

2
� 3Q:

By Theorem 4 we have

tH ¼ �mfcotð2QÞ � tan Q� tanð3QÞga1:

Since

tanð3QÞ ¼ cot Qþ cotð2QÞ
cot Q cotð2QÞ � 1

;

tH ¼ 0 if and only if

0 ¼ ðcotð2QÞ � tan QÞðcot Q cotð2QÞ � 1Þ � 3ðcot Qþ cotð2QÞÞ

¼ ðcot QÞ
4 � 24ðcot QÞ2 þ 15

cot Q
:

Since 0 < Q < ðp=6Þ, we have cot Q >
ffiffiffi
3
p

. Hence tH ¼ 0 if and only if

ðcot QÞ2 ¼ 12þ
ffiffiffiffiffiffiffiffi
129
p

:

By Theorem 6, the orbit K2 � p1ðxÞ is biharmonic if and only if

0 ¼ m

2
htH ; a1if2ð1� ðcotð2QÞÞ2Þ þ ð1� ðtan QÞ2Þ þ 9ð1� ðtanð3QÞÞ2Þga1:

Therefore, K2 � p1ðxÞ is biharmonic if and only if tH ¼ 0 or

0 ¼ 2ð1� ðcotð2QÞÞ2Þ þ ð1� ðtan QÞ2Þ þ 9ð1� ðtanð3QÞÞ2Þ

¼ ð12� 2ðcotð2QÞÞ2 � ðtan QÞ2Þ � 9
ðcotð2QÞ þ cot QÞ2

ððcotð2QÞÞðcot QÞ � 1Þ2

holds. Thus K2 � p1ðxÞ is biharmonic if and only if tH ¼ 0 or

0 ¼ f12� 2ðcotð2QÞÞ2 � ðtan QÞ2gððcotð2QÞÞðcot Q� 1Þ2 � 9ðcotð2QÞ þ cot QÞ2

¼ � 1

8
ðtan QÞ2fðcot QÞ8 � 32ðcot QÞ6 þ 330ðcot QÞ4 � 360ðcot QÞ2 þ 45g:

By the same argument as (1) in 5.4, we have that if the orbits K2 � p1ðxÞ is

biharmonic, then it is harmonic.

Cases of y1 S y2. Next, we consider the cases of y1 S y2. Let ðG;K1;K2Þ be
a compact symmetric triad which satisfies the condition (A), (B) or (C) in

80 Shinji Ohno, Takashi Sakai and Hajime Urakawa



Theorem 2. Then the triple ð ~SS;S;WÞ is a symmetric triad of a with

multiplicities. From (4) and (5), the orbit spaces of K2-action on N1 and

K1-action on N2 are described as P0 ¼ fH A a j ha;Hib 0; h~aa;Hia ðp=2Þ
ða A PÞg where ~aa is a unique element in W þ which satisfies aþ l B W for

all l A P. We set a basis fHaga AP of a as follows;

hHa; bi ¼ 0; hHa; ~aai ¼
p

2
ða0 b; a; b A PÞ:

Then we have

P0 ¼
X
a AP

taHa

���� ta > 0 ða A PÞ;
X
a AP

ta < 1

( )
:

We apply Theorem 6 to the following three cases;

(1) H A P
fa1; ~aag
0 ¼ ftHa1 j 0 < t < 1g,

(2) H A P
fa2; ~aag
0 ¼ ftHa2 j 0 < t < 1g,

(3) H A P
fa1;a2g
0 ¼ ftHa1 þ ð1� tÞHa2 j 0 < t < 1g.

In the following, we solve the equation (10) in Theorem 6 for each symmetric

triad with multiplicities which satisfies dim a ¼ 2.

5.5. Type I-B2 and I-BC2-A
2
1 . We set

Sþ ¼ fe1 G e2; e1; e2; 2e1; 2e2g; Wþ ¼ fe1; e2g;

P ¼ fa1 ¼ e1 � e2; a2 ¼ e2g; ~aa ¼ a1 þ a2 ¼ e1

and

m1 ¼ mðe1Þ; m2 ¼ mðe1 þ e2Þ; m3 ¼ mð2e1Þ; n1 ¼ nðe1Þ;

Here m3 ¼ 0 when ð ~SS;S;WÞ is of type I-B2.

(1) When H A P
fa1; ~aag
0 ¼ ftHa1 j 0 < t < 1g, we have SþH ¼ fa2; 2a2g and

Wþ
H ¼q. By Theorem 4, we have

tH ¼ f�ð2m2 þm1 þm3Þ cotha1;Hiþ ðn1 þm3Þ tanha1;Hige1:

Hence we have tH ¼ 0 if and only if

ðcotha1;HiÞ2 ¼ n1 þm3

m1 þ 2m2 þm3
:

By Theorem 6, the orbit K2 � p1ðxÞ is biharmonic if and only if

0 ¼ htH ; a1ifðm1 þ 2m2 þm3Þð1� ðcotha1;HiÞ2Þ þ 4m3

þ ðn1 þm3Þð1� ðtanha1;HiÞ2Þge1:
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Therefore, K2 � p1ðxÞ is biharmonic if and only if tH ¼ 0 or

ðm1 þ 2m2 þm3Þðcotha1;HiÞ4

� fðm1 þ 2m2 þm3Þ þ ðn1 þm3Þ þ 4m3gðcotha1;HiÞ2 þ n1 þm3 ¼ 0 ð11Þ

holds. Let Hþ and H� denote the solutions of the biharmonic equation

(11) such that ðcotha1;H�iÞ2 a ðcotha1;HþiÞ2. Since tH ¼ 0 if and only

if

ðcotha1;HiÞ2 ¼ n1 þm3

m1 þ 2m2 þm3
;

K2 � p1ðxÞ is proper biharmonic if and only if

ðcotha1;HiÞ2

¼
�ðm1þ2m2þ6m3þn1ÞG

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm1þ2m2þ6m3þn1Þ2�4ðm1þ2m2þm3Þðn1þm3Þ
p

2ðm1þ2m2þm3Þ ðm3 > 0Þ

1 ðm3 ¼ 0Þ:

8<
:

Let H0 be a vector in a satisfying tH0
¼ 0 and 0 < ha1;H0i < p=2.

� (I-B2) If m3 ¼ 0, then there exists a unique proper biharmonic orbit.
� (I-BC2-A

2
1) If m3 > 0, then

ha1;H�i < ha1;H0i < ha1;Hþi;

hence there exist exactly two proper biharmonic orbits.

(2) When H A P
fa2; ~aag
0 ¼ ftHa2 j 0 < t < 1g, we have SþH ¼ fa1g, Wþ

H ¼q.

By Theorem 4, we have

tH ¼
1

2
f�ð2m1 þm2 þ 2m3Þ cotha2;Hi

þ ð2n1 þm2 þ 2m3Þ tanha2;Higða1 þ 2a2Þ:

Hence, tH ¼ 0 if and only if

ðcotha2;HiÞ2 ¼ 2n1 þm2 þ 2m3

2m1 þm2 þ 2m3
:

By Theorem 6, the orbit K2 � p1ðxÞ is biharmonic if and only if

0 ¼ htH ; a2ifm1ð1� ðcotha2;HiÞ2Þ þ ð2m2 þ 4m3Þð1� ðcoth2a2;HiÞ2Þ

þ n1ð1� ðtanha2;HiÞ2Þgða1 þ 2a2Þ:
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Therefore, K2 � p1ðxÞ is biharmonic if and only if tH ¼ 0 or

0 ¼ m1ð1� ðcotha2;HiÞ2Þ þ ð2m2 þ 4m3Þð1� ðcoth2a2;HiÞ2Þ

þ n1ð1� ðtanha2;HiÞ2Þ

holds. The last equation is equivalent to

ðð2m1 þm2 þ 2m3Þðcotha2;HiÞ2 � ð2n1 þm2 þ 2m3ÞÞððcotha2;HiÞ2 � 1Þ

¼ ð2m2 þ 4m3Þðcotha2;HiÞ2:

Since 2m2 þ 4m3 > 0, the solutions of the equation are not harmonic. Hence

the orbit K2 � p1ðxÞ is proper biharmonic if and only if

ðcotha2;HiÞ2 ¼
l1 þ l2 þ 2m2 þ 4m3 G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl1 þ l2 þ 2m2 þ 4m3Þ2 � 4l1l2

q
2l1

holds, where l1 ¼ 2m1 þm2 þ 2m3 and l2 ¼ 2n1 þm2 þ 2m3. In this case, there

exist exactly two proper biharmonic orbits.

(3) When H A P
fa1;a2g
0 ¼ ftHa1 þ ð1� tÞHa2 j 0 < t < 1g, we have SþH ¼

f2a2 þ 2a2g, Wþ
H ¼ fa1 þ a2g. We set Q ¼ ha1;Hi. Then, ha2;Hi ¼

ðp=2Þ � Q. By Theorem 4, we have

tH ¼ fð2m2 þm3 þ n1Þ cot Q� ðm1 þm3Þ tan Qga2:

Hence, tH ¼ 0 if and only if

ðcot QÞ2 ¼ m1 þm3

2m2 þm3 þ n1
:

By Theorem 6, the orbit K2 � p1ðxÞ is biharmonic if and only if

0 ¼ �htH ; a1ifð2m2 þ n1 þm3Þð1� ðcot QÞ2Þ

þ ðm1 þm3Þð1� ðtan QÞ2Þ þ 4m3ga2:

Therefore, K2 � p1ðxÞ is biharmonic if and only if tH ¼ 0 or

0 ¼ fð2m2 þ n1 þm3Þð1� ðcot QÞ2Þ þ ðm1 þm3Þð1� ðtan QÞ2Þ þ 4m3g

holds. The last equation is equivalent to

ðð2m2 þm3 þ n1Þðcot QÞ2 � ðm1 þm3ÞÞððcot QÞ2 � 1Þ ¼ 4m3ðcot QÞ2:
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Since m3 > 0, the solutions of the equation are not harmonic. Hence the orbit

K2 � p1ðxÞ is proper biharmonic if and only if

ðcot QÞ2 ¼
l1 þ l2 þ 4m3 G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl1 þ l2 þ 4m3Þ2 � 4l1l2

q
2l1

holds, where l1 ¼ 2m2 þm3 þ n1 and l2 ¼ m1 þm3. In this case, there exist

exactly two proper biharmonic orbits.

5.6. Type I-C2. We set

Sþ ¼ fe1 G e2; 2e1; 2e2g; W þ ¼ fe1 � e2; e1 þ e2g;

P ¼ fa1 ¼ e1 � e2; a2 ¼ 2e2g; ~aa ¼ a1 þ a2 ¼ e1 þ e2;

and m1 ¼ mðe1 þ e2Þ, m2 ¼ mð2e1Þ, n1 ¼ nðe1 þ e2Þ. In this case, we have the

same results as cases of Type I-B2.

5.7. Type I-BC2-B2. We set

Sþ ¼ fe1 G e2; e1; e2; 2e1; 2e2g; W þ ¼ fe1 G e2; e1; e2g;

P ¼ fa1 ¼ e1 � e2; a2 ¼ e2g; ~aa ¼ a1 þ 2a2 ¼ e1 þ e2

and

m1 ¼ mðe1Þ; m2 ¼ mðe1 þ e2Þ; m3 ¼ mð2e1Þ;

n1 ¼ nðe1Þ; n2 ¼ nðe1 þ e2Þ:

Since e1 A S \W , e1 � e2 A W and 2he1; e1 � e2i=he1 � e2; e1 � e2i is odd, by

definition of multiplicities, we have m1 ¼ mðe1Þ ¼ nðe1Þ ¼ n1.

(1) When H A P
fa1; ~aag
0 ¼ ftHa1 j 0 < t < 1g, we have SþH ¼ fa2; 2a2g,

Wþ
H ¼q. By Theorem 4, we have

tH ¼ f�ðm1 þ 2m2 þm3Þ cotha1;Hiþ ðm1 þ 2n2 þm3Þ tanha1;Hige1:

Hence we have tH ¼ 0 if and only if

ðcotha1;HiÞ2 ¼ m1 þ 2n2 þm3

m1 þ 2m2 þm3
:

By Theorem 6, the orbit K2 � p1ðxÞ is biharmonic if and only if

0 ¼ htH ; a1ifðm1 þ 2m2 þm3Þð1� ðcotha1;HiÞ2Þ

þ ðm1 þ 2n2 þm3Þð1� ðtanha1;HiÞ2Þ þ 4m3gða1 þ a2Þ:
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Therefore, K2 � p1ðxÞ is biharmonic if and only if tH ¼ 0 or

0 ¼ ðm1 þ 2m2 þm3Þð1� ðcotha1;HiÞ2Þ

þ ðm1 þ 2n2 þm3Þð1� ðtanha1;HiÞ2Þ þ 4m3

holds. The last equation is equivalent to

ððm1 þ 2m2 þm3Þðcotha2;HiÞ2 � ðm1 þ 2n2 þm3ÞÞððcotha2;HiÞ2 � 1Þ

¼ 4m3ðcotha2;HiÞ2:

Since m3 > 0, the solutions of the equation are not harmonic. Hence the orbit

K2 � p1ðxÞ is proper biharmonic if and only if

ðcotha1;HiÞ2 ¼
l1 þ l2 þ 4m3 G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl1 þ l2 þ 4m3Þ2 � 4l1l2

q
2l1

holds, where l1 ¼ m1 þ 2m2 þm3 and l2 ¼ m1 þ 2n2 þm3. In this case, there

exist exactly two proper biharmonic orbits.

(2) When H A P
fa2; ~aag
0 ¼ ftHa2 j 0 < t < 1g, we have SþH ¼ fa1g, Wþ

H ¼q.

By Theorem 4, we have

tH ¼ f�ð2m1 þm2 þ 2m3Þ coth2a2;Hiþ n2 tanh2a2;Higða1 þ 2a2Þ:

Hence we have tH ¼ 0 if and only if

ðcoth2a2;HiÞ2 ¼ n2

2m1 þm2 þ 2m3
:

By Theorem 6, the orbit K2 � p1ðxÞ is biharmonic if and only if

0 ¼ 2htH ; a2ifð2m1 þm2 þ 2m3Þð1� ðcoth2a2;HiÞ2Þ

þ n2ð1� ðtanh2a2;HiÞ2Þ � 4m3gða1 þ 2a2Þ:

Therefore, K2 � p1ðxÞ is biharmonic if and only if tH ¼ 0 or

0 ¼ ð2m1 þm2 þ 2m3Þð1� ðcoth2a2;HiÞ2Þ

þ n2ð1� ðtanh2a2;HiÞ2Þ � 4m3

holds. The last equation is equivalent to

ðð2m1 þm2 þ 2m3Þðcoth2a2;HiÞ2 � 2n2Þððcotha2;HiÞ2 � 1Þ

¼ �4m3ðcotha2;HiÞ2:

Since m3 > 0, the solutions of the equation are not harmonic.
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� When ð�2m1 þm2 þ 2m3 þ n2Þ2 � 4ð2m1 þm2 þ 2m3Þn2 > 0, the orbit

K2 � p1ðxÞ is proper biharmonic if and only if

ðcoth2a2;HiÞ2 ¼ lG
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 4ð2m1 þm2 þ 2m3Þn2

p
2ð2m1 þm2 þ 2m3Þ

holds, where l ¼ �2m1 þm2 þ 2m3 þ n2. In this case, there exist

exactly two proper biharmonic orbits.
� When ð�2m1 þm2 þ 2m3 þ n2Þ2 � 4ð2m1 þm2 þ 2m3Þn2 < 0, if the orbit

K2 � p1ðxÞ is biharmonic, then it is harmonic.
� When ð�2m1 þm2 þ 2m3 þ n2Þ2 � 4ð2m1 þm2 þ 2m3Þn2 ¼ 0, there exists

a unique proper biharmonic orbit.

(3) When H A P
fa1;a2g
0 ¼ ftHa1 þ ð1� tÞHa2 j 0 < t < 1g, we have SþH ¼q,

Wþ
H ¼ fa1 þ 2a2g. We set 2Q ¼ ha1;Hi. Then ha2;Hi ¼ ðp=4Þ � Q. By

Theorem 4, we have

tH ¼ f�m2 cotð2QÞ þ ð2m1 þm3 þ n2Þ tanð2QÞga1:

Hence we have tH ¼ 0 if and only if

ðcotð2QÞÞ2 ¼ 2m1 þ 2m3 þ n2

m2
:

By Theorem 6, the orbit K2 � p1ðxÞ is biharmonic if and only if

0 ¼ 2htH ; a1 þ a2ifm2ð1� ðcotð2QÞÞ2Þ

þ ð2m1 þ 2m3 þ n2Þð1� ðtanð2QÞÞ2Þ � 2m1ga1:

Therefore, K2 � p1ðxÞ is biharmonic if and only if tH ¼ 0 or

0 ¼ ðm2ð1� ðcotð2QÞÞ2Þ þ ð2m1 þ 2m3 þ n2Þð1� ðtanð2QÞÞ2Þ � 2m1

holds. The last equation is equivalent to

fm2ðcotð2QÞÞ2 � ð2m1 þ 2m3 þ n2Þgððcotð2QÞÞ2 � 1Þ ¼ �2m1ðcotð2QÞÞ2:

Since m1 > 0, the solutions of the equation are not harmonic.
� When ð2m3 þm2 þm2Þ2 � 4m2ð2m1 þ 2m3 þ n2Þ > 0, the orbit K2 � p1ðxÞ

is proper biharmonic if and only if

ðcotð2QÞÞ2

¼
2m3 þm2 þm2 G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2m3 þm2 þm2Þ2 � 4m2ð2m1 þ 2m3 þ n2Þ

q
2m2

holds. In this case, there exist exactly two proper biharmonic orbits.
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� When ð2m3 þm2 þm2Þ2 � 4m2ð2m1 þ 2m3 þ n2Þ < 0, if the orbit

K2 � p1ðxÞ is biharmonic, then it is harmonic.
� When ð2m3 þm2 þm2Þ2 � 4m2ð2m1 þ 2m3 þ n2Þ ¼ 0, there exists a

unique proper biharmonic orbit.

5.8. Type II-BC2. We set

Sþ ¼ fe1 G e2; e1; e2g; W þ ¼ fe1 G e2; e1; e2; 2e1; 2e2g;

P ¼ fa1 ¼ e1 � e2; a2 ¼ e2g; ~aa ¼ 2a1 þ 2a2 ¼ 2e1

and

m1 ¼ mðe1Þ; m2 ¼ mðe1 þ e2Þ; n1 ¼ nðe1Þ;

n2 ¼ nðe1 þ e2Þ; n3 ¼ nð2e1Þ:

Since e1; e1 þ e2 A S \W , 2e1 A W and 2he1; 2e1i=h2e1; 2e1i ¼ 1 and 2he1 þ e2;

2e1i=h2e1; 2e1i ¼ 1 are odd, by definition of multiplicities, we have m1 ¼
mðe1Þ ¼ nðe1Þ ¼ n1 and m2 ¼ mðe1 þ e2Þ ¼ nðe1 þ e2Þ ¼ n2.

(1) When H A P
fa1; ~aag
0 ¼ ftHa1 j 0 < t < 1g, we have SþH ¼ fa2g, Wþ

H ¼q.

By Theorem 4, we have

tH ¼ 2f�ðm1 þ 2m2Þ coth2a1;Hiþ n3 tanh2a1;Hige1:

Hence we have tH ¼ 0 if and only if

ðcoth2a1;HiÞ2 ¼ n3

m1 þ 2m2
:

By Theorem 6, the orbit K2 � p1ðxÞ is biharmonic if and only if

0 ¼ 8htH ; a1if�ðm1 þ 2m2Þðcoth2a1;HiÞ2 þ n3ð1� ðtanh2a1;HiÞ2Þgða1 þ a2Þ:

Therefore, K2 � p1ðxÞ is biharmonic if and only if tH ¼ 0 or

0 ¼ �ðm1 þ 2m2Þðcoth2a1;HiÞ2 þ n3ð1� ðtanh2a1;HiÞ2Þ

holds. The last equation is equivalent to

fðm1 þ 2m2Þðcoth2a1;HiÞ2 � n3gððcoth2a1;HiÞ2 � 1Þ

¼ �ðm1 þ 2m2Þðcoth2a1;HiÞ2:

Since m1 þ 2m2 > 0, the solutions of the equation are not harmonic.
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� When n23 � 4ðm1 þ 2m2Þn3 > 0, the orbit K2 � p1ðxÞ is proper biharmonic

if and only if

ðcoth2a1;HiÞ2 ¼
n3 G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n23 � 4ðm1 þ 2m2Þn3

q
2ðm1 þ 2m2Þ

holds. In this case, there exist exactly two proper biharmonic orbits.
� When n23 � 4ðm1 þ 2m2Þn3 < 0, if the orbit K2 � p1ðxÞ is biharmonic, then

it is harmonic.
� When n23 � 4ðm1 þ 2m2Þn3 ¼ 0, there exists a unique proper biharmonic

orbit.

(2) When H A P
fa2; ~aag
0 ¼ ftHa2 j 0 < t < 1g, we have SþH ¼ fa1g, Wþ

H ¼q.

By Theorem 4, we have

tH ¼ f�ð2m1 þm2Þ coth2a2;Hiþ ðm2 þ 2n3Þ tanh2a2;Higða1 þ 2a2Þ:

Hence we have tH ¼ 0 if and only if

ðcoth2a2;HiÞ2 ¼ m2 þ 2n3
2m1 þm2

:

By Theorem 6, the orbit K2 � p1ðxÞ is biharmonic if and only if

0 ¼ htH ; a2if�ð4m1 þ 2m2Þðcoth2a2;HiÞ2

þ ð2m2 þ 4n3Þð1� ðtanh2a2;HiÞ2Þ � 4m1gða1 þ 2a2Þ:

Therefore, K2 � p1ðxÞ is biharmonic if and only if tH ¼ 0 or

0 ¼ ð2m1 þm2Þð1� ðcoth2a2;HiÞ2Þ

þ ðm2 þ 2n3Þð1� ðtanh2a2;HiÞ2Þ � 2m1

holds. The last equation is equivalent to

ðð2m1 þm2Þðcoth2a2;HiÞ2 � ðm2 þ 2n3ÞÞððcoth2a2;HiÞ2 � 1Þ

¼ �2m1ðcoth2a2;HiÞ2:

Since 2m1 > 0, the solutions of the equation are not harmonic.
� When ðm2 þ n3Þ2 � ð2m1 þm2Þðm2 þ 2n3Þ > 0, the orbit K2 � p1ðxÞ is

proper biharmonic if and only if

ðcoth2a2;HiÞ2 ¼
m2 þ n3 G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2 þ n3Þ2 � ð2m1 þm2Þðm2 þ 2n3Þ

q
ð2m1 þm2Þ

holds. In this case, there exist exactly two proper biharmonic orbits.
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� When ðm2 þ n3Þ2 � ð2m1 þm2Þðm2 þ 2n3Þ < 0, if the orbit K2 � p1ðxÞ is

biharmonic, then it is harmonic.
� When ðm2 þ n3Þ2 � ð2m1 þm2Þðm2 þ 2n3Þ ¼ 0, there exists a unique

proper biharmonic orbit.

(3) When H A P
fa1;a2g
0 ¼ ftHa1 þ ð1� tÞHa2 j 0 < t < 1g, we have SþH ¼q,

Wþ
H ¼ f~aa ¼ 2a1 þ 2a2g. We set Q ¼ h2a1;Hi. Then h2a2;Hi ¼ ðp=2Þ � Q.

By Theorem 4, we have

tH ¼ 2fð2m2 þ n3Þ cot Q�m1 tan Qga2:

Hence we have tH ¼ 0 if and only if

ðcot QÞ2 ¼ m1

2m2 þ n3
:

By Theorem 6, the orbit K2 � p1ðxÞ is biharmonic if and only if

0 ¼ 4htH ; a1ifð2m2 þ n3Þð1� ðcot QÞ2Þ þm1ð1� ðtan QÞ2Þ � ð2m2 þm1Þga2:

Therefore, K2 � p1ðxÞ is biharmonic if and only if tH ¼ 0 or

0 ¼ ð2m2 þ n3Þð1� ðcot QÞ2Þ þm1ð1� ðtan QÞ2Þ � ð2m2 þm1Þ

holds. The last equation is equivalent to

fð2m2 þ n3Þðcot QÞ2 �m1gððcot QÞ2 � 1Þ ¼ �ð2m2 þm1Þðcotð2QÞÞ2:

Since 2m2 þm1 > 0, the solutions of the equation are not harmonic.
� When n23 � 4ð2m2 þ n3Þm1 > 0, the orbit K2 � p1ðxÞ is proper biharmonic

if and only if

ðcot QÞ2 ¼
n3 G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n23 � 4ð2m2 þ n3Þm1

q
2ð2m2 þ n3Þ

holds. In this case, there exist exactly two proper biharmonic orbits.
� When n23 � 4ð2m2 þ n3Þm1 < 0, if the orbit K2 � p1ðxÞ is biharmonic, then

it is harmonic.
� When n23 � 4ð2m2 þ n3Þm1 ¼ 0, there exists a unique proper biharmonic

orbit.

5.9. Type III-A2. We set

a ¼ fx1e1 þ x2e2 þ x3e3 j xi A R; x1 þ x2 þ x3 ¼ 0g;

and
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Sþ ¼W þ ¼ fe1 � e2; e2 � e3; e1 � e3g;

P ¼ fa1 ¼ e1 � e2; a2 ¼ e2 � e3g; ~aa ¼ a1 þ a2;

m :¼ mðlÞ ¼ nðlÞ ðl A ~SSÞ:

(1) When H A P
fa1; ~aag
0 ¼ ftHa1 j 0 < t < 1g, we have SþH ¼ fa2g, Wþ

H ¼q.

By Theorem 4, we have

tH ¼ mf�cotha1;Hiþ tanha1;Higð2a1 þ a2Þ:

Hence we have that tH ¼ 0 if and only if ha1;Hi ¼ p=4. By Theorem 6, the

orbit K2 � p1ðxÞ is biharmonic if and only if

0 ¼ �mhtH ; a1iðcotha1;Hi� tanha1;HiÞ2ð2a1 þ a2Þ:

Hence, the orbit K2 � p1ðxÞ is biharmonic if and only if ha1;Hi ¼ p=4. There-

fore, if the orbit K2 � p1ðxÞ is biharmonic, then it is harmonic.

(2) When H A P
fa2; ~aag
0 ¼ ftHa2 j 0 < t < 1g, we have SþH ¼ fa1g, Wþ

H ¼q.

By the same calculation as (1), we have that the orbit K2 � p1ðxÞ is biharmonic

if and only if ha2;Hi ¼ p=4. Therefore, if the orbit is biharmonic, then it is

harmonic.

(3) When H A P
fa1;a2g
0 ¼ ftHa1 þ ð1� tÞHa2 j 0 < t < 1g, we have SþH ¼q,

Wþ
H ¼ fa1 þ a2g. By the same calculation as (1), we have that the orbit

K2 � p1ðxÞ is biharmonic if and only if ha1;Hi ¼ p=4. Therefore, if the orbit is

biharmonic, then it is harmonic.

5.10. Type III-B2 and III-C2. We set

Sþ ¼ fe1 G e2; e1; e2g; W þ ¼ fe1 G e2; e1; e2g;

P ¼ fa1 ¼ e1 � e2; a2 ¼ e2g; ~aa ¼ a1 þ 2a2 ¼ e1 þ e2

and

m1 ¼ mðe1Þ; m2 ¼ mðe1 þ e2Þ; n1 ¼ nðe1Þ; n2 ¼ nðe1 þ e2Þ:

Since e1 A S \W , e1 þ e2 A W and 2he1; e1 þ e2i=he1 þ e2; e1 þ e2i ¼ 1 is odd,

by definition of multiplicities, we have m1 ¼ mðe1Þ ¼ nðe1Þ ¼ n1.

(1) When H A P
fa1; ~aag
0 ¼ ftHa1 j 0 < t < 1g, we have SþH ¼ fa2g, Wþ

H ¼q.

By Theorem 4, we have

tH ¼ �ð2m2 þm1Þ cotha1;Hiða1 þ a2Þ þ ð2n2 þm1Þ tanha1;Hiða1 þ a2Þ:
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Hence we have tH ¼ 0 if and only if

ðcoth2a1;HiÞ2 ¼ 2m2 þm1

2n2 þm1
:

By Theorem 6, the orbit K2 � p1ðxÞ is biharmonic if and only if

0 ¼ htH ; a1ifð2m2 þm1Þð1� ðcotha1;HiÞ2Þ

þ ð2n2 þm1Þð1� ðtanha1;HiÞ2Þgða1 þ 2a2Þ:

Therefore, K2 � p1ðxÞ is biharmonic if and only if tH ¼ 0 or

0 ¼ ð2m2 þm1Þð1� ðcotha1;HiÞ2Þ þ ð2n2 þm1Þð1� ðtanha1;HiÞ2Þ

holds. The last equation is equivalent to

fð2m2 þm1Þðcotha1;HiÞ2 � ð2n2 þm1Þg þ ððcotha1;HiÞ2 � 1Þ ¼ 0:

� When m2 0 n2, the orbit K2 � p1ðxÞ is proper biharmonic if and only if

ðcoth2a1;HiÞ2 ¼ 1 ði:e: h2a1;Hi ¼ ðp=4ÞÞ

holds. In this case, there exists a unique proper biharmonic orbit.
� When m2 ¼ n2, if the orbit K2 � p1ðxÞ is biharmonic, then it is harmonic.

(2) When H A P
fa2; ~aag
0 ¼ ftHa2 j 0 < t < 1g, we have SþH ¼ fa1g, Wþ

H ¼q.

By Theorem 4, we have

tH ¼ f�ð2m1 þm2Þ coth2a2;Hiþ n2 tanh2a2;Higða1 þ 2a2Þ:

Hence we have tH ¼ 0 if and only if

ðcoth2a2;HiÞ2 ¼ n2

2m1 þm2
:

By Theorem 6, the orbit K2 � p1ðxÞ is biharmonic if and only if

0 ¼ htH ; 2a2ifð2m1 þm2Þð1� ðcoth2a2;HiÞ2Þ

þ n2ð1� ðtanh2a2;HiÞ2Þ � 2m1gða1 þ 2a2Þ:

Therefore, K2 � p1ðxÞ is biharmonic if and only if tH ¼ 0 or

0 ¼ ð2m1 þm2Þð1� ðcoth2a2;HiÞ2Þ þ n2ð1� ðtanh2a2;HiÞ2Þ � 2m1

holds. The last equation is equivalent to

ðð2m1 þm2Þðcoth2a2;HiÞ2 � n2Þððcoth2a2;HiÞ2 � 1Þ ¼ �2m1ðcoth2a2;HiÞ2:

Since 2m1 > 0, the solutions of the equation are not harmonic.
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� When ðm2 þ n2Þ2 � 4ð2m1 þm2Þn2 > 0, the orbit K2 � p1ðxÞ is proper

biharmonic if and only if

ðcoth2a2;HiÞ2 ¼
m2 þ n2 G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2 þ n2Þ2 � 4ð2m1 þm2Þn2

q
2ð2m1 þm2Þ

holds. In this case, there exist exactly two proper biharmonic orbits.
� When ðm2 þ n2Þ2 � 4ð2m1 þm2Þn2 < 0, if the orbit K2 � p1ðxÞ is bihar-

monic, then it is harmonic.
� When ðm2 þ n2Þ2 � 4ð2m1 þm2Þn2 ¼ 0, there exists a unique proper

biharmonic orbit.

(3) When H A P
fa1;a2g
0 ¼ ftHa1 þ ð1� tÞHa2 j 0 < t < 1g, we have SþH ¼q,

Wþ
H ¼ f~aa ¼ a1 þ 2a2g. We set Q ¼ ha1;Hi. Then h2a2;Hi ¼ ðp=2Þ � Q.

By Theorem 4, we have

tH ¼ f�m2 cotðQÞ þ ðn2 þ 2m1Þ tanðQÞga1:

Hence we have tH ¼ 0 if and only if

ðcot QÞ2 ¼ n2 þ 2m1

m2
:

By Theorem 6, the orbit K2 � p1ðxÞ is biharmonic if and only if

0 ¼ htH ; a1ifm2ð1� ðcotha1;HiÞ2Þ þ ðn2 þ 2m1Þð1� ðtanha1;HiÞ2Þ � 2m1ga1:

Therefore, K2 � p1ðxÞ is biharmonic if and only if tH ¼ 0 or

0 ¼ m2ð1� ðcotha1;HiÞ2Þ þ ðn2 þ 2m1Þð1� ðtanha1;HiÞ2Þ � 2m1

holds. The last equation is equivalent to

fm2ðcot QÞ2 � ðn2 þ 2m1ÞgððcotðQÞÞ2 � 1Þ ¼ �2m1ðcotðQÞÞ2:

Since m1 > 0, the solutions of the equation are not harmonic.
� When ðm2 þ n2Þ2 � 4m2ðn2 þ 2m1Þ > 0, the orbit K2 � p1ðxÞ is proper

biharmonic if and only if

ðcot QÞ2 ¼
ðm2 þ n2ÞG

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2 þ n2Þ2 � 4m2ðn2 þ 2m1Þ

q
2m2

holds. In this case, there exist exactly two proper biharmonic orbits.
� When ðm2 þ n2Þ2 � 4m2ðn2 þ 2m1Þ < 0, if the orbit K2 � p1ðxÞ is bihar-

monic, then it is harmonic.
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� When ðm2 þ n2Þ2 � 4m2ðn2 þ 2m1Þ ¼ 0, there exists a unique proper

biharmonic orbit.

5.11. Type III-BC2. We set

Sþ ¼W þ ¼ fe1 G e2; e1; e2; 2e1; 2e2g;

P ¼ fa1 ¼ e1 � e2; a2 ¼ e2g; ~aa ¼ 2a1 þ 2a2 ¼ 2e1

and

m1 ¼ mðe1Þ; m2 ¼ mðe1 þ e2Þ; m3 ¼ ð2e1Þ;

n1 ¼ nðe1Þ; n2 ¼ nðe1 þ e2Þ; n3 ¼ ð2e1Þ:

Since e1; e1 þ e2 A S \W , 2e1 A W and 2he1; 2e1i=h2e1; 2e1i ¼ 1 and 2he1 þ e2;

2e1i=h2e1; 2e1i ¼ 1 are odd, by definition of multiplicities, we have m1 ¼
mðe1Þ ¼ nðe1Þ ¼ n1, m2 ¼ mðe1 þ e2Þ ¼ nðe1 þ e2Þ ¼ n2.

(1) When H A P
fa1; ~aag
0 ¼ ftHa1 j 0 < t < 1g, we have SþH ¼ fa2; 2a2g,

Wþ
H ¼q. By Theorem 4, we have

tH ¼ 2f�ð2m2 þm1 þm3Þ coth2a1;Hiþ n3 tanh2a1;Higða1 þ a2Þ:

Hence we have tH ¼ 0 if and only if

ðcoth2a1;HiÞ2 ¼ n3

m1 þ 2m2 þm3
:

By Theorem 6, the orbit K2 � p1ðxÞ is biharmonic if and only if

0 ¼ 4htH ; a1ifð2m2 þm1 þm3Þð1� ðcoth2a1;HiÞ2Þ

þ n3ð1� ðtanh2a1;HiÞ2Þ � ð2m2 þm1Þgða1 þ a2Þ:

Therefore, K2 � p1ðxÞ is biharmonic if and only if tH ¼ 0 or

0 ¼ ð2m2 þm1 þm3Þð1� ðcoth2a1;HiÞ2Þ

þ n3ð1� ðtanh2a1;HiÞ2Þ � ð2m2 þm1Þ

holds. The last equation is equivalent to

fð2m2 þm1 þm3Þðcoth2a1;HiÞ2 � n3gððcoth2a1;HiÞ2 � 1Þ

¼ �ð2m2 þm1Þðcoth2a1;HiÞ2:

Since ð2m2 þm1Þ > 0, the solutions of the equation are not harmonic.
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� When ðm3 þ n3Þ2 � 4ð2m2 þm1 þm3Þn3 > 0, the orbit K2 � p1ðxÞ is

proper biharmonic if and only if

ðcoth2a1;HiÞ2 ¼
m3 þ n3 G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm3 þ n3Þ2 � 4ð2m2 þm1 þm3Þn3

q
2ð2m2 þm1 þm3Þ

holds. In this case, there exist exactly two proper biharmonic orbits.
� When ðm3 þ n3Þ2 � 4ð2m2 þm1 þm3Þn3 < 0, if the orbit K2 � p1ðxÞ is

biharmonic, then it is harmonic.
� When ðm3 þ n3Þ2 � 4ð2m2 þm1 þm3Þn3 ¼ 0, there exists a unique proper

biharmonic orbit.

(2) When H A P
fa2; ~aag
0 ¼ ftHa2 j 0 < t < 1g, we have SþH ¼ fa1g, Wþ

H ¼q.

By Theorem 4, we have

tH ¼ f�ð2m1 þm2 þ 2m3Þ coth2a2;Hiþ ðm2 þ 2n2Þ tanh2a2;Higða1 þ 2a2Þ:

Hence we have tH ¼ 0 if and only if

ðcoth2a2;HiÞ2 ¼ m2 þ 2n2
2m1 þm2 þ 2m3

:

By Theorem 6, the orbit K2 � p1ðxÞ is biharmonic if and only if

0 ¼ htH ; 2a2ifð2m1 þm2 þ 2m3Þð1� ðcoth2a2;HiÞ2Þ

þ ðn2 þ 2n3Þð1� ðtanh2a2;HiÞ2Þ � 2m1gða1 þ 2a2Þ:

Therefore, K2 � p1ðxÞ is biharmonic if and only if tH ¼ 0 or

0 ¼ ð2m1 þm2 þ 2m3Þð1� ðcoth2a2;HiÞ2Þ

þ ðn2 þ 2n3Þð1� ðtanh2a2;HiÞ2Þ � 2m1

holds. The last equation is equivalent to

ðð2m1 þm2 þ 2m3Þðcoth2a2;HiÞ2 � ðm2 þ 2n3ÞÞððcoth2a2;HiÞ2 � 1Þ

¼ �2m1ðcoth2a2;HiÞ2:

Since 2m1 > 0, the solutions of the equation are not harmonic.
� When ðm2 þm3 þ n3Þ2 � ð2m1 þm2 þ 2m3Þðm2 þ 2n2Þ > 0, the orbit

K2 � p1ðxÞ is proper biharmonic if and only if
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ðcoth2a2;HiÞ2

¼
m2 þm3 þ n3 G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2 þm3 þ n3Þ2 � ð2m1 þm2 þ 2m3Þðm2 þ 2n2Þ

q
2m1 þm2 þ 2m3

holds. In this case, there exist exactly two proper biharmonic orbits.
� When ðm2 þm3 þ n3Þ2 � ð2m1 þm2 þ 2m3Þðm2 þ 2n2Þ < 0, if the orbit

K2 � p1ðxÞ is biharmonic, then it is harmonic.
� When ðm2 þm3 þ n3Þ2 � ð2m1 þm2 þ 2m3Þðm2 þ 2n2Þ ¼ 0, there exists a

unique proper biharmonic orbit.

(3) When H A P
fa1;a2g
0 ¼ ftHa1 þ ð1� tÞHa2 j 0 < t < 1g, we have SþH ¼q,

Wþ
H ¼ f~aa ¼ 2a1 þ 2a2 ¼ 2e1g. We set Q ¼ h2a1;Hi. Then h2a2;Hi ¼
ðp=2Þ � Q. By Theorem 4, we have

tH ¼ fð4m2 þ 2n3Þ cot Q� ð2m1 þ 2m3Þ tanððp=2Þ � QÞga2:

Hence we have tH ¼ 0 if and only if

ðcot QÞ2 ¼ m1 þm3

2m2 þ n3
:

By Theorem 6, the orbit K2 � p1ðxÞ is biharmonic if and only if

0 ¼ 4htH ; a2ifð2m2 þ n3Þð1� ðcot QÞ2Þ

þ ðm1 þm3Þð1� ðtan QÞ2Þ � ð2m2 þm1Þga2:

Therefore, K2 � p1ðxÞ is biharmonic if and only if tH ¼ 0 or

0 ¼ ð2m2 þ n3Þð1� ðcot QÞ2Þ þ ðm1 þm3Þð1� ðtan QÞ2Þ � ð2m2 þm1Þ

holds. The last equation is equivalent to

fð2m2 þ n3Þðcot QÞ2 � ðm1 þm3Þgððcot QÞ2 � 1Þ ¼ �ðm1 þ 2m2Þðcot QÞ2:

Since m1 þ 2m2 > 0, the solutions of the equation are not harmonic.
� When ðm3 þ n3Þ2 � 4ð2m2 þ n3Þðm1 þm3Þ > 0, the orbit K2 � p1ðxÞ is

proper biharmonic if and only if

ðcot QÞ2 ¼
ðm3 þ n3ÞG

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm3 þ n3Þ2 � 4ð2m2 þ n3Þðm1 þm3Þ

q
2ð2m2 þ n3Þ

holds. In this case, there exist exactly two proper biharmonic orbits.
� When ðm3 þ n3Þ2 � 4ð2m2 þ n3Þðm1 þm3Þ < 0, if the orbit K2 � p1ðxÞ is

biharmonic, then it is harmonic.
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� When ðm3 þ n3Þ2 � 4ð2m2 þ n3Þðm1 þm3Þ ¼ 0, there exists a unique

proper biharmonic orbit.

5.12. Type III-G2. We set

Sþ ¼W þ ¼ fa1; a2; a1 þ a2; 2a1 þ a2; 3a1 þ a2; 3a1 þ 2a2g;

ha1; a1i ¼ 1; ha1; a2i ¼ �
3

2
; ha2; a2i ¼ 3; ~aa ¼ 3a1 þ 2a2;

and

m1 ¼ mða1Þ; m2 ¼ mða2Þ:

(1) When H A P
fa1; ~aag
0 ¼ ftHa1 j 0 < t < 1g, we have SþH ¼ fa2g, Wþ

H ¼q.

By Theorem 4, we have

tH ¼ 2½�m1fcoth2a1;Hiþ coth4a1;Hig � 3m2 coth6a1;Hi�ð2a1 þ a2Þ:

Hence we have tH ¼ 0 if and only if

�m1fcoth2a1;Hiþ coth4a1;Hig � 3m2 coth6a1;Hi ¼ 0:

By Theorem 6, the orbit K2 � p1ðxÞ is biharmonic if and only if

0 ¼ �4htH ; a1ifm1ðcoth2a1;HiÞ2 þ 2m1ðcoth4a1;HiÞ2

þ 9m2ðcoth6a1;HiÞ2gð2a1 þ a2Þ:

Therefore, K2 � p1ðxÞ is biharmonic if and only if tH ¼ 0 or

0 ¼ m1ðcoth2a1;HiÞ2 þ 2m1ðcoth4a1;HiÞ2 þ 9m2ðcoth6a1;HiÞ2

holds. Clearly,

m1ðcoth2a1;HiÞ2 þ 2m1ðcoth4a1;HiÞ2 þ 9m2ðcoth6a1;HiÞ2 > 0

for 0 < t < 1. Therefore, if the orbit K2 � p1ðxÞ is biharmonic, then it is

harmonic.

(2) When H A P
fa2; ~aag
0 ¼ ftHa2 j 0 < t < 1g, we have SþH ¼ fa1g, Wþ

H ¼q.

Then K2 � p1ðxÞ is biharmonic if and only if tH ¼ 0 or

0 ¼ ðm1 þm2Þðcoth2a2;HiÞ2 þ 2m2ðcoth4a1;HiÞ2

holds. Clearly,

ðm1 þm2Þðcoth2a2;HiÞ2 þ 2m2ðcoth4a1;HiÞ2 > 0
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for 0 < t < 1. Therefore, if the orbit K2 � p1ðxÞ is biharmonic, then it is

harmonic.

(3) When H A P
fa1;a2g
0 ¼ ftHa1 þ ð1� tÞHa2 j 0 < t < 1g, we have SþH ¼q,

Wþ
H ¼ f3a1 þ 2a2g. We set Q ¼ ha1;Hi. Then h2a2;Hi ¼ ðp=2Þ � 3Q and

0 < Q < ðp=6Þ. Then K2 � p1ðxÞ is biharmonic if and only if tH ¼ 0 or

0 ¼ m1ðcotð2QÞÞ2 þ
9

2
m2ðtanð3QÞÞ2 þ

1

2
m1ðtan QÞ2

holds. Clearly,

m1ðcotð2QÞÞ2 þ
9

2
m2ðtanð3QÞÞ2 þ

1

2
m1ðtan QÞ2 > 0

for 0 < t < 1. Therefore, if the orbit K2 � p1ðxÞ is biharmonic, then it is

harmonic.

5.13. Tables of proper biharmonic orbits. By the above arguments, we classify

all the proper biharmonic submanifolds which are singular orbits of commu-

tative Hermann actions whose cohomogeneity is two. The co-dimensions of

these submanifolds are greater than two, since we consider singular orbits of

cohomogeneity two actions.

Theorem 8. Let ðG;K1;K2Þ be a compact symmetric triad which satisfies
� y1 @ y2 and G=K1 is an irreducible symmetric space, or
� one of the conditions (A), (B) and (C) in Theorem 2.

Assume that the K2-action on N1 ¼ G=K1 is cohomogeneity two. Then, all

singular orbit types which are one parameter families in the orbit space are

divided into the following three cases:

( i ) There exists a unique proper biharmonic orbit.

( ii ) There exist exactly two distinct proper biharmonic orbits.

(iii) Any biharmonic orbit is harmonic.

We list below all the results of the above computations. In the follow-

ing tables, the first column shows compact symmetric triads which induce

Hermann actions; the second column shows multiplicities of symmetric triads

which are induced by compact symmetric triads in the first column; the third

column shows a subset D in P [ fdg or P [ f~aag where PD
0 gives a singular

orbit type which is one parameter family in the orbit space; the fourth column

represents the result (i), (ii) or (iii) in Theorem 8 for the orbit type of PD
0 ; the

fifth column shows the co-dimension of orbits K2 � p1ðxÞ in N1 and K1 � p2ðxÞ
in N2.

97Biharmonic homogeneous submanifolds



Cases of y1 ¼ y2 (Isotropy actions).

Type A2

ðG;K1Þ mðaÞ D Theorem 8 codim

ðSUð3Þ; SOð3ÞÞ 1 fa1; dg (ii) 3

fa2; dg (ii) 3

fa1; a2g (ii) 3

ðSUð3Þ � SUð3Þ; SUð3ÞÞ 2 fa1; dg (ii) 4

fa2; dg (ii) 4

fa1; a2g (ii) 4

ðSUð6Þ; Spð3ÞÞ 4 fa1; dg (ii) 6

fa2; dg (ii) 6

fa1; a2g (ii) 6

ðE6;F4Þ 8 fa1; dg (ii) 10

fa2; dg (ii) 10

fa1; a2g (ii) 10

Type B2

ðG;K1Þ ðm1;m2Þ D Theorem 8 codim

ðSOð5Þ � SOð5Þ; SOð5ÞÞ ð2; 2Þ fa1; dg (ii) 4

fa2; dg (ii) 4

fa1; a2g (ii) 4

ðSOð4þ nÞ; SOð2Þ � SOð2þ nÞÞ ðn; 1Þ fa1; dg (ii) nþ 2

fa2; dg (ii) 3

fa1; a2g (ii) 3
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Type C2

ðG;K1Þ ðm1;m2Þ D Theorem 8 codim

ðSpð2Þ;Uð2ÞÞ ð1; 1Þ fa1; dg (ii) 3

fa2; dg (ii) 3

fa1; a2g (ii) 3

ðSpð2Þ � Spð2Þ; Spð2ÞÞ ð2; 2Þ fa1; dg (ii) 4

fa2; dg (ii) 4

fa1; a2g (ii) 4

ðSpð4Þ; Spð2Þ � Spð2ÞÞ ð4; 3Þ fa1; dg (ii) 5

fa2; dg (ii) 6

fa1; a2g (ii) 5

ðSUð4Þ; SðUð2Þ �Uð2ÞÞÞ ð2; 1Þ fa1; dg (ii) 3

fa2; dg (ii) 4

fa1; a2g (ii) 3

ðSOð8Þ;Uð4ÞÞ ð4; 1Þ fa1; dg (ii) 3

fa2; dg (ii) 6

fa1; a2g (ii) 3
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Type BC2

ðG;K1Þ ðm1;m2;m3Þ D Theorem 8 codim

ðSUð4þ nÞ; SðUð2Þ �Uð2þ nÞÞÞ ð2n; 2; 1Þ fa1; dg (ii) 5

fa2; dg (ii) 2nþ 2

fa1; a2g (ii) 3

ðSOð10Þ;Uð5ÞÞ ð4; 4; 1Þ fa1; dg (ii) 7

fa2; dg (ii) 6

fa1; a2g (ii) 3

ðSpð4þ nÞ; Spð2Þ � Spð2þ nÞÞ ð4n; 4; 3Þ fa1; dg (ii) 9

fa1; dg (ii) 4nþ 2

fa1; a2g (ii) 5

ðE6;T
1 � Spinð10ÞÞ ð8; 6; 1Þ fa1; dg (ii) 9

fa1; dg (ii) 10

fa1; a2g (ii) 3

Type G2

ðG;K1Þ ðm1;m2Þ D Theorem 8 codim

ðG2; SOð4ÞÞ ð1; 1Þ fa1; dg (ii) 3

fa2; dg (ii) 3

fa1; a2g (iii) 3

ðG2 � G2;G2Þ ð2; 2Þ fa1; dg (ii) 4

fa2; dg (ii) 4

fa1; a2g (iii) 4

100 Shinji Ohno, Takashi Sakai and Hajime Urakawa



Cases of y1 S y2
Type I-B2

ðG;K1;K2Þ ðm1;m2; n1Þ D Theorem 8 codim

ðb� 2; 1; aÞ fa1; ~aag (i) 3

fa2; ~aag (ii) b

ðSOð2þ aþ bÞ;
SOð2þ aÞ � SOðbÞ;
SOð2Þ � SOðaþ bÞÞ

fa1; a2g (ii) aþ 2

ð2; 2; 2Þ fa1; ~aag (i) 4

fa2; ~aag (ii) 4

ðSOð6Þ � SOð6Þ;DðSOð6Þ � SOð6ÞÞ;
K2Þ with ðGsÞ0 GSOð3Þ � SOð3Þ

(C)

fa1; a2g (ii) 4

ð2; 2; 2Þ fa1; ~aag (i) 4

fa2; ~aag (ii) 4

ðSOð6Þ � SOð6Þ;DðSOð6Þ � SOð6ÞÞ;
K2Þ with ðGsÞ0 G SOð5Þ

(C)

fa1; a2g (ii) 4

Here ð2 < b; 1a aÞ.

Type I-C2

ðG;K1;K2Þ ðm1;m2; n1Þ D Theorem 8 codim

ð2; 1; 2Þ fa1; ~aag (i) 3ðSOð8Þ;
SOð4Þ � SOð4Þ;Uð4ÞÞ

fa2; ~aag (ii) 4

fa1; a2g (ii) 4

ð1; 1; 1Þ fa1; ~aag (i) 3ðSUð4Þ; SOð4Þ;
SðUð2Þ �Uð2ÞÞÞ

fa2; ~aag (ii) 3

fa1; a2g (ii) 3

ð2; 2; 2Þ fa1; ~aag (i) 4ðSUð4Þ � SUð4Þ;DðSUð4Þ � SUð4ÞÞ;
K2Þ with ðGsÞ0 G SOð4Þ (C)

fa2; ~aag (ii) 4

fa1; a2g (ii) 4

ð2; 2; 2Þ fa1; ~aag (i) 4ðSUð4Þ � SUð4Þ;DðSUð4Þ � SUð4ÞÞ;
K2Þ with ðGsÞ0 G Spð2Þ (C)

fa2; ~aag (ii) 4

fa1; a2g (ii) 4
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Type I-BC2-A
2
1

ðG;K1;K2Þ ðm1;m2;m3; n1Þ D Theorem 8 codim

ð2ðb� 2Þ; 2; 1; 2aÞ fa1; ~aag (ii) 2b� 1

fa2; ~aag (ii) 4

ðSUð2þ aþ bÞ;
SðUð2þ aÞ �UðbÞÞ;
SðUð2Þ �Uðaþ bÞÞÞ

fa1; a2g (ii) 2ðaþ 1Þ

ð4ðb� 1Þ; 4; 3; 4aÞ fa1; ~aag (ii) 4bþ 1

fa2; ~aag (ii) 6

ðSpð2þ aþ bÞ;
Spð2þ sÞ � SpðtÞ;
Spð2Þ � Spðsþ tÞÞ

fa1; a2g (ii) 4aþ 2

ðSOð12Þ;Uð6Þ;Uð6Þ 0Þ ð4; 4; 1; 4Þ fa1; ~aag (ii) 7

fa2; ~aag (ii) 6

fa1; a2g (ii) 6

Here 2 < b; 1a a.

Type I-BC2-B2

ðG;K1;K2Þ ðm1;m2;m3; n2Þ D Theorem 8 codim

ð2ða� 2Þ; 2; 1; 2Þ fa1; ~aag (ii) 2a� 1

fa2; ~aag (ii) 4

ðSOð4þ 2aÞ;
SOð4Þ � SOð2aÞ;

Uð2þ aÞÞ
fa1; a2g (iii) 4

ð4; 4; 1; 2Þ fa1; ~aag (ii) 7

fa2; ~aag (iii) 6

ðE6;

SUð6Þ � SUð2Þ;
SOð10Þ �Uð1ÞÞ

fa1; a2g (iii) 4

ð8; 6; 1; 2Þ fa1; ~aag (ii) 11

fa2; ~aag (iii) 8

ðE7;

SOð12Þ � SUð2Þ;
E6 �Uð1ÞÞ

fa1; a2g (iii) 4

Here 2a a.
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Type II-BC2

ðG;K1;K2Þ ðm1;m2;m3; n3Þ D Theorem 8 codim

ða� 2; 1; 1Þ fa1; ~aag (iii) 3

fa2; ~aag (iii) a

ðSUð2þ aÞ;
SOð2þ aÞ;

SðUð2Þ �UðaÞÞÞ
fa1; a2g (iii) 3

ð2; 2; 1Þ fa1; ~aag (iii) 4

fa2; ~aag (iii) 4

ðSOð10Þ;
SOð5Þ � SOð5Þ;

Uð5ÞÞ
fa1; a2g (iii) 3

ð4; 3; 1Þ fa1; ~aag (iii) 5

fa2; ~aag (iii) 6

ðE6;

Spð4Þ;
SOð10Þ �Uð1ÞÞ

fa1; a2g (iii) 3

ð2; 2; 2Þ fa1; ~aag (iii) 4

fa2; ~aag (iii) 4

ðSUð5Þ � SUð5Þ;DðSUð5Þ � SUð5ÞÞ;
K2Þ with ðGsÞ0 GSOð5Þ

(C)

fa1; a2g (iii) 4

Here 2a a.

Type III-A2

ðG;K1;K2Þ ðm1; n1Þ D Theorem 8 codim

ðSUð6Þ; Spð3Þ; SOð6ÞÞ ð2; 2Þ fa1; ~aag (iii) 4

fa2; ~aag (iii) 4

fa1; a2g (iii) 4

ðE6; Spð4Þ;F4Þ ð4; 4Þ fa1; ~aag (iii) 6

fa2; ~aag (iii) 6

fa1; a2g (iii) 6

ðm;mÞ fa1; ~aag (iii) mþ 2

fa2; ~aag (iii) mþ 2

ðU �U ;

DðU �UÞ;
K � KÞ, (B)

fa1; a2g (iii) mþ 2

Here m is the multiplicity of the root system of the symmetric pair ðU ;KÞ
of type A2.
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Type III-B2

ðG;K1;K2Þ ðm1;m1; n2Þ D Theorem 8 codim

ðm; n; nÞ fa1; ~aag (iii) mþ 2

fa2; ~aag (iii) nþ 2

ðU �U ;

DðU �UÞ;
K � KÞ, (B)

fa1; a2g (iii) nþ 2

Here ðm; nÞ is the multiplicity of the root system of the symmetric pair

ðU ;KÞ of type B2.

Type III-C2

ðG;K1;K2Þ ðm1;m1; n2Þ D Theorem 8 codim

ð4; 3; 1Þ fa1; ~aag (i) 6

fa2; ~aag (iii) 5

ðSUð8Þ;
SðUð4Þ �Uð4ÞÞ;

Spð4ÞÞ
fa1; a2g (iii) 3

ð2; 1; 2Þ fa1; ~aag (i) 4

fa2; ~aag (iii) 3

ðSpð4Þ;
Uð4Þ;

Spð2Þ � Spð2ÞÞ
fa1; a2g (iii) 4

ðm; n; nÞ fa1; ~aag (iii) mþ 2

fa2; ~aag (iii) nþ 2

ðU �U ;

DðU �UÞ;
K � KÞ, (B)

fa1; a2g (iii) nþ 2

Here ðm; nÞ is the multiplicity of the root system of the symmetric pair

ðU ;KÞ of type C2.
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Type III-BC2

ðG;K1;K2Þ ðm1;m2;m3; n3Þ D Theorem 8 codim

ð4ðs� 2Þ; 4; 3; 1Þ fa1; ~aag (iii) 6

fa2; ~aag (iii) 4s� 3

ðSUð4þ 2sÞ;
SðUð4Þ �Uð2sÞÞ;

Spð2þ sÞÞ
fa1; a2g (iii) 3

ð4; 4; 1; 3Þ fa1; ~aag (iii) 6

fa2; ~aag (iii) 7

ðSUð10Þ;
SðUð5Þ �Uð5ÞÞ;

Spð5ÞÞ
fa1; a2g (iii) 5

ð2ðs� 2Þ; 2; 1; 2Þ fa1; ~aag (iii) 2s� 1

fa2; ~aag (iii) 4

ðSpð2þ sÞ;Uð2þ sÞ;
Spð2Þ � SpðsÞÞ
ðs > 2Þ

fa1; a2g (iii) 4

ðm; n; l; lÞ fa1; ~aag (iii) nþ 2

fa2; ~aag (iii) mþ l þ 2

ðU �U ;

DðU �UÞ;
K � KÞ, (B)

fa1; a2g (iii) l þ 2

Here ðm; n; lÞ is the multiplicity of the root system of the symmetric pair

ðU ;KÞ of type BC2.

Type III-G2

ðG;K1;K2Þ ðm1;m1; n1; n2Þ D Theorem 8 codim

ðm; n;m; nÞ fa1; ~aag (iii) nþ 2

fa2; ~aag (iii) mþ 2

ðU �U ;

DðU �UÞ;
K � KÞ, (B)

fa1; a2g (iii) nþ 2

Here ðm; nÞ is the multiplicity of the root system of the symmetric pair

ðU ;KÞ of type G2.

6. Biharmonic homogeneous hypersurfaces in compact Lie groups

In this section, applying Corollary 4 we will study biharmonic regular

orbits of cohomogeneity one ðK2 � K1Þ-actions on compact Lie groups.

Let ðG;K1;K2Þ be a commutative compact symmetric triad where G is

semisimple. Hereafter we assume that dim a ¼ 1 and G is simply-connected.

Then the orbit space of ðK2 � K1Þ-action is homeomorphic to a closed interval.

A point in the interior of the orbit space corresponds to a regular orbit, and
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there exists a unique minimal (harmonic) orbit among regular orbits. On the

other hand, two endpoints of the orbit space correspond to singular orbits.

These singular orbits are minimal (harmonic), moreover these are weakly

reflective ([IST2]). For H A a, we set x ¼ expðHÞ and consider the orbit

ðK2 � K1Þ � x of the ðK2 � K1Þ-action on G through x. For simplicity, we

denote the tension field dL�1x ðtHÞx of the orbit ðK2 � K1Þ � x in G by tH for

H A a.

Cases of y1 @ y2. First, we consider the cases of y1 ¼ y2. Then ðG;K1Þ ¼
ðG;K2Þ is a compact symmetric pair of rank one. The restricted root type

system of ðG;K1Þ is of type B1 or BC1. Let Q :¼ hd;Hi for H A a, where d is

the highest root of ~SS. Then, by (6), P0 ¼ fH A a j 0 < Q < pg is a cell in these

types.

6.1. Type B1. We set Sþ ¼ fag, Wþ ¼q and m ¼ mðaÞ. In this case, Q

satisfies 0 < Q < p. By Corollary 2 we have

tH ¼ �m cot Qa:

Hence tH ¼ 0 if and only if Q ¼ p=2 holds. By Corollary 4, ðK2 � K1Þ � x in G

is biharmonic if and only if

0 ¼ mhtH ; ai
3

2
� ðcot QÞ2

� �

holds. Therefore, the orbit ðK2 � K1Þ � x is proper biharmonic if and only if

ðcot QÞ2 ¼ 3

2

holds. In this case, there exist exactly two proper biharmonic hypersurfaces

which are regular orbits of the ðK2 � K1Þ-action on G.

6.2. Type BC1. We set Sþ ¼ fa; 2ag, W þ ¼q and m1 ¼ mðaÞ, m2 ¼ mð2aÞ.
In this case Q satisfies 0 < Q < p. By Corollary 2 we have

tH ¼ �m1 cot
Q

2

� �
a�m2ðcot QÞ2a

¼ � ðm1 þm2Þ cot
Q

2

� �
�m2 cot

Q

2

� �� �
a:

Hence tH ¼ 0 if and only if

cot
Q

2

� �2
¼ m2

m1 þm2
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holds. By Corollary 4, ðK2 � K1Þ � x in G is biharmonic if and only if

0 ¼ htH ; ai m1
3

2
� cot

Q

2

� �2 !
þ 4m2

3

2
� ðcot QÞ2

� �( )

holds. Therefore, the orbit ðK2 � K1Þ � x is biharmonic if and only if tH ¼ 0

or

0 ¼ m1
3

2
� cot

Q

2

� �2 !
þ 4m2

3

2
� ðcot QÞ2

� �

holds. The last equation is equivalent to

ðm1 þm2Þ cot
Q

2

� �2
�m2

 !
cot

Q

2

� �2
� 1

 !
¼ m1

2
þ 6m2

� �
cot

Q

2

� �2
:

Since ðm1=2Þ þ 6m2 > 0, the solutions of the equation are not harmonic.

Hence the orbit ðK2 � K1Þ � x is proper biharmonic if and only if

cot
Q

2

� �� �2
¼

3m1 þ 16m2 G
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3m1 þ 16m2Þ2 � 16ðm1 þm2Þm2

q
4ðm1 þm2Þ

holds. In this case, there exist exactly two proper biharmonic hypersurfaces

which are regular orbits of the ðK2 � K1Þ-action on G.

Cases of y1 S y2. If G is simple and y1 S y2, then for a commutative

compact symmetric triad ðG;K1;K2Þ the triple ð ~SS;S;WÞ is a symmetric triad

with multiplicities mðlÞ and nðaÞ (cf. Theorem 2).

All the symmetric triads with dim a ¼ 1 are classified into the following

four types ([I1]):

Sþ W þ ~aa

III-B1 fag fag a

I-BC1 fa; 2ag fag a

II-BC1 fag fa; 2ag 2a

III-BC1 fa; 2ag fa; 2ag 2a

Let Q :¼ h~aa;Hi for H A a. Then, by (4), P0 ¼ fH A a j 0 < Q < p=2g is a

cell in these types. If G is simply connected and K1 and K2 are connected,

then the orbit space of the ðK2 � K1Þ-action on G is identified with P0 ¼
fH A a j 0a Qa p=2g, more precisely, each orbit meets exp P0 at one point.

For each orbit ðK2 � K1Þ � x, dL�1x ðtHÞx A a holds.
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6.3. Type III-B1. We set Sþ ¼ fag, W þ ¼ fag and m ¼ mðaÞ, n ¼ nðaÞ. By

Corollary 2 we have

tH ¼ �m cot Qaþ n tan Qa:

Hence tH ¼ 0 if and only if

ðcot QÞ2 ¼ n

m

holds. By Corollary 4, ðK2 � K1Þ � x in G is biharmonic if and only if

0 ¼ htH ; ai m
3

2
� ðcot QÞ2

� �
þ n

3

2
� ðtan QÞ2

� �� �

holds. Therefore, the orbit ðK2 � K1Þ � x is biharmonic if and only if tH ¼ 0

or

0 ¼ m
3

2
� ðcot QÞ2

� �
þ n

3

2
� ðtan QÞ2

� �

holds. The last equation is equivalent to

0 ¼ mðcot QÞ4 � 3

2
ðmþ nÞðcot QÞ2 þ n

¼ ðmðcot QÞ2 � nÞðmðcot QÞ2 � 1Þ � mþ n

2

� 	
ðcot QÞ2:

Since ðmþ nÞ=2 > 0, the solutions of the equation are not harmonic. Hence

the orbit ðK2 � K1Þ � x is proper biharmonic if and only if

ðcot QÞ2 ¼
3ðmþ nÞG

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9ðmþ nÞ2 � 16mn

q
4m

holds. In this case, there exist exactly two proper biharmonic hypersurfaces

which are regular orbits of the ðK2 � K1Þ-action on G.

6.4. Type I-BC1. We set Sþ ¼ fa; 2ag, Wþ ¼ fag and m1 ¼ mðaÞ, m2 ¼
mð2aÞ, n ¼ nðaÞ. By Corollary 2 we have

tH ¼ �m1 cot Qa�m2 cotð2QÞ2aþ n tan Qa

¼ f�ðm1 þm2Þ cot Qþ ðm2 þ nÞ tan Qga:

Hence tH ¼ 0 if and only if

ðcot QÞ2 ¼ m2 þ n

m1 þm2
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holds. By Corollary 4, ðK2 � K1Þ � x in G is biharmonic if and only if

0 ¼ htH ; ai m1
3

2
� ðcot QÞ2

� �
þ 4m2

3

2
� ðcotð2QÞÞ2

� �
þ n

3

2
� ðtan QÞ2

� �� �

holds. Therefore, the orbit ðK2 � K1Þ � x is biharmonic if and only if tH ¼ 0

or

0 ¼ m1
3

2
� ðcot QÞ2

� �
þ 4m2

3

2
� ðcotð2QÞÞ2

� �
þ n

3

2
� ðtan QÞ2

� �

holds. The last equation is equivalent to

0 ¼ ðm1 þm2Þðcot QÞ4 �
3

2
ðm1 þ nÞ þ 8m2

� �
ðcot QÞ2 þ ðm2 þ nÞ

¼ ððm2 þm2Þðcot QÞ2 � ðm2 þ nÞÞððcot QÞ2 � 1Þ � m1 þ n

2
þ 6m2

� �
ðcot QÞ2:

Since ðm1 þ nÞ=2þ 6m2 > 0, the solutions of the equation are not harmonic.

Hence the orbit ðK2 � K1Þ � x is proper biharmonic if and only if

ðcot QÞ2 ¼
3ðmþ nÞ þ 16m2 G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3ðmþ nÞ þ 16m2Þ2 � 16ðm1 þm2Þðm2 þ nÞ

q
4ðm1 þm2Þ

holds. In this case, there exist exactly two proper biharmonic hypersurfaces

which are regular orbits of the ðK2 � K1Þ-action on G.

6.5. Type II-BC1. We set Sþ ¼ fag, W þ ¼ fa; 2ag and m ¼ mðaÞ ¼ nðaÞ,
n ¼ nð2aÞ. By Corollary 2 we have

tH ¼ �m cot
Q

2

� �
aþm tan

Q

2

� �
aþ n tanðQÞ2a

¼ 2f�m cot Qþ n tan Qga:

Hence tH ¼ 0 if and only if

ðcot QÞ2 ¼ n

m

holds. By Corollary 4, ðK2 � K1Þ � x in G is biharmonic if and only if

0 ¼ htH ; ai m
3

2
� cot

Q

2

� �2 !
þm

3

2
� tan

Q

2

� �2 !
þ 4n

3

2
� ðtan QÞ2

� �( )
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holds. Therefore, the orbit ðK2 � K1Þ � x is biharmonic if and only if tH ¼ 0

or

0 ¼ m
3

2
� cot

Q

2

� �2 !
þm

3

2
� tan

Q

2

� �2 !
þ 4n

3

2
� ðtan QÞ2

� �

holds. The last equation is equivalent to

0 ¼ 4mðcot QÞ4 � ðmþ 6nÞðcot QÞ2 þ 4n

¼ 4ðmðcot QÞ2 � nÞððcot QÞ2 � 1Þ � ð�3mþ 2nÞðcot QÞ2:

If �3mþ 2n ¼ 0, then the orbit ðK2 � K1Þ � x is proper biharmonic if and only

if ðcot QÞ2 ¼ 1 holds. When �3mþ 2n0 0, the solutions of the equation are

not harmonic.
� When ðmþ 6nÞ2 � 64mn > 0, then the orbit ðK2 � K1Þ � x is proper

biharmonic if and only if

ðcot QÞ2 ¼
mþ 6nG

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmþ 6nÞ2 � 64mn

q
8m

holds. The condition ðmþ 6nÞ2 � 64mn > 0 is equivalent to m <

ð26� 8
ffiffiffiffiffi
10
p
Þn or ð26þ 8

ffiffiffiffiffi
10
p
Þn < m. In this case, if ðmþ 6nÞ2 � 64mn

> 0, then there exist exactly two proper biharmonic hypersurfaces which

are regular orbits of the ðK2 � K1Þ-action on G.
� When ðmþ 6nÞ2 � 64mn < 0, any biharmonic regular orbits of the

ðK2 � K1Þ-action on G is harmonic.

It should be remarked that by the classification of compact symmetric triads,

we can see that there is no compact symmetric triad which satisfies ðmþ 6nÞ2 �
64mn ¼ 0.

6.6. Type III-BC1. We set Sþ ¼ fa; 2ag, Wþ ¼ fa; 2ag and m1 ¼ mðaÞ ¼
nðaÞ, m2 ¼ mð2aÞ, n ¼ nð2aÞ. By Corollary 2 we have

tH ¼ �m1 cot
Q

2

� �
aþm1 tan

Q

2

� �
aþ n tan Qð2aÞ �m2 cot Qð2aÞ

¼ 2f�ðm1 þm2Þ cot Qþ n tan Qga:

Hence tH ¼ 0 if and only if

ðcot QÞ2 ¼ n

m1 þm2
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holds. By Corollary 4, ðK2 � K1Þ � x in G is biharmonic if and only if

0 ¼ htH ; ai

(
m1

3

2
� cot

Q

2

� �2 !
þm1

3

2
� tan

Q

2

� �2 !

þ 4n
3

2
� ðtan QÞ2

� �
þ 4m2

3

2
� ðcot QÞ2

� �)

holds. Therefore, the orbit ðK2 � K1Þ � x is biharmonic if and only if tH ¼ 0

or

0 ¼ m1
3

2
� cot

Q

2

� �2 !
þm1

3

2
� tan

Q

2

� �2 !

þ 4n
3

2
� ðtan QÞ2

� �
þ 4m2

3

2
� ðcot QÞ2

� �

holds. The last equation is equivalent to

0 ¼ 4ðm1 þm2Þðcot QÞ4 � ðm1 þ 6m2 þ 6nÞðcot QÞ2 þ 4n

¼ 4ððm1 þm2Þðcot QÞ2 � nÞððcot QÞ2 � 1Þ � ð�3m1 þm2 þ 2nÞðcot QÞ2:

If �3m1 þm2 þ 2n ¼ 0, then the orbit ðK2 � K1Þ � x is proper biharmonic if and

only if ðcot QÞ2 ¼ 1 holds. When �3m1 þm2 þ 2n0 0, the solutions of the

equation are not harmonic.
� When ðm1 þ 6m2 þ 6nÞ2 � 64ðm1 þm2Þn > 0, then the orbit ðK2 � K1Þ � x

is proper biharmonic if and only if

ðcot QÞ2 ¼
m1 þ 6m2 þ 6nG

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm1 þ 6m2 þ 6nÞ2 � 64ðm1 þm2Þn

q
8ðm1 þm2Þ

holds. In this case, if ðm1 þ 6m2 þ 6nÞ2 � 64ðm1 þm2Þn > 0, then there

exist exactly two proper biharmonic hypersurfaces which are regular

orbits of the ðK2 � K1Þ-action on G.
� When ðm1 þ 6m2 þ 6nÞ2 � 64ðm1 þm2Þn < 0, any biharmonic regular

orbits of the ðK2 � K1Þ-action on G is harmonic.

It should be remarked that by the classification of compact symmetric

triads, we can see that there is no compact symmetric triad which satisfies

ðm1 þ 6m2 þ 6nÞ2 � 64ðm1 þm2Þn ¼ 0.

Let b > 0, c > 1 and q > 1. Each commutative compact symmetric triad

ðG;K1;K2Þ where G is simple, y1 S y2 and dim a ¼ 1 is one of the following

(see [I2]):
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Type III-B1

ðG;K1;K2Þ ðmðaÞ; nðaÞÞ

ðSOð1þ bþ cÞ; SOð1þ bÞ � SOðcÞ; SOðbþ cÞÞ ðc� 1; bÞ

ðSUð4Þ; Spð2Þ; SOð4ÞÞ ð2; 2Þ

ðSUð4Þ; SðUð2Þ �Uð2ÞÞ; Spð2ÞÞ ð3; 1Þ

ðSpð2Þ;Uð2Þ; Spð1Þ � Spð1ÞÞ ð1; 2Þ

Type I-BC1

ðG;K1;K2Þ ðmðaÞ;mð2aÞ; nðaÞÞ

ðSOð2þ 2qÞ; SOð2Þ � SOð2qÞ;Uð1þ qÞÞ ð2ðq� 1Þ; 1; 2ðq� 1ÞÞ

ðSUð1þ bþ cÞ; SðUð1þ bÞ �UðcÞÞ; SðUð1Þ �Uðbþ cÞÞ ð2ðc� 1Þ; 1; 2bÞ

ðSpð1þ bþ cÞ; Spð1þ bÞ � SpðcÞ; Spð1Þ � Spðbþ cÞÞ ð4ðc� 1Þ; 3; 4bÞ

ðSOð8Þ;Uð4Þ;Uð4Þ 0Þ ð4; 1; 1Þ

Type II-BC1

ðG;K1;K2Þ ðmðaÞ; nðaÞ; nð2aÞÞ

ðSOð6Þ;Uð3Þ; SOð3Þ � SOð3ÞÞ ð2; 2; 1Þ

ðSUð1þ qÞ; SOð1þ qÞ; SðUð1Þ �UðqÞÞÞ ðq� 1; q� 1; 1Þ

Type III-BC1

ðG;K1;K2Þ ðmðaÞ;mð2aÞ; nðaÞ; nð2aÞÞ

ðSUð2þ 2qÞ; SðUð2Þ �Uð2qÞÞ; Spð1þ qÞÞ ð4ðq� 1Þ; 3; 4ðq� 1Þ; 1Þ

ðSpð1þ qÞ;Uð1þ qÞ; Spð1Þ � SpðqÞÞ ð2ðq� 1Þ; 1; 2ðq� 1Þ; 2Þ

ðE6; SUð6Þ � SUð2Þ;F4Þ ð8; 3; 8; 5Þ

ðE6; SOð10Þ �Uð1Þ;F4Þ ð8; 7; 8; 1Þ

ðF4; Spð3Þ � Spð1Þ; Spinð9ÞÞ ð4; 3; 4; 4Þ

Here, we put Uð4Þ0 ¼ fg A SOð8Þ j JgJ�1 ¼ gg, where

J ¼

I3
�1

�I3
1

2
66664

3
77775

and Il denotes the identity matrix of l � l.
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Summing up the above, we obtain the following theorem.

Theorem 9. Let ðG;K1;K2Þ be a commutative compact symmetric triad

where G is simple, and suppose that the ðK2 � K1Þ-action on G is of cohomo-

geneity one. Then all the proper biharmonic hypersurfaces which are regular

orbits of the ðK2 � K1Þ-action in the compact Lie group G are classified into the

following list:

(1) When ðG;K1;K2Þ is one of the following cases, there exist exactly two

distinct proper biharmonic hypersurfaces which are regular orbits of the

ðK2 � K1Þ-action on G.

(1-1) ðSOð1þ bþ cÞ; SOð1þ bÞ � SOðcÞ; SOðbþ cÞÞ ðb > 0; c > 1Þ
(1-2) ðSUð4Þ; Spð2Þ; SOð4ÞÞ
(1-3) ðSUð4Þ; SðUð2Þ �Uð2ÞÞ; Spð2ÞÞ
(1-4) ðSpð2Þ;Uð2Þ; Spð1Þ � Spð1ÞÞ
(1-5) ðSOð2þ 2qÞ; SOð2Þ � SOð2qÞ;Uð1þ qÞÞ ðq > 1Þ
(1-6) ðSUð1þ bþ cÞ; SðUð1þ bÞ �UðcÞÞ; SðUð1Þ�Uðbþ cÞÞ ðbb0;

c > 1Þ
(1-7) ðSpð1þ bþ cÞ; Spð1þ bÞ � SpðcÞ; Spð1Þ � Spðbþ cÞÞ ðbb 0;

c > 1Þ
(1-8) ðSOð8Þ;Uð4Þ;Uð4Þ0Þ
(1-9) ðSUð1þ qÞ; SOð1þ qÞ; SðUð1Þ �UðqÞÞÞ ðq > 52Þ

(1-10) ðSUð2þ 2qÞ; SðUð2Þ �Uð2qÞÞ; Spð1þ qÞÞ ðq > 1Þ
(1-11) ðSpð1þ qÞ;Uð1þ qÞ; Spð1Þ � SpðqÞÞ ðq ¼ 2 or q > 45Þ
(1-12) ðE6; SOð10Þ �Uð1Þ;F4Þ
(1-13) ðF4; Spð3Þ � Spð1Þ; Spinð9ÞÞ
(1-14) ðSOð1þ qÞ; SOðqÞ; SOðqÞÞ ðq > 1Þ
(1-15) ðF4; Spinð9Þ; Spinð9ÞÞ

(2) When ðG;K1;K2Þ is one of the following cases, any biharmonic regular

orbit of the ðK2 � K1Þ-action on G is harmonic.

(2-1) ðSOð6Þ;Uð3Þ; SOð3Þ � SOð3ÞÞ
(2-2) ðSUð1þ qÞ; SOð1þ qÞ; SðUð1Þ �UðqÞÞÞ ð52b q > 1Þ
(2-3) ðSpð1þ qÞ;Uð1þ qÞ; Spð1Þ � SpðqÞÞ ð45b q > 2Þ
(2-4) ðE6; SUð6Þ � SUð2Þ;F4Þ
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