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Abstract. Let qb 2 be an integer and SqðnÞ denote the sum of the digits in base q of

the positive integer n. We look for an estimate of the average of some multiplicative

arithmetical functions defined by sums over divisors d of n satisfying Sqðd 2Þ1 r mod m

for some integers r and m.

1. Introduction

Throughout this paper, we denote by N, N0, Z, R and C the sets of

positive integers, non negative integers, integers, real and complex numbers

respectively. Given a real number x, bxc denotes the greatest integera x and

eðxÞ ¼ e2ipx. The greatest common divisor of two integers a and b will be

denoted by ða; bÞ and if aa b we denote by wa; bx the set fa; aþ 1; . . . ; bg.
The number of distinct prime factors of a positive integer n will be denoted

oðnÞ.
First, we shall introduce the following definition: let n A N0 and q be

an integerb 2. The sequence ðajðnÞÞj AN0
A f0; 1; . . . ; q� 1gN0 is defined to be

the unique sequence satisfying

n ¼
Xy
k¼0

akðnÞqk: ð1:1Þ

The right hand side of the expression (1.1) shall be called the expansion of n

to the base q. We shall set

SðnÞ ¼ SqðnÞ ¼
Xy
k¼0

akðnÞ:
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A function f : N0 ! C is called completely q-additive if f ð0Þ ¼ 0 and

f ðaqk þ bÞ ¼ f ðaÞ þ f ðbÞ for any integers ab 1, kb 1 and 0a b < qk.

Such functions were introduced by Gelfond [7] and further studied by Delange

[5], Bésineau [3], Coquet [4], Kàtai [9] and others. Using the base q expan-

sion (1.1), we find that the function f is completely q-additive if and only if

f ð0Þ ¼ 0 and

f ðnÞ ¼
Xy
k¼0

f ðakðnÞÞ:

It follows that a completely q-additive function is completely determined by

its values on the set f0; 1; . . . ; q� 1g. A typical example of a completely

q-additive function is the sum of digits function S.

Another kind of arithmetic functions is the multiplicative ones, i.e. that

satisfy f ð1Þ ¼ 1 and whenever a and b are coprime integers, then f ðabÞ ¼
f ðaÞ f ðbÞ (see [2, chapter 2] for further informations).

In this paper, we shall focus on the following functions depending on a

positive integer n:
� the number of positive divisors function, t : n 7!

P
djn

1.

� The sum of the s-th powers of all the positive divisors function (for

s A R), ss : n 7!
P
djn

n

d

� �s
. In particular, s0 ¼ t.

� The number of positive integersa n and coprime to n, j : n 7!
P

1akan
ðk;nÞ¼1

1.
� The Möbius function,

m : n 7!
1; if n ¼ 1;

ð�1Þr; if n ¼ p1 . . . pr; a product of distinct primes;

0; otherwise:

8><
>:

� The non principal Dirichlet character modulo 4,

w : n 7! 0; if 2jn;
ð�1Þðn�1Þ=2; otherwise:

(

� The number of representations of n as the sum of two integral squares

denoted by rðnÞ.
Except the last one, all these functions are multiplicative and it can be shown

(see [8, chapter 16] for instance) that

jðnÞ ¼
X
djn

mðdÞ n
d
;

rðnÞ ¼ 4
X
djn

wðdÞ:
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In fact, this implies that
rðnÞ
4

is multiplicative and thus rðnÞ is ‘‘almost

multiplicative’’.

For every r A Z, q and mb 2 such that ðm; q� 1Þ ¼ 1, we define the

following functions that depend on n, q, r and m (but we will omit the latter

ones for briefness)

tðnÞ ¼
X
djn

Sðd 2Þ1r mod m

1;

ssðnÞ ¼
X
djn

Sðd 2Þ1r mod m

n

d

� �s
; for s A R;

jðnÞ ¼
X
djn

Sðd 2Þ1r mod m

mðdÞ n
d
;

rðnÞ ¼ 4
X
djn

Sðd 2Þ1r mod m

wðdÞ:

Note that the assumption ðm; q� 1Þ ¼ 1 is crucial since it implies that ðq� 1Þ j

m

A RnZ for all j A w1;m� 1x, a result that allows to use the Theoerem A which

will be stated later.

Our target, in this paper, is to estimate
P
nax

tðnÞ,
P
nax

ssðnÞ,
P
nax

jðnÞ andP
nax

rðnÞ (representing the averages of the functions t, ss, j and r respectively,

in accordance to the study made in [8, chapter 18]).

In order to detect the congruences, we shall use the classic orthogonality

relation

1

m

Xm�1

j¼0

e
jða� bÞ

m

� �
¼ 1; if a1 b mod m;

0; else:

�
ðm A N; a; b A ZÞ ð1:2Þ

Finally, Gelfond [7] alluded the problem of giving an estimate for the number

of values of a polynomial P (P takes only integer values on the set N) satisfying

the condition SðPðnÞÞ1 r mod m.

Basically, we shall need the following result proved by Mauduit and Rivat

[10], answering the question of Gelfond in the case PðnÞ ¼ n2.

Theorem A [Mauduit-Rivat, 2007]. Let qb 2 be an integer and a A R

such that ðq� 1Þa A RnZ then there exists sqðaÞ > 0 and x0 :¼ x0ðq; aÞb 2
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such that for every real number xb x0, we have

X
nax

eðaSðn2ÞÞ
�����

�����a 4q7=2ðlog qÞ5=2tðqÞ1=2 1þ log x

log q

� �ð1=2ÞoðqÞþ4

x1�sqðaÞ:

In particular, this means that for x su‰ciently large

X
nax

eðaSðn2ÞÞf ðlog xÞð1=2ÞoðqÞþ4
x1�sqðaÞ:

Recently, Mkaouar and Wannès [11] used an improved result of Drmota,

Mauduit and Rivat [6], in addition to the classic Abel’s summation formula, to

prove interesting results about the average of some additive functions (namely,

the number of distinct prime factors o and the total number of prime factors

W of a positive integer n) under digital constraints.

Using the same ideas, we will follow a similar path, in this article, in order

to study the multiplicative functions under constraints on the sum of the digits

of squares. Indeed, this is our second approach concerning this topic after the

first study done in [1].

2. A lemma on power sums

We need a classical lemma estimating some expressions that will be needed

later. In part a), the constant g is Euler-Mascheroni’s constant defined by the

equation

g ¼ lim
x!þy

X
nax

1

n
� log x

 !
:

In part b), zðsÞ denotes the Riemann zeta function defined by the equations

zðsÞ ¼

Xþy

n¼1

1

ns
; if s > 1;

lim
x!þy

X
nax

1

ns
� x1�s

1� s

 !
; if 0 < s < 1;

8>>>>><
>>>>>:

a proof can be found in [2, chapter 3].

Lemma 2.1. As x ! þy, we have

a)
P
nax

1

n
¼ log xþ gþO

1

x

� �
.

b)
P
nax

1

ns
¼ x1�s

1� s
þ zðsÞ þOðx�sÞ, if s > 0, s0 1.
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c)
P
n>x

1

ns
¼ Oðx1�sÞ, if s > 1.

d)
P
nax

ns ¼ xsþ1

sþ 1
þOðxsÞ, if sb 0.

3. Average of t

Theorem 3.1. Let qb 2 and mb 2 be integers such that ðq� 1;mÞ ¼ 1,

let r A Z. Then we have

X
nax

tðnÞ ¼ 1

m
x log xþ aþ 2g� 1

m
xþOððlog xÞð1=2ÞoðqÞþ4

x1�sq;m=2Þ;

as x ! þy, where g stands for Euler-Mascheroni’s constant, sq;m ¼

min
j A w1;m�1x

sq
j

m

� �
(sq being the constant stated in Theorem A) and

a ¼
Xm�1

j¼1

e � rj

m

� � ðþy

1

X
dau

e
j

m
Sðd 2Þ

� � !
du

u2

 !
:

Proof. Given x large enough, we have

X
nax

tðnÞ ¼
X
d; l

dlax
Sðd 2Þ1r mod m

1

¼ A1 þ A2 � A3;

where

A1 ¼
X
da

ffiffi
x

p

Sðd 2Þ1r mod m

X
lax=d

1;

A2 ¼
X
la
ffiffi
x

p

X
dax=l

Sðd 2Þ1r mod m

1

and

A3 ¼
X
da

ffiffi
x

p

Sðd 2Þ1r mod m

X
la
ffiffi
x

p
1:
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First, we may write using the orthogonality relation (1.2)

A1 ¼
X
da

ffiffi
x

p

Sðd 2Þ1r mod m

x

d

� �

¼ 1

m

X
da

ffiffi
x

p

x

d

� �Xm�1

j¼0

e
j

m
ðSðd 2Þ � rÞ

� �

¼ 1

m
x
X
da

ffiffi
x

p

1

d
þ 1

m
x
Xm�1

j¼1

e � rj

m

� �
SjðxÞ þOð

ffiffiffi
x

p
Þ; ð3:1Þ

where

SjðxÞ ¼
X
da

ffiffi
x

p

e j
m
Sðd 2Þ

� 	
d

; for each j A w1;m� 1x:

The first sum can be estimated as a consequence of Lemma 2.1 giving

1

m
x
X
da

ffiffi
x

p

1

d
¼ 1

2m
x log xþ g

m
xþOð

ffiffiffi
x

p
Þ: ð3:2Þ

Next, using Abel’s summation formula, we get

SjðxÞ ¼
X
da

ffiffi
x

p

e j
m
Sðd 2Þ

� 	
d

¼ 1ffiffiffi
x

p
X
da

ffiffi
x

p
e

j

m
Sðd 2Þ

� �
þ
ð ffiffi

x
p

1

X
dau

e
j

m
Sðd 2Þ

� � !
du

u2
:

Thanks to Theorem A, we write for j A w1;m� 1x

X
dau

e
j

m
Sðd 2Þ

� ������
����� 1u2 f

ðlog uÞð1=2ÞoðqÞþ4

u1þsqð j=mÞ :

Hence, we obtain

ð ffiffi
x

p

1

X
dau

e
j

m
Sðd 2Þ

� � !
du

u2
¼ aj þO

ðlog xÞð1=2ÞoðqÞþ4

xsqð j=mÞ=2

 !
; ð3:3Þ

where

aj ¼
ðþy

1

X
dau

e
j

m
Sðd 2Þ

� � !
du

u2
; for every j A w1;m� 1x:
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Using Theorem A again, we have

1ffiffiffi
x

p
X
da

ffiffi
x

p
e

j

m
Sðd 2Þ

� �
¼ O

ðlog xÞð1=2ÞoðqÞþ4

xsqð j=mÞ=2

 !
: ð3:4Þ

Taking the identities (3.3) and (3.4) jointly and setting

sq;m ¼ min
j A w1;m�1x

sq
j

m

� �
,

we find

SjðxÞ ¼ aj þO
ðlog xÞð1=2ÞoðqÞþ4

xsq;m=2

 !
:

Considering (3.2) and choosing sq;m small enough, we go back to (3.1) in order

to find

A1 ¼
1

2m
x log xþ aþ g

m
xþOððlog xÞð1=2ÞoðqÞþ4

x1�sq;m=2Þ; ð3:5Þ

where a ¼
Pm�1

j¼1

e � rj

m

� �
aj.

Next, we write

A2 ¼
1

m

X
la
ffiffi
x

p

X
dax=l

Xm�1

j¼0

e
j

m
ðSðd 2Þ � rÞ

� �

¼ 1

m

X
la
ffiffi
x

p

X
dax=l

1þ 1

m

Xm�1

j¼1

e � jr

m

� � X
la
ffiffi
x

p

X
dax=l

e
j

m
Sðd 2Þ

� �
:

It is easy to check, using Lemma 2.1, that

1

m

X
la
ffiffi
x

p

X
dax=l

1 ¼ 1

m

X
la
ffiffi
x

p

x

l
þOð1Þ

� �

¼ 1

2m
x log xþ g

m
xþOð

ffiffiffi
x

p
Þ: ð3:6Þ

As a consequence of Theorem A, we get for j A w1;m� 1x,

X
la
ffiffi
x

p

X
dax=l

e
j

m
Sðd 2Þ

� �
f
X
la
ffiffi
x

p
ðlog xÞð1=2ÞoðqÞþ4 x

l

� �1�sqð j=mÞ

f ðlog xÞð1=2ÞoðqÞþ4
x1�sqð j=mÞ=2: ð3:7Þ

The last bound follows from Lemma 2.1.
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Combining (3.6) and (3.7) and choosing sq;m small enough gives

A2 ¼
1

2m
x log xþ g

m
xþOððlog xÞð1=2ÞoðqÞþ4

x1�sq;m=2Þ; ð3:8Þ

Finally, thanks to Theorem A, we obtain

A3 ¼
1

m

X
da

ffiffi
x

p
ð
ffiffiffi
x

p
þOð1ÞÞ þ 1

m

Xm�1

j¼1

X
da

ffiffi
x

p
e

j

m
ðSðd 2Þ � rÞ

� �
ð
ffiffiffi
x

p
þOð1ÞÞ

¼ 1

m
xþOððlog xÞð1=2ÞoðqÞþ4

x1�sq;m=2Þ; ð3:9Þ

Gathering (3.5), (3.8) and (3.9) together, we get the desired conclusion. 9

4. Average of ss

The case s ¼ 0 was considered in the previous paragraph. We shall first

consider s > 0 and deal carefully with the subcase s ¼ 1.

Theorem 4.1. Let qb 2 and mb 2 be integers such that ðm; q� 1Þ ¼ 1,

let r A Z and s > 0 be a real number. We assert that

X
nax

ssðnÞ ¼
zðsþ1Þ
sþ1 þ b

m
xsþ1 þ Oðx log xÞ; if s ¼ 1;

OðxtÞ; if s0 1;

�
as x ! þy;

where z stands for the Riemann zeta function defined in Lemma 2.1,

t ¼ maxð1; sÞ and b ¼
Pm�1

j¼1

e � jr

m

� � Ð þy
1

P
dau

e
j

m
Sðd 2Þ

� � !
du

usþ2

 !
.

Proof. Let x be large enough, we may write

X
nax

ssðnÞ ¼
X
nax

X
djn

Sðd 2Þ1r mod m

n

d

� �s

¼
X
dax

Sðd 2Þ1r mod m

X
nax
n¼hd

n

d

� �s

¼
X
dax

Sðd 2Þ1r mod m

X
hax=d

hs

¼
X
dax

Sðd 2Þ1r mod m

�
x
d

	sþ1

sþ 1
þO

xs

d s

� �( )
: ð4:1Þ
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Here, we should treat the subcases s ¼ 1 and s0 1 separately, using in both

cases Lemma 2.1 and applying (1.2).

� If s ¼ 1, then

X
nax

s1ðnÞ ¼
1

2
x2

X
dax

Sðd 2Þ1r mod m

1

d 2
þO x

X
dax

1

d

 !

¼ 1

2m
x2
Xm�1

j¼0

e � jr

m

� �X
dax

e j
m
Sðd 2Þ

� 	
d 2

þOðx log xÞ

¼ 1

2m
x2 � 1

x
þ zð2Þ þO x�2

� 	� 


þ 1

2m
x2
Xm�1

j¼1

e � jr

m

� �X
dax

e j
m
Sðd 2Þ

� 	
d 2

þOðx log xÞ:

� If s0 1, we set t ¼ maxð1; sÞ so that

X
nax

ssðnÞ ¼
1

sþ 1
xsþ1

X
dax

Sðd 2Þ1r mod m

1

d sþ1
þO xs

X
dax

1

d s

 !

¼ 1

ðsþ 1Þmxsþ1
Xm�1

j¼0

e � jr

m

� �X
dax

e j
m
Sðd 2Þ

� 	
d sþ1

þO xs x1�s

1� s
þ zðsÞ þOðx�sÞ

� 
� �

¼ 1

ðsþ 1Þmxsþ1 � x�s

s
þ zðsþ 1Þ þOðx�s�1Þ

� 


þ 1

ðsþ 1Þmxsþ1
Xm�1

j¼1

e � jr

m

� �X
dax

e j
m
Sðd 2Þ

� 	
d sþ1

þOðxtÞ:

Going back to (4.1), we can summarize by the following formula

X
nax

ssðnÞ ¼
zðsþ 1Þ
ðsþ 1Þmxsþ1 þ Bþ Oðx log xÞ; if s ¼ 1;

OðxtÞ; if s0 1;

�
ð4:2Þ

where

B ¼ 1

ðsþ 1Þmxsþ1
Xm�1

j¼1

e � jr

m

� �X
dax

e j
m
Sðd 2Þ

� 	
d sþ1

: ð4:3Þ
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We apply Abel’s formula to B in order to get, for j A w1;m� 1x,

TjðxÞ ¼
X
dax

e j
m
Sðd 2Þ

� 	
d sþ1

¼ 1

xsþ1

X
dax

e
j

m
Sðd 2Þ

� �
þ ðsþ 1Þ

ð x
1

X
dau

e
j

m
Sðd 2Þ

� � !
du

usþ2
:

As a consequence of Theorem A, the latter integral is again absolutely

convergent. Therefore, we get

ð x
1

X
dau

e
j

m
Sðd 2Þ

� � !
du

usþ2
¼ bj þOððlog xÞð1=2ÞoðqÞþ4

x�s�sqð j=mÞÞ; ð4:4Þ

with

bj ¼
ðþy

1

X
dau

e
j

m
Sðd 2Þ

� � !
du

usþ2
; for every j A w1;m� 1x:

Using Theorem A once again, we have

1

xsþ1

X
dax

e
j

m
Sðd 2Þ

� �
¼ Oððlog xÞð1=2ÞoðqÞþ4

x�s�sqð j=mÞÞ: ð4:5Þ

Considering the identities (4.4) and (4.5) jointly, we find

TjðxÞ ¼ ðsþ 1Þbj þOððlog xÞð1=2ÞoðqÞþ4
x�s�sqð j=mÞÞ:

Going back to (4.3), we write

B ¼ b

m
xsþ1 þOððlog xÞð1=2ÞoðqÞþ4

x1�sq;mÞ; ð4:6Þ

with sq;m ¼ min
j A w1;m�1x

sq
j

m

� �
and b ¼

Pm�1

j¼1

e � jr

m

� �
bj.

Hence, taking (4.2) and (4.6) jointly enables to reach our result. 9

In order to find the average order of ssðnÞ for negative s, we shall set

u ¼ �s where u > 0.

Theorem 4.2. Let qb 2 and mb 2 be integers such that ðm; q� 1Þ ¼ 1,

let r A Z and s < 0 be a real number. Thus
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X
nax

ssðnÞ ¼
zð1� sÞ

m
xþ

Oð1Þ; if v < 0;

Oððlog xÞð1=2ÞoðqÞþ4
xvÞ; if vb 0 and s0�sq;m;

Oððlog xÞð1=2ÞoðqÞþ5
x1þsÞ; if sq

j
m

� 	
¼ sq;m;

Ej A w1;m� 1x and s ¼ �sq;m b�1;

8>>>><
>>>>:

as x ! þy, where z is the Riemann zeta function, sq;m ¼ min
j A w1;m�1x

sq
j

m

� �
and

v ¼ maxð1þ s; 1� sq;mÞ.

Proof. In fact, if we set u ¼ �s > 0, it follows from the orthogonality

relation (1.2) that

X
nax

ss ¼
X
nax

X
djn

Sðd 2Þ1r mod m

d

n

� �u

¼
X
hax

1

hu

X
dax=h

Sðd 2Þ1r mod m

1

¼ G1 þ G2; ð4:7Þ

where

G1 ¼
1

m

X
hax

1

hu

x

h

� �

and

G2 ¼
1

m

Xm�1

j¼1

e � rj

m

� �X
hax

1

hu

X
dax=h

e
j

m
Sðd 2Þ

� �
:

Therefore,

G1 ¼
1

m
x
X
hax

1

h1þu
þO

X
hax

1

hu

 !

¼ 1

m
xfzð1þ uÞ þOðx�uÞg þ

Oðlog xÞ; if u ¼ 1;

O x1�u

1�u
þ zðuÞ þOðx�uÞ

n o� �
; else;

(

¼ zð1þ uÞ
m

xþ
Oðlog xÞ; if u ¼ 1;

Oð1Þ; if u > 1;

Oðx1�uÞ; if u < 1:

8><
>:
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Besides, Theorem A enables us to get for j A w1;m� 1x,

X
hax

1

hu

X
dax=h

e
j

m
Sðd 2Þ

� �
f
X
hax

1

hu
log

x

h

� �ð1=2ÞoðqÞþ4
x

h

� �1�sqð j=mÞ

f ðlog xÞð1=2ÞoðqÞþ4
x1�sqð j=mÞ

X
hax

1

h1þu�sqð j=mÞ :

Thanks to Lemma 2.1,

G2 ¼

Oððlog xÞð1=2ÞoðqÞþ5
x1�uÞ; if sq

j
m

� 	
¼ sq;m; Ej A w1;m� 1x

and u ¼ sq;m;

Oððlog xÞð1=2ÞoðqÞþ4
x1�uÞ; if u < sq;m;

Oððlog xÞð1=2ÞoðqÞþ4
x1�sq;mÞ; if u > sq;m:

8>>>><
>>>>:

A discussion on the possible orders of the real numbers 0, 1� u and 1� sq;m
completes the proof. 9

5. Average of j

Theorem 5.1. Let qb 2 and mb 2 be integers such that ðm; q� 1Þ ¼ 1,

let r A Z. We assert that

X
nax

jðnÞ ¼
3
p2 þ r

m
x2 þOðx log xÞ; as x ! þy;

where r ¼
Pm�1

j¼1

e � jr

m

� � Ð þy
1

P
dau

mðdÞe j

m
Sðd 2Þ

� � !
du

u3

 !
.

Proof. Let x be large enough, due to (1.2) and Lemma 2.1 we haveX
nax

jðnÞ ¼
X
nax

X
djn

Sðd 2Þ1r mod m

mðdÞ n
d

¼
X
dax

Sðd 2Þ1r mod m

mðdÞ
X

hax=d

h

¼
X
dax

Sðd 2Þ1r mod m

mðdÞ x2

2d 2
þO

x

d

� �� �

¼ 1

2m
x2
Xm�1

j¼0

e � jr

m

� �X
dax

mðdÞ
e j

m
Sðd 2Þ

� 	
d 2

þOðx log xÞ
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¼ 1

2m
x2
Xþy

d¼1

mðdÞ
d 2

þO x2
X
d>x

1

d 2

 !

þ 1

2m
x2
Xm�1

j¼1

e � jr

m

� �X
dax

mðdÞ
e j

m
Sðd 2Þ

� 	
d 2

þOðx log xÞ

¼ 1

2m
x2
Xþy

d¼1

mðdÞ
d 2

þ C þOðx log xÞ; ð5:1Þ

where

C ¼ 1

2m
x2
Xm�1

j¼1

e � jr

m

� �X
dax

mðdÞ
e j

m
Sðd 2Þ

� 	
d 2

: ð5:2Þ

First, using the Möbius inversion formula (see [2, p. 32]), we get

Xþy

d¼1

1

d 2

 ! Xþy

m¼1

mðmÞ
m2

 !
¼
Xþy

k¼1

1

k2

X
d;m
dm¼k

mðdÞ

0
B@

1
CA¼

Xþy

k¼1

1

k2

X
mjk

mðmÞ

0
@

1
A¼ 1;

so that

Xþy

d¼1

mðdÞ
d 2

¼ 6

p2
: ð5:3Þ

Next, we may apply Abel’s summation formula again to C in order to obtain

UjðxÞ ¼
X
dax

mðdÞ
e j

m
Sðd 2Þ

� 	
d 2

¼ 1

x2

X
dax

mðdÞe j

m
Sðd 2Þ

� �
þ 2

ð x
1

X
dau

mðdÞe j

m
Sðd 2Þ

� � !
du

u3
:

The integral is trivially convergent. Subsequently, we get

ð x
1

X
dau

mðdÞe j

m
Sðd 2Þ

� � !
du

u3
¼ rj þO x�1

� 	
; ð5:4Þ

with

rj ¼
ðþy

1

X
dau

mðdÞe j

m
Sðd 2Þ

� � !
du

u3
; for each j A w1;m� 1x:
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Clearly, we have

1

x2

X
dax

mðdÞe j

m
Sðd 2Þ

� �
¼ O x�1

� 	
: ð5:5Þ

Considering the identities (5.4) and (5.5) jointly, we find

UjðxÞ ¼ 2rj þO x�1
� 	

:

Going back to (5.2), we write

C ¼ r

m
x2 þOðxÞ; ð5:6Þ

with sq;m ¼ min
j A w1;m�1x

sq
j

m

� �
and r ¼

Pm�1

j¼1

e � jr

m

� �
rj.

Hence, considering (5.1), (5.3) and (5.6) together gives the desired result.

9

6. Average of r

Theorem 6.1. Let qb 2 and mb 2 be integers such that ðm; q� 1Þ ¼ 1,

let r A Z. We state that

X
nax

rðnÞ ¼ pþ 4n

m
xþOððlog xÞð1=2ÞoðqÞþ4

x1�sq;m=2Þ; as x ! þy;

where

n ¼
Xm�1

j¼1

e � jr

m

� � ðþy

1

X
dau

wðdÞe j

m
Sðd 2Þ

� � !
du

u2

 !

and sq;m ¼ min
j A w1;m�1x

sq
j

m

� �
(sq being the constant stated in Theorem A).

Proof. Given x large enough, we haveX
nax

rðnÞ ¼ 4
X
nax

X
djn

Sðd 2Þ1r mod m

wðdÞ

¼ 4
X
dhax

Sðd 2Þ1r mod m

wðdÞ

¼ 4
X
dax

Sðd 2Þ1r mod m

wðdÞ
X

hax=d

1
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¼ 4
X
dax

Sðd 2Þ1r mod m

wðdÞ x

d

� �

¼ 4
X
da

ffiffi
x

p

Sðd 2Þ1r mod m

wðdÞ x

d

� �
þ 4

X
ha

ffiffi
x

p

X
ffiffi
x

p
<dax=h

Sðd 2Þ1r mod m

wðdÞ: ð6:1Þ

Since

Xþy

d¼1

wðdÞ
d

¼ 1� 1

3
þ 1

5
� � � � ¼ p

4
;

the identity (1.2) gives

X
da

ffiffi
x

p

Sðd 2Þ1r mod m

wðdÞ x

d

� �
¼

X
da

ffiffi
x

p

Sðd 2Þ1r mod m

wðdÞ x
d
þOð

ffiffiffi
x

p
Þ

¼ 1

m
x
Xm�1

j¼0

e � jr

m

� � X
da

ffiffi
x

p
wðdÞ

e j
m
Sðd 2Þ

� 	
d

þOð
ffiffiffi
x

p
Þ

¼ 1

m
x
Xþy

d¼1

wðdÞ
d

þO
1ffiffiffi
x

p
� � !

þ 1

m
x
Xm�1

j¼1

e � jr

m

� � X
da

ffiffi
x

p
wðdÞ

e j
m
Sðd 2Þ

� 	
d

þOð
ffiffiffi
x

p
Þ

¼ p

4m
xþDþOð

ffiffiffi
x

p
Þ; ð6:2Þ

with

D ¼ 1

m
x
Xm�1

j¼1

e � jr

m

� � X
da

ffiffi
x

p
wðdÞ

e j
m
Sðd 2Þ

� 	
d

: ð6:3Þ

Applying Abel’s formula to D gives, for j A w1;m� 1x,

VjðxÞ ¼
X
da

ffiffi
x

p
wðdÞ

e j
m
Sðd 2Þ

� 	
d

¼ 1ffiffiffi
x

p
X
da

ffiffi
x

p
wðdÞe j

m
Sðd 2Þ

� �
þ
ð ffiffi

x
p

1

X
dau

wðdÞe j

m
Sðd 2Þ

� � !
du

u2
:
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The integral converges absolutely and following Theorem A

ð ffiffi
x

p

1

X
dau

wðdÞe j

m
Sðd 2Þ

� � !
du

u2
¼ nj þOððlog xÞð1=2ÞoðqÞþ4

x�sqð j=mÞ=2Þ; ð6:4Þ

where

nj ¼
ðþy

1

X
dau

wðdÞe j

m
Sðd 2Þ

� � !
du

u2
; for every j A w1;m� 1x:

Indeed, applying the identity

wðdÞ ¼
e d�1

4

� 	
þ e � d�1

4

� 	
2

; ð6:5Þ

we are left with two sums of the type
P
dax

eðad þ bSðd 2ÞÞ (with a ¼ 1
4 and

a ¼ � 1
4Þ which can be handled exactly as in Theorem A since Mauduit and

Rivat start by applying a Van der Corput inequality in [10, Lemme 15] that

will cancel the term ad written above.

Obviously, according to the previous argument, we have

1ffiffiffi
x

p
X
da

ffiffi
x

p
wðdÞe j

m
Sðd 2Þ

� �
¼ Oððlog xÞð1=2ÞoðqÞþ4

x�sqð j=mÞ=2Þ: ð6:6Þ

Considering the identities (6.4) and (6.6) together, we find

VjðxÞ ¼ nj þOððlog xÞð1=2ÞoðqÞþ4
x�sqð j=mÞ=2Þ:

Going back to (6.3), we write

D ¼ n

m
xþOððlog xÞð1=2ÞoðqÞþ4

x1�sq;m=2Þ; ð6:7Þ

with sq;m ¼ min
j A w1;m�1x

sq
j

m

� �
and n ¼

Pm�1

j¼1

e � jr

m

� �
nj.

Finally, it remains to bound the second sum in (6.1) as follows

X
ha

ffiffi
x

p

X
ffiffi
x

p
<dax=h

Sðd 2Þ1r mod m

wðdÞ ¼ 1

m

X
ha

ffiffi
x

p

Xm�1

j¼0

e � jr

m

� � X
ffiffi
x

p
<dax=h

wðdÞe j

m
Sðd 2Þ

� �

¼ L1 þ L2 � L3: ð6:8Þ
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with

L1 ¼
1

m

X
ha

ffiffi
x

p

X
ffiffi
x

p
<dax=h

wðdÞ;

L2 ¼
1

m

Xm�1

j¼1

e � jr

m

� � X
ha

ffiffi
x

p

X
dax=h

wðdÞe j

m
Sðd 2Þ

� �

and

L3 ¼
ffiffiffi
x

p

m

Xm�1

j¼1

e � jr

m

� � X
da

ffiffi
x

p
wðdÞe j

m
Sðd 2Þ

� �
:

But,
P

wðdÞ, between any limits, is 0 or G1, hence

L1 f
ffiffiffi
x

p
: ð6:9Þ

Furthermore, the identity (6.5) and its following remark imply

L3 f ðlog xÞð1=2ÞoðqÞþ4
x1�sq;m=2 ð6:10Þ

and

X
ha

ffiffi
x

p

X
dax=h

wðdÞe j

m
Sðd 2Þ

� �
f ðlog xÞð1=2ÞoðqÞþ4

x1�sq;m
X
ha

ffiffi
x

p

1

h1�sq;m

f ðlog xÞð1=2ÞoðqÞþ4
x1�sq;m=2: ð6:11Þ

The last bound follows from Lemma 2.1.

Thus, putting (6.9), (6.10) and (6.11) in (6.8), then combining (6.2), (6.7)

and (6.8) jointly in (6.1) allows to reach our result. 9

Acknowledgement

The author would like to thank Professor Mohamed Mkaouar and PhD
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