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Abstract. By using an elliptic analogue of the Drinfeld coproduct, we construct

the level-ðk þ 1Þ representation of the elliptic quantum group Uq; pðbslsl2Þ from the

level-1 highest weight representation. The quantum Z-algebra of level-ðk þ 1Þ is

realized. We also find the elliptic analogue of the condition of integrability for higher

level modules constructed by the Drinfeld coproduct. This also enables us to express

4kðeðzÞÞ4kðeðzq2ÞÞ . . .4kðeðzq2ðN�1ÞÞÞ and 4kð f ðzÞÞ4kð f ðzq�2ÞÞ . . .4kð f ðzq�2ðN�1ÞÞÞ
as vertex operators of the level-ðk þ 1Þ bosons.

1. Introduction

Lepowsky and Primic [15] studied the condition of integrability of higher

level representation of the a‰ne Lie algebra bslsl2. Ding and Feigin [1], Ding

and Miwa [3] studied the quantum integrable condition and the q-parafermion

of Uqðbslsl2Þ by using the Drinfeld coproduct [1] for the Drinfeld realization of

Uqðbslsl2Þ [4]. The universal R matrix Ry associated with the Drinfeld coproduct

is given in [2] for UqðĝgÞ for general untwisted a‰ne Lie algebra ĝg. In [11, 8],

Jimbo, Konno, Odake, Shiraishi gave an elliptic analogue Uq;pðĝgÞ of the

Drinfeld realization of UqðĝgÞ. In particular in [8], the authors introduced the

elliptic analogue of the Drinfeld coproduct for Uq;pðbslsl2Þ. Konno [13] defined

the H-Hopf algebroid structure [5, 6, 10] of Uq;pðbslsl2Þ in term of the coproduct

of the L-operator of Uq;pðbslsl2Þ and defined the associated elliptic quantum group

Uq;pðbslsl2Þ. Farghly, Konno and Oshima [16] gave a new definition of Uq;pðĝgÞ
as a certain topological algebra over the ring of formal power series in p

and studied the dynamical quantum Z-algebra structure associated with the

level-k highest weight representation of Uq;pðĝgÞ. Also the authors constructed

the induced Uq;pðĝgÞ-module from the dynamical quantum Z-module. The

level-1 standard representations of Uq;pðĝgÞ for ĝg ¼ A
ð1Þ
l ;D

ð1Þ
l ;E

ð1Þ
6 ;E

ð1Þ
7 ;E

ð1Þ
8 and

B
ð1Þ
l were also given. The purpose of this paper is to construct the higher level

realization of the elliptic algebra Uq;pðbslsl2Þ from its standard level-1 realization
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[16] by using the elliptic Drinfeld coproduct [8, 14]. The higher level elliptic

currents are expressed in term of the level-1 currents. In particular, we obtain

the level-ðk þ 1Þ Heisenberg algebra, then we introduce the vertex operators

EG
ðkÞða; zÞ, EG

ðkÞða 0; zÞ and we define the level-ðk þ 1Þ quantum Z-operators

from the level-ðk þ 1Þ elliptic currents. Also, we give the elliptic analogue

of the quantum integrable condition for level-ðk þ 1Þ integrable module of

Uq;pðbslsl2Þ.
This paper is organized as follows. In section 2, we define the elliptic

algebra Uq;pðbslsl2Þ in term of the elliptic Drinfeld generators. We use the

Drinfeld coproduct to define the H-Hopf algebroid structure on Uq;pðbslsl2Þ and

formulate it as an elliptic quantum group. Also we recall the level-1 realiza-

tion of Uq;pðbslsl2Þ following [16]. In section 3, we show a construction of the

level-ðk þ 1Þ realization ðk A Z>0Þ of Uq;pðbslsl2Þ using the level-1 realization of

Uq;pðbslsl2Þ. Also, we give a realization of the level-ðk þ 1Þ Z-algebra. In

section 4, we present the elliptic analogue of quantum integrable condition

for any level-ðk þ 1Þ integrable module of Uq;pðbslsl2Þ.
2. Elliptic quantum group Uq;pðbslsl2Þ

In this section we expose the definition of the elliptic quantum group

Uq;pðbslsl2Þ and the level-1 realization of Uq;pðbslsl2Þ which we are going to use in

the following sections.

2.1. Definition of Uq;pðbslsl2Þ ([16]). Let h¼ ~hhlCd, ~hh¼ ChlCc be the Cartan

subalgebra of bslsl2. Define d;L0; a A h� by

ha; hi ¼ 2; hd; di ¼ 1 ¼ hL0; ci; ð2:1Þ

the other pairings are 0. We also define L1 A h� by

hL1; hi ¼ 1

We set ~hh� ¼ CL0 lCL1, Q ¼ Za and P ¼ ZL1.

We introduce another Heisenberg algebra generated by P and Q with the

pairing hP;Qi ¼ 1. Now let us set H ¼ ~hhlCP and denote its dual space by

H � ¼ ~hh� lCQ. We define the paring by equation (2.1), and hQ; hi ¼ hQ; ci
¼ hQ; di ¼ 0 ¼ ha;Pi ¼ hd;Pi ¼ hL0;Pi. We define F ¼ MH � to be the field

of meromorphic functions on H �. We regard a function of Pþ h, P and c,

f̂f ¼ f ðPþ h;P; cÞ, as an element in F by f̂f ðmÞ ¼ f ðhm;Pþ hi; hm;Pi; hm; ciÞ
for m A H �.

We use the following notations.
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½n� ¼ qn � q�n

q� q�1
; ðx; qÞy ¼

Yy
n¼0

ð1� xqnÞ;

ðx; q; tÞy ¼
Yy

n;m¼0

ð1� xqntmÞ; YpðzÞ ¼ ðz; pÞyðp=z; pÞyðp; pÞy:

Definition 2.1 ([16]). The elliptic algebra Uq;pðbslsl2Þ is a topological algebra

over F½½ p�� generated by MH � , em, fm, an, ðm A Z; n A Z00Þ, KG, d and the central

element c. Let

eðzÞ ¼
X
m AZ

emz
�m; f ðzÞ ¼

X
m AZ

fmz
�m

cþðzÞ ¼ Kþ exp �ðq� q�1Þ
X
n>0

a�n

1� pn
ðzqc=2Þn

 !

� exp ðq� q�1Þ
X
n>0

pnan

1� pn
ðzqc=2Þ�n

 !
;

c�ðzÞ ¼ K� exp �ðq� q�1Þ
X
n>0

pna�n

1� pn
ðzq�c=2Þn

 !

� exp ðq� q�1Þ
X
n>0

an

1� pn
ðzq�c=2Þ�n

 !
:

We call eðzÞ, f ðzÞ, cGðzÞ the elliptic currents. They are formal Laurent series

in z. The defining relations are

gðPþ hÞeðzÞ ¼ eðzÞgðPþ hÞ; gðPÞeðzÞ ¼ eðzÞgðP� hQ;PiÞ; ð2:2Þ

gðPþ hÞ f ðzÞ ¼ f ðzÞgðPþ h� ha;Pþ hiÞ; gðPÞ f ðzÞ ¼ f ðzÞgðPÞ; ð2:3Þ

½gðPÞ; am� ¼ ½gðPþ hÞ; am� ¼ 0; ð2:4Þ

gðPÞKG ¼ KGgðP� hQ;PiÞ; ð2:5Þ

gðPþ hÞKG ¼ KGgðPþ h� hQ;PiÞ; ð2:6Þ

½d; gðPþ h;PÞ� ¼ 0; ð2:7Þ

½d; an� ¼ nan; ½d; eðzÞ� ¼ �z
q

qz
eðzÞ; ½d; f ðzÞ� ¼ �z

q

qz
f ðzÞ; ð2:8Þ

KGeðzÞ ¼ qH2eðzÞKG; KGf ðzÞ ¼ qG2f ðzÞKG; ð2:9Þ
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½am; an� ¼ dmþn;0
½2m�½cm�

m

1� pm

1� p�m
q�cm; ð2:10Þ

½am; eðzÞ� ¼
½2m�
m

1� pm

1� p�m
q�cmzmeðzÞ; ð2:11Þ

½am; f ðzÞ� ¼ � ½2m�
m

zmf ðzÞ; ð2:12Þ

z1
ðq2z2=z1; p�Þy

ðp�q�2z2=z1; p�Þy
eðz1Þeðz2Þ ¼ �z2

ðq2z1=z2; p�Þy
ðp�q�2z1=z2; p�Þy

eðz2Þeðz1Þ; ð2:13Þ

z1
ðq�2z2=z1; pÞy
ðpq2z2=z1; pÞy

f ðz1Þ f ðz2Þ ¼ �z2
ðq�2z1=z2; pÞy
ðpq2z1=z2; pÞy

f ðz2Þ f ðz1Þ; ð2:14Þ

½eðz1Þ; f ðz2Þ� ¼
1

q� q�1
ðdðq�cz1=z2Þc�ðqc=2z2Þ � dðqcz1=z2Þcþðq�c=2z2ÞÞ; ð2:15Þ

where p� ¼ pq�2c and dðzÞ ¼
P
n AZ

zn.

2.2. Hopf algebroid structure of Uq;pðbslsl2Þ. Here we follow [13, 12, 14] to

present the Hopf algebroid structure on Uq;pðbslsl2Þ using the Drinfeld coproduct

of Uq;pðbslsl2Þ [8].

2.2.1. H-Hopf algebroid. Let A be a complex associative algebra, H be

a finite dimensional commutative subalgebra of A, and MH � be the field of

meromorphic functions on H � the dual space of H.

Definition 2.2 (H-algebra). An H-algebra is an associative algebra A with

1, which is bigraded over H �, A ¼ 0
a;b AH �

Aab , and equipped with two algebra

embeddings ml ; mr : MH � ! A00 (the left and right moment maps), such that

mlð f̂f Þa ¼ amlðTa f̂f Þ; mrð f̂f Þa ¼ amrðTb f̂f Þ; a A Aab; f̂f A MH � ;

where Ta denotes the automorphism ðTa f̂f ÞðlÞ ¼ f̂f ðlþ aÞ of MH � .

Definition 2.3. An H-algebra homomorphism is an algebra homomorphism

p : A ! B between two H-algebras A and B such that for a; b A H �

pðAabÞJBab; pðmA
l ð f̂f ÞÞ ¼ mB

l ð f̂f Þ; pðmA
r ð f̂f ÞÞ ¼ mB

r ð f̂f Þ:

The tensor product A ~nnB ¼ 0
a;b AH �

ðA ~nnBÞab ¼ 0
a;b AH �

0
g AH �

ðAag nMH � BgbÞ
 !

is again an H-algebra with the multiplication ðan bÞðcn dÞ ¼ acn bd. The

tensor product nMH � refers to the usual tensor product modulo the
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following rule:

mA
r ð f̂f Þan b ¼ an mB

l ð f̂f Þb; a A A; b A B; f̂f A MH � : ð2:16Þ

The unit object D in the category of H-algebras is an algebra of

automorphisms MH � ! MH �

D ¼
X
i

f̂fiTbi j f̂fi A MH � ; bi A H �

( )
¼ 0

a AH �
Daa ð2:17Þ

where Daa ¼ f f̂f T�a j f̂f A MH � ; a A H �g and the moment maps mD
l ; m

D
r : MH � !

D00 are defined by mD
l ð f̂f Þ ¼ mD

r ð f̂f Þ ¼ f̂f T0.

Definition 2.4. An H-Hopf algebroid is an H-algebra A equipped with two

H-algebra homomorphisms: coproduct 4 : A ! A ~nnA, counit e : A ! D and a

C-linear map: antipode a : A ! A. 4, e, a satisfy the following

ð4 ~nn idÞ � 4 ¼ ðid ~nn4Þ � 4 ð2:18Þ

ðe ~nn idÞ � 4 ¼ ðid ~nn eÞ � 4 ð2:19Þ

m � ðid ~nn aÞ � 4ðxÞ ¼ mlðeðxÞ1Þ; Ex A A ð2:20Þ

m � ða ~nn idÞ � 4ðxÞ ¼ mrðTaðeðxÞ1ÞÞ; Ex A Aab: ð2:21Þ

m : A ~nnA ! A refers the multiplication and eðxÞ1 ðx A AÞ refers the action of

the operator eðxÞ on the constant function 1 A MH � .

2.2.2. H-Hopf algebroid structure of U ¼ Uq;pðbslsl2Þ.
Proposition 2.5. U ¼ Uq;pðbslsl2Þ is an H-algebra by

U ¼ 0
a;b AH �

Uab;

Uab ¼ fx A U j qPþhxq�ðPþhÞ ¼ qha;Pþhix; qPxq�P ¼ qhb;Pix

EPþ h;P A Hg

and ml ; mr : F ! U00 defined by

mlð f̂f Þ ¼ f ðPþ h; pÞ A F½½p��; mrð f̂f Þ ¼ f ðP; p�Þ A F½½ p��:

The tensor product U ~nnU ¼ 0
a;b AH �

ðU ~nnUÞab is an H � bigraded algebra.

The H-algebra D of the shift operators is

D ¼
X
i

f̂fiTai j f̂fi A MH � ; ai A H �

( )
:

with the bigraded structure and the moments map as in Definition 2.2.
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In [13], Konno defined the Hopf algebroid structure on Uq;pðbslsl2Þ by the

coproduct of L-operator. Here we define the Hopf algebroid structure on

Uq;pðbslsl2Þ by the Drinfeld coproduct [8, 14].

Theorem 2.6 ([14]). The elliptic algebra Uq;pðbslsl2Þ has an elliptic analogue

of the Drinfeld coproduct 4 : Uq;pðbslsl2Þ ! Uq;pðbslsl2Þ ~nnUq;pðbslsl2Þ, the counit

e : Uq;pðbslsl2Þ ! D and the antipode a : Uq;pðbslsl2Þ ! Uq;pðbslsl2Þ
4ðqcÞ ¼ qc ~nn qc; 4ðqhÞ ¼ qh ~nn qh ð2:22Þ

4ðcGðzÞÞ ¼ cGðqGcð2Þ=2zÞ ~nncGðqHcð1Þ=2zÞ ð2:23Þ

4ðmrð f̂f ÞÞ ¼ 1 ~nn mrð f̂f Þ; 4ðmlð f̂f ÞÞ ¼ mlð f̂f Þ ~nn 1 ð2:24Þ

4ðeðzÞÞ ¼ eðq�cð2ÞzÞ ~nnc�ðq�cð2Þ=2zÞ þ 1 ~nn eðzÞ ð2:25Þ

4ð f ðzÞÞ ¼ f ðzÞ ~nn 1þ cþðq�cð1Þ=2zÞ ~nn f ðzq�cð1Þ Þ ð2:26Þ

eðqcÞ ¼ 1; eðcþðzÞÞ ¼ eðc�ðzÞÞ ¼ 1 ð2:27Þ

eðmrð f̂f ÞÞ ¼ eðmlð f̂f ÞÞ ¼ f̂f T0 ð2:28Þ

eðeðzÞÞ ¼ eð f ðzÞÞ ¼ 0; eðanÞ ¼ 0 ð2:29Þ

aðqcÞ ¼ q�c; aðcGðzÞÞ ¼ cGðzÞ�1 ð2:30Þ

aðmrð f̂f ÞÞ ¼ mlð f̂f Þ; aðmlð f̂f ÞÞ ¼ mrð f̂f Þ ð2:31Þ

aðeðzÞÞ ¼ �c�ðzqc=2Þ�1
eðqczÞ ð2:32Þ

að f ðzÞÞ ¼ � f ðqczÞcþðzqc=2Þ�1: ð2:33Þ

Namely, the maps 4, e are algebra homomorphism and a is an anti-algebra

homomorphism satisfying the relations (2.18)–(2.21) in Definition 2.4. Therefore

the H-algebra Uq;pðbslsl2Þ with 4, e, a is an H-Hopf algebroid.

Proof. Let’s check (2.19)

m � ðe ~nn idÞ � 4ðeðzÞÞ ¼ mðe ~nn idÞ � ðeðq�cð2ÞzÞ ~nnc�ðq�cð2Þ=2zÞ þ 1 ~nn eðzÞÞ

¼ m � ðeðeðq�cð2ÞzÞÞ ~nnc�ðq�cð2Þ=2zÞ þ 1 ~nn eðzÞÞ

¼ m � ð1 ~nn eðzÞÞ ¼ eðzÞ;

m � ðid ~nn eÞ � 4ðeðzÞÞ ¼ mðid ~nn eÞ � ðeðq�cð2ÞzÞ ~nnc�ðq�cð2Þ=2zÞ þ 1 ~nn eðzÞÞ

¼ m � ðeðeðq�cð2Þ ÞzÞ ~nn eðc�ðeðq�cð2Þ=2ÞzÞÞ þ 1 ~nn eðeðzÞÞÞ

¼ m � ðeðzÞ ~nn 1Þ ¼ eðzÞ:
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For (2.20)

m � ðidn aÞ � 4ðeðzÞÞ ¼ m � ðidn aÞ � ðeðq�cð2ÞzÞ ~nnc�ðq�cð2Þ=2zÞ þ 1 ~nn eðzÞÞ

¼ m � ðeðaðq�cð2Þ ÞzÞ ~nn aðc�ðaðq�cð2Þ=2ÞzÞÞ þ 1 ~nn aðeðzÞÞÞ

¼ eðqcð2ÞzÞc�ðqcð2Þ=2zÞ�1 � cþðq�cð1Þ=2zÞ�1
eðqcð2ÞzÞ ¼ 0

¼ mlðeðeðzÞÞ1Þ:

We call the H-Hopf algebroid ðUq;pðbslsl2Þ;H;MH � ; ml ; mr;4; e; aÞ the elliptic

quantum group Uq;pðbslsl2Þ.
From (2.24), a straight forward calculation shows the following

relation

4 mlð f̂f Þ
mrð f̂f Þ

 !
¼ mlð f̂f Þ

mrð f̂f Þ
~nn

mlð f̂f Þ
mrð f̂f Þ

: ð2:34Þ

2.3. Level-1 highest weight representation of Uq;pðbslsl2Þ.
Definition 2.7 ([16]). Let H, Nþ, N� be the subalgebras of Uq;pðbslsl2Þ

generated by c, d, KG, by an ðn A Z>0Þ, en ðn A Zb0Þ, fn ðn A Z>0Þ and by

a�n ðn A Z>0Þ, e�n ðn A Z>0Þ, f�n ðn A Zb0Þ, respectively.

The Heisenberg algebra Uq;pðHÞ is a subalgebra of Uq;pðbslsl2Þ generated by

am, ðm0 0Þ and c. From defining relations of Uq;pðbslsl2Þ, we have

½am; an� ¼
½2m�½cm�

m

1� pm

1� p�m
q�cmdmþn;0; ð2:35Þ

½a 0
m; a

0
n� ¼

½2m�½cm�
m

1� p�m

1� pm
qcmdmþn;0; ð2:36Þ

½am; a 0
n� ¼

½2m�½cm�
m

dmþn;0; ð2:37Þ

where a 0
m ¼ 1� p�m

1� pm
qcmam, ðm0 0Þ.

Definition 2.8. For k A C, a Uq;pðbslsl2Þ-module Vðl; mÞ is called the level-k

highest weight module with the highest weight ðl; mÞ, if there exists a highest

weight vector v A Vðl; mÞ such that

Vðl; mÞ ¼ Uq;pðbslsl2Þ � v; Nþ � v ¼ 0;

c � v ¼ kv; f ðPÞ � v ¼ f ðhm;PiÞv; f ðPþ hÞ � v ¼ f ðhl;Pþ hiÞv:
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Definition 2.9. Define Laða ¼ 0; 1Þ A h� by

hLa; hi ¼ da;1; hLa; ci ¼ da;0;

and the other pairings are 0.

Theorem 2.10 ([16]). For a ¼ 0; 1. Define

VðLa þ m; mÞ ¼ 0
g;k AQ

ðFnC ðFa;1 n eLaþgÞn eQmþkÞ:

Let r : Uq;pðbslsl2Þ ! EndðVðLa þ m; mÞÞ by

rðcþðzÞÞ ¼ q�he�2Q exp �ðq� q�1Þ
X
n>0

rða�nÞ
1� pn

ðzq1=2Þn
 !

� exp ðq� q�1Þ
X
n>0

pnrðanÞ
1� pn

ðzq1=2Þ�n

 !
ð2:38Þ

rðc�ðzÞÞ ¼ qhe�2Q exp �ðq� q�1Þ
X
n>0

pnrða�nÞ
1� pn

ðzq�1=2Þn
 !

� exp ðq� q�1Þ
X
n>0

rðanÞ
1� pn

ðzq�1=2Þ�n

 !
ð2:39Þ

rðeðzÞÞ ¼ : exp �
X
n00

rðanÞ
½n� z�n

 !
: eazhþ1

rð f ðzÞÞ ¼ : exp
X
n00

rða 0
nÞ

½n� z�n

 !
: e�az�hþ1; ð2:40Þ

where Fa;1 is the polynomial ring C½a�m ðm > 0Þ�. For u A C½a�m ðm > 0Þ�

rðcÞ � u ¼ u; rða�nÞ � u ¼ a�nu;

rðanÞ � u ¼ ½2n�½n�
n

1� pn

1� p�n
q�n q

qa�n

u ðn > 0Þ:

Then VðLa þ m; mÞ is the level-1 irreducible highest weight module of Uq;pðbslsl2Þ
with the highest weight ðLa þ m; mÞ and the highest weight vector v0 ¼ 1n 1n
eLa n eQ.

For convention, we will drop r to refer the elements in EndðVðLa þ m; mÞÞ.

Proposition 2.11. The level-1 elliptic operators satisfy the following

relations
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eðzÞeðwÞ ¼
q�2p� w

z
; p�� �

y

q2p� w
z
; p�

� �
y

q�2 w
z
; q2c

� �
y

q2 w
z
; q2c

� �
y

: eðzÞeðwÞ : ð2:41Þ

c�ðzÞeðwÞ ¼
q�2�c=2 w

z
; pq�2c

� �
y

q2�c=2 w
z
; pq�2c

� �
y

: c�ðzÞeðwÞ : ð2:42Þ

f ðzÞ f ðwÞ ¼
q�2 w

z
; q2c

� �
y

q2 w
z
; q2c

� �
y

q2 w
z
; p

� �
y

q�2 w
z
; p

� �
y

: f ðzÞ f ðwÞ : ð2:43Þ

f ðzÞcþðwÞ ¼
q�2þc=2 w

z
; p

� �
y

q2þc=2 w
z
; p

� �
y

: f ðzÞcþðwÞ : ð2:44Þ

cGðzÞcGðwÞ ¼
q�2 w

z
; pq�2c

� �
y

q2 w
z
; pq�2c

� �
y

q2 w
z
; p

� �
y

q�2 w
z
; p

� �
y

: cGðzÞcGðwÞ :; ð2:45Þ

where c acts on VðLa þ m; mÞ by 1.

3. Higher level representation of Uq;pðbslsl2Þ
In this section we show a construction of the higher level realization

of Uq;pðbslsl2Þ by using the Drinfeld coproduct of the elliptic quantum group

Uq;pðbslsl2Þ. Also, we will present the associated Z-operators.

3.1. Higher level representation of Uq;pðbslsl2Þ. For k > 0, li A h�, mðiÞ A H �

ði A f0; 1; . . . ; k þ 1gÞ. Let’s consider a tensor product of k þ 1 copies of the

level-1 highest weight modules VðLa þ m; mÞ ða ¼ 0; 1Þ

Vkþ1ðli; mÞ ¼ VðLað1Þ þ mð1Þ; mð1ÞÞn � � �nVðLaðiÞ þ mðiÞ; mðiÞÞ

nVðLaðiþ1Þ þ mðiþ1Þ; mðiþ1ÞÞ

n � � �nVðLaðkþ1Þ þ mðkþ1Þ; mðkþ1ÞÞ; ð3:1Þ

such that að1Þ; . . . ; aðkþ1Þ A f0; 1g and take i of a’s as 0 and k þ 1� i of a’s

as 1.

Theorem 3.1. The space Vkþ1ðli; mÞ is the level-ðk þ 1Þ module of Uq;pðbslsl2Þ
with the highest weight

ðli; mÞ ¼ iL0 þ ðk þ 1� iÞL1 þ
Xkþ1

j¼1

mð jÞ;
Xkþ1

j¼1

mð jÞ

 !

by the action
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4kðeðzÞÞ ¼
Xkþ1

i¼1

eiðzÞ;

eiðzÞ ¼ 1n � � � 1n eðzq�ðcðiþ1Þþ���þcðkþ1ÞÞÞ

nc�ðzq�ðcðiþ1Þ=2þcðiþ2Þþ���þcðkþ1ÞÞÞ

nc�ðzq�ðcðiþ2Þ=2þcðiþ3Þþ���þcðkþ1ÞÞÞn � � �nc�ðzq�cðkþ1Þ=2Þ; ð3:2Þ

4kð f ðzÞÞ ¼
Xkþ1

i¼1

f iðzÞ;

f iðzÞ ¼ cþðzq�cð1Þ=2Þncþðzq�ðcð1Þþcð2Þ=2ÞÞ

n � � �ncþðzq�ðcð1Þþ���þcði�2Þþcði�1Þ=2ÞÞn f ðzq�ðcð1Þþ���þcði�2Þþcði�1ÞÞÞ

n 1 � � �n 1; ð3:3Þ

4kðcGðzÞÞ ¼ cGðzqGðcð2Þþcð3Þþ���þcðkþ1ÞÞ=2ÞncGðzqHcð1Þ=2Gðcð3Þþcð4Þþ���þcðkþ1ÞÞ=2Þ

ncGðzqHðcð1Þþcð2ÞÞ=2Gðcð4Þþcð5Þþ���þcðkþ1ÞÞ=2Þ

n � � �ncGðzq�ðcð1Þþ���þcðkÞÞ=2Þ; ð3:4Þ

where cðiÞ ¼ 1n � � �n cn � � �n 1 and cðiÞ acts on VðLaðiÞ þ mðiÞ; mðiÞÞ as 1.

In order to show the proof of Theorem 3.1, we need the following OPE

relations for eiðzÞ and f iðzÞ in the expansion of 4kðeðzÞÞ and 4kð f ðzÞÞ
respectively.

Lemma 3.2. Set i < j. For eiðzÞ

eiðzÞe jðwÞ ¼
�
q�2 w

z
; pq�24kðcÞ�

y�
q2 w

z
; pq�24kðcÞ

�
y

: eiðzÞe jðwÞ :; ð3:5Þ

e jðzÞe jðwÞ ¼
�
q�2þ2cð jÞ w

z
; q2c

ð jÞ�
y�

q2þ2cð jÞ w
z
; q2cð jÞ

�
y

�
q�2 w

z
; pq�24kðcÞ�

y�
q2 w

z
; pq�24kðcÞ

�
y

: e jðzÞe jðwÞ :; ð3:6Þ

e jðzÞeiðwÞ ¼
�
q�2�24kðcÞp w

z
; pq�24kðcÞ�

y�
q2�24kðcÞp w

z
; pq�24kðcÞ

�
y

: e jðzÞeiðwÞ : : ð3:7Þ

For f iðzÞ
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f iðzÞ f jðwÞ ¼
�
q2 w

z
; p
�
y�

q�2 w
z
; p
�
y

: f iðzÞ f jðwÞ :; ð3:8Þ

f jðzÞ f jðwÞ ¼
�
q2 w

z
; p
�
y�

q�2 w
z
; p
�
y

�
q�2 w

z
; q2c

ð jÞ�
y�

q2 w
z
; q2cð jÞ

�
y

: f jðzÞ f jðwÞ :; ð3:9Þ

f jðzÞ f iðwÞ ¼
�
q�2p w

z
; p
�
y�

q2p w
z
; p
�
y

: f jðzÞ f iðwÞ : : ð3:10Þ

Proof. This follows from Proposition 2.11.

Proof. Proof of Theorem 3.1. We can check directly that 4kðeðzÞÞ,
4kð f ðzÞÞ and 4kðcGðzÞÞ satisfy the defining relations of the elliptic algebra

Uq;pðbslsl2Þ.
Let’s show that 4kðeðzÞÞ satisfies (2.13). By using the tensor product

rules, relations (3.5)–(3.7) and (2.16), we have

z1

�
q2 z2

z1
; pq�24kðcÞ�

y�
q�2pq�24kðcÞ z2

z1
; pq�24kðcÞ

�
y

4kðeðz1ÞÞ4kðeðz2ÞÞ

¼ z1

�
q2 z2

z1
; pq�24kðcÞ�

y�
q�2pq�24kðcÞ z2

z1
; pq�24kðcÞ

�
y

Xkþ1

i¼1

eiðz1Þ
Xkþ1

j¼1

e jðz2Þ

¼ z1q
2

�
1� q�2 z2

z1

��
1� q2 z1

z2

� �
q2 z1

z2
; pq�24kðcÞ�

y�
q�2pq�24kðcÞ z1

z2
; pq�24kðcÞ

�
y

Xkþ1

i< j

e jðz2Þeiðz1Þ

þ z1

�
q2 z1

z2
; pq�24kðcÞ�

y�
q�2pq�24kðcÞ z1

z2
; pq�24kðcÞ

�
y

�
Xkþ1

i¼ j¼1

�
1� q�2 z2

z1

��
1� q�2 z1

z2

� �q�2þ2cðiÞ z2
z1
; q2c

ðiÞ�
y�

q2þ2cðiÞ z2
z1
; q2cðiÞ

�
y

�
q2þ2cðiÞ z1

z2
; q2c

ðiÞ�
y�

q�2þ2cðiÞ z1
z2
; q2cðiÞ

�
y

eiðz2Þeiðz1Þ

þ z1q
�2

�
1� q2 z2

z1

��
1� q�2 z1

z2

� �
q2 z1

z2
; pq�24kðcÞ�

y�
q�2pq�24kðcÞ z1

z2
; pq�24kðcÞ

�
y

Xkþ1

i> j

e jðz2Þeiðz1Þ

¼ �z2

�
q2 z1

z2
; pq�24kðcÞ�

y�
q�2pq�24kðcÞ z1

z2
; pq�24kðcÞ

�
y

�
(
�q2

z1

z2

� ��
1� q�2 z2

z1

��
1� q2 z1

z2

� Xkþ1

i< j

e jðz2Þeiðz1Þ
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� z1

z2

� ��
1� q�2 z2

z1

��
1� q�2 z1

z2

� Xkþ1

i¼ j¼1

�
q�2þ2cðiÞ z2

z1
; q2c

ðiÞ�
y�

q2þ2cðiÞ z2
z1
; q2cðiÞ

�
y

�
�
q2þ2cðiÞ z1

z2
; q2c

ðiÞ�
y�

q�2þ2cðiÞ z1
z2
; q2cðiÞ

�
y

eiðz2Þeiðz1Þ

� q�2 z1

z2

� � �
1� q2 z2

z1

��
1� q�2 z1

z2

�Xkþ1

i> j

e jðz2Þeiðz1Þ
)
:

The factor

� z1

z2

� ��
1� q�2 z2

z1

��
1� q�2 z1

z2

� Xkþ1

i¼ j¼1

�
q�2þ2cðiÞ z2

z1
; q2c

ðiÞ�
y�

q2þ2cðiÞ z2
z1
; q2cðiÞ

�
y

�
q2þ2cðiÞ z1

z2
; q2c

ðiÞ�
y�

q�2þ2cðiÞ z1
z2
; q2cðiÞ

�
y

¼ � z1

z2

� � Xkþ1

i¼ j¼1

�
q�2 z2

z1
; q2c

ðiÞ�
y�

q2þ2cðiÞ z2
z1
; q2cðiÞ

�
y

�
q2þ2cðiÞ z1

z2
; q2c

ðiÞ�
y�

q�2 z1
z2
; q2cðiÞ

�
y

becomes 1 on account of the notation Y
q2c

ðiÞ ðz1=z2Þ ¼ �ðz1=z2ÞYq2cðiÞ ðz2=z1Þ.
Similarly, we can show that 4kð f ðzÞÞ realizes (2.14).

Also, we can prove that 4kðeðzÞÞ and 4kð f ðzÞÞ satisfy (2.15)

½4kðeðz1ÞÞ;4kð f ðz2ÞÞ�

¼ 1

q� q�1
d q�4kðcÞ z1

z2

� �
c�ðqcð1Þ=2z2Þ � d q2c

ð1Þ�4kðcÞ z1
z2

� �
cþðq�cð1Þ=2z2Þ

� �
nc�ðz1q�ðcð2Þ=2þcð3Þþ���þcðkþ1ÞÞÞn � � �nc�ðz1q�cðkþ1Þ=2Þ

þ cþðz2q�cð1Þ=2Þncþðz2q�ðcð1Þþcð2Þ=2ÞÞn � � �ncþðz2q�ðcð1Þþ���þcði�2Þþcði�1Þ=2ÞÞ

n
1

q� q�1

�
d q�2cðkþ1Þþ4kðcÞ z1

z2

� �
c�ðq�cðkþ1Þ=2þ4kðcÞz2Þ � d q4kðcÞ z1

z2

� �

� cþðq�cðkþ1Þ=2�ðcð1Þþ���þcðkÞÞz2Þ
�
:

Then use the property of the delta function and (3.4).

Denote by vðkþ1Þ A Vkþ1ðl; mÞ the tensor product of the highest weight

vectors in the tensor factors in relation (3.1). We calculate the highest weight

by using the action of MH � (2.34) on vðkþ1Þ as follows
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4k f ðPÞ
f ðPþ hÞ

� �
� vðkþ1Þ

¼ f ðhmð1Þ þ mð2Þ þ � � � þ mðkþ1Þ;PiÞ
f ðhiL0 þ ðk þ 1� iÞL1 þ mð1Þ þ mð2Þ þ � � � þ mðkþ1Þ;Pþ hiÞ v

ðkþ1Þ:

We also obtain the comultiplication formula 4k of boson operator

an ðn0 0Þ from 4kðcGðzÞÞ.

Corollary 3.3. For kb 1, n0 0. The boson operator is

4kðanÞ ¼ an n 1 . . . 1n 1þ ð1� pnÞq�cð1Þn

1� pnq�2cð1Þn
n an n 1 � � �n 1

þ ð1� pnÞq�ðcð1Þþcð2ÞÞn

1� pnq�2ðcð1Þþcð2ÞÞn n 1n an n 1 � � �n 1

þ � � � þ ð1� pnÞq�ðcð1Þþcð2Þþ���þcði�1ÞÞn

1� pnq�2ðcð1Þþcð2Þþ���þcði�1ÞÞn n 1 � � �n an n 1 � � �n 1

þ � � � þ ð1� pnÞq�ðcð1Þþcð2Þþ���þcðkÞÞn

1� pnq�2ðcð1Þþcð2Þþ���þcðkÞÞn n 1 � � �n an; ð3:11Þ

where cðiÞ ¼ 1n � � �n cn � � �n 1.

Proof. Based on the relations (2.16), (2.38)–(2.39) and (3.4) in Theorem

3.1, we can write

4kðcþðzÞÞ ¼ 4kðq�he�2QÞ exp �ðq� q�1Þ
X
n>0

4kða�nÞ
1� pn

ðzq4kðcÞ=2Þn
 !

� exp ðq� q�1Þ
X
n>0

pn4kðanÞ
1� pn

ðzq4kðcÞ=2Þ�n

 !
; ð3:12Þ

4kðc�ðzÞÞ ¼ 4kðqhe�2QÞ exp �ðq� q�1Þ
X
n>0

pn4kða�nÞ
1� pn

ðzq�4kðcÞ=2Þn
 !

� exp ðq� q�1Þ
X
n>0

4kðanÞ
1� pn

ðzq�4kðcÞ=2Þ�n

 !
; ð3:13Þ

where 4kðqGhe�2QÞ ¼ ðqGhe�2QÞn � � �n ðqGhe�2QÞ. These imply Corollary

3.3.

The operators 4kðanÞ ðn0 0Þ give a level-ðk þ 1Þ realization of the

Heisenberg algebra Uq;pðHÞ.
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Proposition 3.4. The operators 4kðanÞ ðn0 0Þ and 4kðcÞ satisfy

½4kðamÞ;4kðanÞ� ¼
½2m�½4kðcÞm�

m

1� pm

1� pmq�24kðcÞm
q�4kðcÞmdmþn;0; ð3:14Þ

½4kðamÞ;4kðeðzÞÞ� ¼ ½2m�
m

1� pm

1� pmq�24kðcÞm
q�4kðcÞmzm4kðeðzÞÞ; ð3:15Þ

½4kðamÞ;4kð f ðzÞÞ� ¼ � ½2m�
m

1� pmq�24kðcÞm

1� pm
q4kðcÞmzm4kð f ðzÞÞ: ð3:16Þ

3.2. Z-algebra. Here we give a realization of the level-ðk þ 1Þ Z-algebra.

The form of the vertex operators in [16] section 3 led us to introduce EG
ðkÞða; zÞ

and EG
ðkÞða 0; zÞ in the following definition.

Definition 3.1. By using the level-ðk þ 1Þ elliptic bosons 4kðanÞ ðn0 0Þ,
we define the vertex operators

EG
ðkÞða; zÞ ¼ exp G

X
n>0

4kðaGnÞ
½4kðcÞn�

zHn

 !
;

EG
ðkÞða

0; zÞ ¼ exp H
X
n>0

4kða 0
GnÞÞ

½4kðcÞn�
zHn

 !
;

which are formal Laurent series in z with coe‰cient in End Vkþ1ðli; mÞ.

The following proposition is a consequence of the commutation relations

(3.14)–(3.16) in Proposition 3.4 with 4kðcÞ acts as the scalar k þ 1.

Proposition 3.5. EG
ðkÞða; zÞ and EG

ðkÞða 0; zÞ satisfy the following rela-

tions:

Eþ
ðkÞða; zÞE

�
ðkÞða;wÞ ¼

ðq�2þ2ðkþ1Þw=z; q2ðkþ1ÞÞyðq�2w=z; pq�2ðkþ1ÞÞy
ðq2þ2ðkþ1Þw=z; q2ðkþ1ÞÞyðq2w=z; pq�2ðkþ1ÞÞy

� E�
ðkÞða;wÞEþ

ðkÞða; zÞ; ð3:17Þ

Eþ
ðkÞða

0; zÞE�
ðkÞða 0;wÞ ¼ ðq�2w=z; q2ðkþ1ÞÞyðq2w=z; pÞy

ðq2w=z; q2ðkþ1ÞÞyðq�2w=z; pÞy
� E�

ðkÞða 0;wÞEþ
ðkÞða

0; zÞ; ð3:18Þ

Eþ
ðkÞða; zÞE

�
ðkÞða 0;wÞ ¼ ðq2þðkþ1Þw=z; q2ðkþ1ÞÞy

ðq�2þðkþ1Þw=z; q2ðkþ1ÞÞy
E�
ðkÞða 0;wÞEþ

ðkÞða; zÞ; ð3:19Þ
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Eþ
ðkÞða

0; zÞE�
ðkÞða;wÞ ¼

ðq2þðkþ1Þw=z; q2ðkþ1ÞÞy
ðq�2þðkþ1Þw=z; q2ðkþ1ÞÞy

E�
ðkÞða;wÞEþ

ðkÞða
0; zÞ; ð3:20Þ

EG
ðkÞða; zÞ4

kðeðwÞÞ ¼ ðqG2þ2ðkþ1Þðw=zÞG1; q2ðkþ1ÞÞy
ðqH2þ2ðkþ1Þðw=zÞG1; q2ðkþ1ÞÞy

� ðqG2ðw=zÞG1; pq�2ðkþ1ÞÞy
ðqH2ðw=zÞG1; pq�2ðkþ1ÞÞy

4kðeðwÞÞEG
ðkÞða; zÞ; ð3:21Þ

EG
ðkÞða

0; zÞ4kð f ðwÞÞ ¼ ðqG2ðw=zÞG1; q2ðkþ1ÞÞyðqG2ðw=zÞG1; pÞy
ðqH2ðw=zÞG1; q2ðkþ1ÞÞyðqH2ðw=zÞG1; pÞy

�4kð f ðwÞÞEG
ðkÞða

0; zÞ; ð3:22Þ

EG
ðkÞða

0; zÞ4kðeðwÞÞ ¼ ðqH2þðkþ1Þðw=zÞG1; q2ðkþ1ÞÞy
ðqG2þðkþ1Þðw=zÞG1; q2ðkþ1ÞÞy

4kðeðwÞÞEG
ðkÞða

0; zÞ; ð3:23Þ

EG
ðkÞða; zÞ4

kð f ðwÞÞ ¼ ðqH2þðkþ1Þðw=zÞG1; q2ðkþ1ÞÞy
ðqG2þðkþ1Þðw=zÞG1; q2ðkþ1ÞÞy

4kð f ðwÞÞEG
ðkÞða; zÞ: ð3:24Þ

Definition 3.2 ([16]). For k A Z>0. We define the level-ðk þ 1Þ quantum

Z-operators by

4kðeðzÞÞ ¼ Eðk; a; zÞZþðzÞ

4kð f ðzÞÞ ¼ Eðk; a 0; zÞZ�ðzÞ

where

Eðk; a; zÞ ¼ E�
ðkÞð�a; zÞEþ

ðkÞða; zÞ

¼ exp
X
n>0

4kða�nÞ
½4kðcÞn�

zn

 !
exp �

X
n>0

4kðanÞ
½4kðcÞn�

z�n

 !
; ð3:25Þ

Eðk; a 0; zÞ ¼ E�
ðkÞð�a 0; zÞEþ

ðkÞð�a 0; zÞ

¼ exp �
X
n>0

4kða 0
�nÞÞ

½4kðcÞn�
zn

 !
exp

X
n>0

4kða 0
nÞÞ

½4kcn�
z�n

 !
; ð3:26Þ

ZGðzÞ ¼
Xkþ1

i¼1

ZG
i ðzÞ: ð3:27Þ

Since 4kðeðzÞÞ and 4kð f ðzÞÞ satisfy the defining relations of Uq;pðbslsl2Þ, we
find that ZGðzÞ satisfy the following relations [16]:
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Theorem 3.6 ([16]).

gðPþ hÞZþðzÞ ¼ ZþðzÞgðPþ hÞ; gðPÞZþðzÞ ¼ ZþðzÞgðP� hQ;PiÞ; ð3:28Þ

gðPþ hÞZ�ðzÞ ¼ Z�ðzÞgðPþ h� ha;Pþ hiÞ;

gðPÞZ�ðzÞ ¼ Z�ðzÞgðPÞ; ð3:29Þ

½d;ZGðzÞ� ¼ �z
q

qz
ZGðzÞ; ð3:30Þ

½4kðamÞ;ZGðwÞ� ¼ 0; ð3:31Þ

4kðKGÞZþðzÞ ¼ qH2ðkþ1ÞZþðzÞ4kðKGÞ;

4kðKGÞZ�ðzÞ ¼ qG2ðkþ1ÞZ�ðzÞ4kðKGÞ; ð3:32Þ

z
ðq�2w=z; q2ðkþ1ÞÞy

ðq2þ2ðkþ1Þw=z; q2ðkþ1ÞÞy
ZGðzÞZGðwÞ

¼ �w
ðq�2z=w; q2ðkþ1ÞÞy

ðq2þ2ðkþ1Þz=w; q2ðkþ1ÞÞy
ZGðwÞZGðzÞ; ð3:33Þ

ðq2þðkþ1Þw=z; q2ðkþ1ÞÞy
ðq�2þðkþ1Þw=z; q2ðkþ1ÞÞy

ZþðzÞZ�ðwÞ

� ðq2þðkþ1Þz=w; q2ðkþ1ÞÞy
ðq�2þðkþ1Þz=w; q2ðkþ1ÞÞy

Z�ðwÞZþðzÞ

¼ 1

q� q�1
ð4kðK�Þdðq�ðkþ1Þz=wÞ � 4kðKþÞdðqðkþ1Þz=wÞÞ: ð3:34Þ

Proof. Let us show the relation (3.31). For m > 0, we have

½4kðamÞ;ZþðwÞ� ¼ ½4kðamÞ;E�
ðkÞða;wÞ�4

kðeðwÞÞEþ
ðkÞða;wÞ

þ E�
ðkÞða;wÞ½4

kðamÞ;4kðeðwÞÞ�Eþ
ðkÞða;wÞ:

This vanishes because of (3.15) and

½4kðamÞ;E�
ðkÞða;wÞ� ¼ � ½2m�

m

1� pm

1� pmq�2ðkþ1Þm q�ðkþ1ÞmwmE�
ðkÞða;wÞ:

By the same way, from relation (3.16) and

½4kða 0
mÞ;E�

ðkÞða 0;wÞ� ¼ ½2m�
m

1� pmq�2ðkþ1Þm

1� pm
qðkþ1ÞmwmE�

ðkÞða 0;wÞ;

we get ½4kða 0
mÞ;Z�ðwÞ� ¼ 0.

Similarly, the case m < 0 can be proved.
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To prove the relation (3.33), we use equations (3.17) and (3.21) and obtain

ZþðzÞZþðwÞ

¼ E�
ðkÞða; zÞ4kðeðzÞÞEþ

ðkÞða; zÞE
�
ðkÞða;wÞ4kðeðwÞÞEþ

ðkÞða;wÞ

¼ ðq�2þ2ðkþ1Þw=z; q2ðkþ1ÞÞyðq�2w=z; pq�2ðkþ1ÞÞy
ðq2þ2ðkþ1Þw=z; q2ðkþ1ÞÞyðq2w=z; pq�2ðkþ1ÞÞy

� E�
ðkÞða; zÞ4

kðeðzÞÞE�
ðkÞða;wÞEþ

ðkÞða; zÞ4
kðeðwÞÞEþ

ðkÞða;wÞ

¼ ðq2þ2ðkþ1Þw=z; q2ðkþ1ÞÞyðq2w=z; pq�2ðkþ1ÞÞy
ðq�2þ2ðkþ1Þw=z; q2ðkþ1ÞÞyðq�2w=z; pq�2ðkþ1ÞÞy

� E�
ðkÞða; zÞE�

ðkÞða;wÞ4
kðeðzÞÞ4kðeðwÞÞEþ

ðkÞða; zÞE
þ
ðkÞða;wÞ:

Since 4kðeðzÞÞ satisfy the defining relations of Uq;pðbslsl2Þ and again use (3.21),

we get the desired relation.

We also derive (3.34) as follows.

ðq2þðkþ1Þw=z; q2ðkþ1ÞÞy
ðq�2þðkþ1Þw=z; q2ðkþ1ÞÞy

ZþðzÞZ�ðwÞ

¼ ðq2þðkþ1Þw=z; q2ðkþ1ÞÞy
ðq�2þðkþ1Þw=z; q2ðkþ1ÞÞy

� E�
ðkÞða; zÞ4

kðeðzÞÞEþ
ðkÞða; zÞE

�
ðkÞða 0;wÞ4kð f ðwÞÞEþ

ðkÞða
0;wÞ

¼ E�
ðkÞða; zÞE�

ðkÞða 0;wÞ4kðeðzÞÞ4kð f ðwÞÞEþ
ðkÞða; zÞE

þ
ðkÞða

0;wÞ

¼ E�
ðkÞða; zÞE�

ðkÞða 0;wÞ

�
�
4kð f ðwÞÞ4kðeðzÞÞ þ 1

q� q�1
d q�ðkþ1Þ z

w

� �
4kðc�Þðqðkþ1Þ=2wÞ

� 1

q� q�1
d qðkþ1Þ z

w

� �
4kðcþÞðq�ðkþ1Þ=2wÞ

�
Eþ
ðkÞða; zÞE

þ
ðkÞða

0;wÞ:

In the second equality, we used the relation (3.19). In the third equality we

used the defining relation of Uq;pðbslsl2Þ between 4kðeðzÞÞ and 4kð f ðwÞÞ.
By using

4kðcGÞðqHðkþ1Þ=2wÞ ¼ 4kðKGÞE�
ðkÞða; qHðkþ1ÞwÞ�1

E�
ðkÞða 0; qH1=2wÞ�1

� Eþða; qHðkþ1ÞwÞ�1
Eþ
k ða 0; qH1=2wÞ�1

and the property of the delta function, we obtain relation (3.34).
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From Definition 3.2, Theorem 3.1 and Theorem 2.10 with cðiÞ ¼ 1n � � �n
cn � � �n 1, we express the level-ðk þ 1Þ Z-operators as follows

ZþðzÞ ¼
Xkþ1

i¼1

E�
ðkÞða; zÞe�i ða; zÞeþi ða; zÞEþ

ðkÞða; zÞ

� ð1n � � �n ea n e�2Q n � � �n e�2QÞ

� ð1n � � �n zhq�ðcðiþ1Þþ���þcðkþ1ÞÞh n qh n � � �n qhÞ

� zq�ðcðiþ1Þþ���þcðkþ1ÞÞ

Z�ðzÞ ¼
Xkþ1

i¼1

E�
ðkÞða 0; zÞf�i ða; zÞf

þ
i ða; zÞEþ

ðkÞða
0; zÞ

� ðe�2Q n � � �n e�2Q n e�a n 1 � � �n 1Þ

� ðq�h n � � �n q�h n z�hqðc
ðiþ1Þþ���þcðkþ1ÞÞh n 1 � � �n 1Þ

� zq�ðcðiþ1Þþ���þcðkþ1ÞÞ

where

e�i ða; zÞ ¼ exp

 
ðq�1 � qÞ

X
n>0

(
1n � � �n a�nq

cðiÞn

1� q2c
ðiÞn

q�ðcðiþ1Þþ���þcðkþ1ÞÞn n 1 � � �n 1

þ 1n � � �n pna�n

1� pn
q�ðcðiþ2Þþ���þcðkþ1ÞÞn n 1 � � �n 1

þ � � � þ 1n � � �n pna�n

1� pn

)
zn

!

eþi ða; zÞ ¼ exp

 
ðq� q�1Þ

X
n>0

�
1n � � �n an

1� q2c
ðiÞn

qðc
ðiÞþ���þcðkþ1ÞÞn n 1 � � �n 1

þ 1n � � �n an

1� pn
q�ðcðiþ2Þþ���þcðkþ1ÞÞn n 1 � � �n 1

þ � � � þ 1n � � �n an

1� pn

�
z�n

!

f�i ða; zÞ ¼ exp

 
�ðq� q�1Þ

X
n>0

�
a 0
�n

1� pnq�2cð1Þn
q�cð1Þn n 1 � � �n 1

þ 1n
a 0
�n

1� pnq�2cð2Þn
q�ðcð1Þþcð2ÞÞn n 1 � � �n 1þ � � �
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þ 1n � � �n a 0
�n

1� pnq�2cði�1Þn
q�ðcð1Þþcð2Þþ���þcði�1ÞÞn n 1 � � �n 1

þ 1n � � �n a 0
�n

1� q2c
ðiÞn

q�ðcð1Þþ���þcði�1ÞþcðiÞÞn n 1 � � �n 1

�
zn

!

fþi ða; zÞ ¼ exp

 
ðq� q�1Þ

X
n>0

�
pna 0

n

1� pnq�2cð1Þn
q�cð1Þn n 1 � � �n 1

þ 1n
pna 0

n

1� pnq�2cð2Þn
qðc

ð1Þ�cð2ÞÞn n 1 � � �n 1þ � � �

þ 1n � � �n pna 0
n

1� pnq�2cði�1Þn
qðc

ð1Þþ���þcði�2Þ�cði�1ÞÞn n 1 � � �n 1

þ 1n � � �n a 0
n

1� q2c
ðiÞn

qðc
ð1Þþcð2Þþ���þcði�1ÞþcðiÞÞn n 1 � � �n 1

�
z�n

!

4. Integrable condition of Uq;pðbslsl2Þ module

In this section we show that the products ENðzÞ ¼ 4kðeðzÞÞ4kðeðzq2ÞÞ . . .
4kðeðzq2ðN�1ÞÞÞ and FNðzÞ ¼ 4kð f ðzÞÞ4kð f ðzq�2ÞÞ . . .4kð f ðzq�2ðN�1ÞÞÞ give

the integrable condition for the level-ðk þ 1Þ Uq;pðbslsl2Þ module at N ¼ k þ 2,

namely the nilpotent condition. Then at the same time we show that the

products ENðzÞ and FNðzÞ at N ¼ k þ 1 give certain vertex operators associated

with the level-ðk þ 1Þ module of Uq;pðbslsl2Þ.
Theorem 4.1. For kb 1. On the level-ðk þ 1Þ integrable module

Vkþ1ðli; mÞ of Uq;pðbslsl2Þ, we obtain a quantum analogue of the condition of

integrability (an elliptic analogue of the Wheel condition) as

Ekþ2ðzÞ ¼ 4kðeðzÞÞ4kðeðzq2ÞÞ . . .4kðeðzq2ðkþ1ÞÞÞ ¼ 0 ð4:1Þ

Fkþ2ðzÞ ¼ 4kð f ðzÞÞ4kð f ðzq�2mÞÞ . . .4kð f ðzq�2ðkþ1ÞÞÞ ¼ 0: ð4:2Þ

On the other hand, Ekþ1ðzÞ and Fkþ1ðzÞ give the following vertex operators

Ekþ1ðzÞ ¼ Sðp; qÞe : exp
X
n00

�4kðanÞ
½n� q�knz�n

 !
: ð1nK� nK� n � � �nK�Þ

� ðea n � � �n eaÞðzhþ1 n � � �n zhþ1Þ

� ðqkh n qðk�1Þh n � � �n 1Þqkðkþ1Þ=2; ð4:3Þ
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Fkþ1ðzÞ ¼ Sðp; qÞf : exp
X
n00

4kða 0
nÞ

½n� qknz�n

 !
: ðKþ nKþ n � � �nKþ n 1Þ

� ðea n � � �n eaÞðz�hþ1 n � � �n z�hþ1Þ

� ðqðkþ1Þh n qðkÞh n � � �n qhÞq�ðkþ1Þðkþ2Þ=2; ð4:4Þ

where

Sðp; qÞe ¼
ðq�2pq�2ð4ðcÞÞ; pq�2ð4ðcÞÞÞy
ðq2pq�2ð4ðcÞÞ; pq�2ð4ðcÞÞÞy

�
Yk
j¼1

Yj
i¼1

ðq�2pq�2ð4ð jÞðcÞþð2i�1ÞÞ; pq�2ð4ð jÞðcÞÞÞy
ðq2pq�2ð4ð jÞðcÞþð2i�1ÞÞ; pq�2ð4ð jÞðcÞÞÞy

�
Yk�1

jal¼1

Yk�l

i¼1

ðq�2þ2jpq�24ðiþlÞðcÞ; pq�24ðiþlÞðcÞÞy
ðq2þ2jpq�24ðiþlÞðcÞ; pq�24ðiþlÞðcÞÞy

� ðq2þ2jpq�24ðiþl�1ÞðcÞ; pq�24ðiþl�1ÞðcÞÞy
ðq�2þ2jpq�24ðiþl�1ÞðcÞ; pq�24ðiþl�1ÞðcÞÞy

;

Sðp; qÞf ¼
Yk�1

j¼0

Yk� j

i¼1

ðpq2�2i�2ðcð1Þþ���þcð jÞÞÞ; pq�2ðcð1Þþ���þcð jÞÞÞy
ðpq�2�2i�2ðcð1Þþ���þcð jÞÞÞ; pq�2ðcð1Þþ���þcð jÞÞÞy

�
Yk�1

jal¼1

Yk�l

i¼1

ðq�2þ2jpq�24ðiþlÞðcÞ; pq�24ðiþlÞðcÞÞy
ðq2þ2jpq�24ðiþlÞðcÞ; pq�24ðiþlÞðcÞÞy

� ðq2þ2jpq�24ðiþl�1ÞðcÞ; pq�24ðiþl�1ÞðcÞÞy
ðq�2þ2jpq�24ðiþl�1ÞðcÞ; pq�24ðiþl�1ÞðcÞÞy

:

Proof. Let us show the proof of (4.1). From the comultiplication (3.2)

in Theorem 3.1, we have the following product on Vkþ1ðli; mÞ for some positive

integer N over all possible decompositionsX
i1;...; iN A f1;...;kþ1g

ei1ðzi1Þei2ðzi2Þ . . . eiN ðziN Þ; ð4:5Þ

where cðiÞ ¼ 1.

From the relations (3.5)–(3.7) in Lemma 3.2, one can show that for

zijþ1
=zij ¼ q2 all terms in (4.5) are zero except for those with indices i1 > � � � >

ikþ1. Suppose N ¼ k þ 2 and zijþ1
=zij ¼ q2, then for m0 n there is im ¼ in.

Thus we get the first condition of integrability. Similarly one can prove the

Fkþ2ðzÞ case.
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For the vertex operator Ekþ1ðzÞ, since the term with i1 > � � � > ikþ1 in (4.5)

is not zero, we have

Ekþ1ðzÞ ¼ eðzqkÞn eðzqk�1Þc�ðzqk�1=2Þn eðzqk�2Þc�ðzqk�1=2Þc�ðzqkþ3=2Þ

n � � �n eðzÞc�ðzq3=2Þ . . .c�ðq2k�1=2Þ:

We used relations (2.42) and (2.45) in Proposition 2.11 to write each factor of

the tensor product in a normal order form. Then we get

Ekþ1ðzÞ ¼ Sðp; qÞeðeðzqkÞn : eðzqk�1Þc�ðzqk�1=2Þ :

n : eðzqk�2Þc�ðzqk�1=2Þc�ðzqkþ3=2Þ :

n � � �n : eðzÞc�ðzq3=2Þ . . .c�ðq2k�1=2Þ :Þ: ð4:6Þ

Substitute (2.39) and (2.40) from Theorem 2.10 into the above relation and use

(3.11), we get the desired relation (4.3). Relation (4.4) can be proved in a

similar way.

Proposition 4.2. On Vkþ1ðli; mÞ, the vertex operators Ekþ1ðzÞ and Fkþ1ðzÞ
satisfy the following di¤erence equations

Ekþ1ðzq2Þ ¼ 4kðqhþ1Þ exp ðq� q�1Þ
X
n>0

4kða�nÞðqkþ1zÞn
 !

� Ekþ1ðzÞ4kðqhþ1Þ exp �ðq� q�1Þ
X
n>0

4kðanÞðqkþ1zÞ�n

 !
; ð4:7Þ

Fkþ1ðzq2Þ ¼ 4kðq�ðhþ1ÞÞ exp ðq� q�1Þ
X
n>0

4kða 0
�nÞðqkþ1zÞn

 !

�Fkþ1ðzÞ4
kðq�ðhþ1ÞÞ exp �ðq� q�1Þ

X
n>0

4kða 0
nÞðqkþ1zÞ�n

 !
: ð4:8Þ

By means of an elliptic analogue of the Drinfeld coproduct, we have found

the higher level module of the elliptic quantum group Uq;pðbslsl2Þ.
A highest weight sl2-module is called integrable if the Chevally generators

are locally nilpotent on this module [9]. Proposition VI.5 in Ref. [15] shows

that on the level-k standard bslsl2-module, the currents xGaðzÞ are nilpotent

operators at k þ 1, xGaðzÞkþ1 ¼ 0. The authors in [1, 3] found the nilpotent

condition for Uqðbslsl2Þ integrable module. Here we obtained the elliptic ana-

logue of the nilpotent condition for Uq;pðbslsl2Þ module. In quantum case, the

vertex operators xGkðzÞ in [1] satisfy certain q-di¤erence equations
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xþkðzq2Þ ¼ 4kf�1ðzqðmþ1Þ=2ÞxþkðzÞ4kcðzq3ðmþ1Þ=2Þ;

x�kðzq2Þ ¼ 4kfðzq�3ðmþ1Þ=2Þx�kðzÞ4kc�1ðzq�ðmþ1Þ=2Þ;

where fðzÞ and cðzÞ are the generating functions of the bosons a�n; an
ðn A Z>0Þ respectively. We found the elliptic analogue of these q-di¤erence

relations. It is clear that the operators 4kðcGðzÞÞ do not appear on the both

sides of Ekþ1ðzÞ and Fkþ1ðzÞ in (4.7) and (4.8) respectively unlikely in quantum

case because the operators 4kðcGðzÞÞ (3.12)–(3.13) are exponential functions

of both annihilation operator 4kðanÞ and creation operator 4kða�nÞ with p

factors.

The authors in [7] compute the correlation function of Uqðbslsl2Þ perfect

vertex operators using the wheel condition. We expect that we can make a

similar application in the elliptic case.
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