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Abstract. Our aim in this paper is to treat Hardy’s inequalities for Musielak-Orlicz-

Sobolev functions on proper open subsets of RN .

1. Introduction

The higher dimensional Hardy’s inequality of the formð
W

juðxÞjpdðxÞ�pþb
dxaC

ð
W

j‘uðxÞjpdðxÞbdx; u A Cy
0 ðWÞ

appeared in [12] for bounded Lipschitz domains WHRN , 1 < p < y and

b < p� 1, where dðxÞ ¼ distðx; qWÞ. For related results, we refer to [1], [2],

[6], [7], [8] and [13].

Variable exponent Lebesgue spaces and Sobolev spaces were introduced

to discuss nonlinear partial di¤erential equations with non-standard growth

conditions. Harjulehto-Hästö-Koskenoja [4] proved Hardy’s inequality for

Sobolev functions u A W
1;pð�Þ
0 ðWÞ when W is bounded and pð�Þ is a variable

exponent satisfying the log-Hölder conditions on W, as an extension of [2]. In

fact they proved the following:

Theorem A. Let W be an open and bounded subset of RN. Suppose

1 < p� a pþ < y, where p� :¼ infx ARN pðxÞ and pþ :¼ supx ARN pðxÞ. As-

sume that W satisfies the measure density condition, that is, there exists a

constant k > 0 such that

jBðz; rÞVWcjb kjBðz; rÞj ð1Þ

for every z A qW and r > 0 (see [3]). Then there exist positive constants C and

b0 such that the inequality

kdb�1ukLpð�ÞðWÞ aCkdbj‘uj kLpð�ÞðWÞ ð2Þ

holds for all u A W
1;pð�Þ
0 ðWÞ and all 0a b < b0, where dðxÞ ¼ distðx; qWÞ.

2010 Mathematics Subject Classification. Primary 46E30, 42B25.

Key words and phrases. Musielak-Orlicz space, Hardy’s inequality, variable exponent.



In the case when b ¼ 0, Hästö [5, Theorem 3.2] proved Theorem A

without the assumption that W is bounded. It is also shown in [4] that if

p� > N then (2) holds without the measure density condition (1).

Recently, these results have been extended to the two variable exponents

Sobolev spaces W
1;Fpð�Þ; qð�Þ
0 ðWÞ in [10], where Fpð�Þ;qð�Þðx; tÞ ¼ ðtðlogðc0 þ tÞÞqðxÞÞpðxÞ

with pð�Þ as above and a measurable bounded function qð�Þ. In fact, the

following results are shown in [10]:

Theorem B ([10, Theorem 1.1]). Let W0RN be an open set. Suppose

1 < p� a pþ < y and W satisfies the measure density condition (1). Then, for

0 < A < N=pþ, Aa 1, there exist positive constants C and b0 such that the

inequality

kdaþb�1ukFpað�Þ; qð�ÞðWÞ aCkdbj‘uj kFpð�Þ; qð�ÞðWÞ

holds for all u A W
1;Fpð�Þ; qð�Þ
0 ðWÞ, 0a aaA and 0a ba b0, where 1=paðxÞ ¼

1=pðxÞ � a=N.

Theorem B 0 ([10, Theorem 1.2]). If N < p� a pþ < y, then the same

conclusion as in Theorem B holds without the measure density condition (1).

Our aim in this paper is to extend these results to functions in general

Musielak-Orlicz-Sobolev spaces W 1;F
0 ðWÞ defined by a general function Fðx; tÞ

satisfying certain conditions (see Section 2 for the definitions of F and

W
1;F
0 ðWÞ). Corresponding to the functions Fpað�Þ;qð�Þðx; tÞ in [10], we shall

introduce functions Caðx; tÞ to state our main Theorems 1 and 2, which are

extensions of Theorem B and Theorem B 0, respectively.

2. Preliminaries

Throughout this paper, let C denote various constants independent of the

variables in question and Cða; b; . . .Þ be a constant that depends on a; b; . . . .

We consider a function

Fðx; tÞ ¼ tfðx; tÞ : RN � ½0;yÞ ! ½0;yÞ

satisfying the following conditions (F1)–(F4):

(F1) fð�; tÞ is measurable on RN for each tb 0 and fðx; �Þ is continuous

on ½0;yÞ for each x A RN ;

(F2) there exists a constant A1 b 1 such that

A�1
1 a fðx; 1ÞaA1 for all x A RN ;

(F3) fðx; �Þ is uniformly almost increasing, namely there exists a constant

A2 b 1 such that

fðx; tÞaA2fðx; sÞ for all x A RN whenever 0a t < s;
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(F4) there exists a constant A3 b 1 such that

fðx; 2tÞaA3fðx; tÞ for all x A RN and t > 0:

Note that (F2), (F3) and (F4) imply

0 < inf
x ARN

fðx; tÞa sup
x ARN

fðx; tÞ < y

for each t > 0.

If Fðx; �Þ is convex for each x A RN , then (F3) holds with A2 ¼ 1; namely

fðx; �Þ is non-decreasing for each x A RN .

Let fðx; tÞ ¼ sup0asat fðx; sÞ and

Fðx; tÞ ¼
ð t
0

fðx; rÞdr

for x A RN and tb 0. Then Fðx; �Þ is convex and

1

2A3
Fðx; tÞaFðx; tÞaA2Fðx; tÞ

for all x A RN and tb 0.

By (F3), we see that

Fðx; atÞ aA2aFðx; tÞ if 0a aa 1

bA�1
2 aFðx; tÞ if ab 1:

�
ð3Þ

We shall also consider the following conditions:

(F5) for every g > 0, there exists a constant Bg b 1 such that

fðx; tÞaBgfðy; tÞ

whenever jx� yja gt�1=N and tb 1;

(F6) there exist a function g A L1ðRNÞ and a constant By b 1 such that

0a gðxÞ < 1 for all x A RN and

B�1
y fðx; tÞa fðx 0; tÞaByfðx; tÞ

whenever jx 0jb jxj and gðxÞa ta 1.

Example 1. Let pð�Þ and qjð�Þ, j ¼ 1; . . . ; k, be measurable functions on

RN such that

(P1) 1a p� :¼ infx ARN pðxÞa supx ARN pðxÞ ¼: pþ < y
and

(Q1) �y < q�j :¼ infx ARN qjðxÞa supx ARN qjðxÞ ¼: qþj < y
for all j ¼ 1; . . . ; k.
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Set LcðtÞ ¼ logðcþ tÞ for cb e and tb 0, L
ð1Þ
c ðtÞ ¼ LcðtÞ, L

ð jþ1Þ
c ðtÞ ¼

LcðLð jÞ
c ðtÞÞ and

Fðx; tÞ ¼ tpðxÞ
Yk
j¼1

ðLð jÞ
c ðtÞÞqjðxÞ:

Then, Fðx; tÞ satisfies (F1), (F2) and (F4). It satisfies (F3) if there is a con-

stant Kb 0 such that KðpðxÞ � 1Þ þ qjðxÞb 0 for all x A RN and j ¼ 1; . . . ; k;

in particular if p� > 1 or q�j b 0 for all j ¼ 1; . . . ; k.

Moreover, we see that Fðx; tÞ satisfies (F5) if

(P2) pð�Þ is log-Hölder continuous, namely

jpðxÞ � pðyÞja Cp

Leð1=jx� yjÞ

with a constant Cp b 0 and

(Q2) qjð�Þ is ð j þ 1Þ-log-Hölder continuous, namely

jqjðxÞ � qjðyÞja
Cqj

L
ð jþ1Þ
e ð1=jx� yjÞ

with constants Cqj b 0, j ¼ 1; . . . k.

Finally, we see that Fðx; tÞ satisfies (F6) with gðxÞ ¼ 1=ð1þ jxjÞNþ1 if pð�Þ
is log-Hölder continuous at y, namely if it satisfies

(P3) jpðxÞ � pðx 0Þja Cp;y

LeðjxjÞ
whenever jx 0jb jxj with a constant Cp;yb0.

In fact, if 1=ð1þ jxjÞNþ1 < ta 1, then t�jpðxÞ�pðx 0Þj a eðNþ1ÞCp;y for jx 0jb jxj
and L

ð jÞ
c ðtÞjqjðxÞ�qjðx 0Þj

aL
ð jÞ
c ð1Þq

þ
j
�q�j .

Example 2. Let p1ð�Þ, p2ð�Þ, q1ð�Þ and q2ð�Þ be measurable functions on

RN satisfying (P1) and (Q1). Then,

Fðx; tÞ ¼ ð1þ tÞp1ðxÞð1þ 1=tÞ�p2ðxÞLcðtÞq1ðxÞLcð1=tÞ�q2ðxÞ

satisfies (F1), (F2) and (F4). It satisfies (F3) if p�j > 1, j ¼ 1; 2 or q�j b 0,

j ¼ 1; 2. As a matter of fact, it satisfies (F3) if and only if pjð�Þ and qjð�Þ
satisfy the following conditions:

(1) qjðxÞb 0 at points x where pjðxÞ ¼ 1, j ¼ 1; 2;

(2) supx:pjðxÞ>1fminðqjðxÞ; 0Þ logðpjðxÞ � 1Þg < y, j ¼ 1; 2.

Moreover, we see that Fðx; tÞ satisfies (F5) if p1ð�Þ is log-Hölder con-

tinuous and q1ð�Þ is 2-log-Hölder continuous.

Finally, we see that Fðx; tÞ satisfies (F6) with gðxÞ ¼ 1=ð1þ jxjÞNþ1 if p2ð�Þ
is log-Hölder continuous at y and
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(Q3) q2ð�Þ is 2-log-Hölder continuous at y, namely

jq2ðxÞ � q2ðx 0Þja Cq2;y

L
ð2Þ
c ðjxjÞ

whenever jx 0jb jxj

with a constant Cq2;y b 0.

In fact, if 1=ð1þ jxjÞNþ1 < ta 1, then ð1þ tÞjp1ðxÞ�p1ðx 0Þj
a 2pþ

1
�1,

ð1þ 1=tÞjp2ðxÞ�p2ðx 0Þj
a eðNþ1ÞCp2 ;y , ðlogðeþ tÞÞjq1ðxÞ�q1ðx 0Þj

a ðlogðeþ 1ÞÞq
þ
1
�q�

1 and

ðlogðeþ 1=tÞÞjq2ðxÞ�q2ðx 0Þj
aCðN;Cq2;yÞ for jx 0jb jxj.

Let W be an open set in RN . Given Fðx; tÞ as above, the associated

Musielak-Orlicz space

LFðWÞ ¼ f A L1
locðWÞ;

ð
W

Fðy; j f ðyÞjÞdy < y

� �

is a Banach space with respect to the norm

k f kLFðWÞ ¼ inf l > 0;

ð
W

Fðy; j f ðyÞj=lÞdya 1

� �

(cf. [11]). Further, we define the Musielak-Orlicz-Sobolev space by

W 1;FðWÞ ¼ fu A LFðWÞ : j‘uj A LFðWÞg:

The norm

kukW 1;FðWÞ ¼ kukLFðWÞ þ k j‘uj kLFðWÞ

makes W 1;FðWÞ a Banach space. We denote the closure of Cy
0 ðWÞ in

W 1;FðWÞ by W 1;F
0 ðWÞ. As usual, let W 1;F

loc ðRNÞ denote the set of functions

u on RN such that ujW A W 1;FðWÞ for every bounded open set W. By ðF2Þ
and ðF3Þ, W 1;F

loc ðRNÞHW 1;1
loc ðR

NÞ.

3. Lemmas

We denote by Bðx; rÞ the open ball centered at x of radius r. For a

measurable set E, we denote by jEj the Lebesgue measure of E.

For a locally integrable function f on W, the Hardy-Littlewood maximal

function Mf is defined by

Mf ðxÞ ¼ sup
r>0

1

jBðx; rÞj

ð
Bðx; rÞVW

j f ðyÞjdy:

We know the following boundedness of the maximal operator on LFðWÞ.
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Lemma 1 ([9, Corollary 4.4]). Suppose that Fðx; tÞ satisfies (F5), (F6) and

further assume:

ðF3�Þ t 7! t�e0fðx; tÞ is uniformly almost increasing on ð0;yÞ for some

e0 > 0, namely there is a constant A2; e0 b 1 such that

t�e0fðx; tÞaA2; e0s
�e0fðx; sÞ for all x A RN whenever 0 < t < s:

Then the maximal operator M is bounded from LFðWÞ into itself, namely, there

is a constant C > 0 such that

kMf kLFðWÞ aCk f kLFðWÞ

for all f A LFðWÞ.

For lb 1, x A RN and tb 0, set

Flðx; tÞ ¼ Fðx; t1=lÞ ¼ tflðx; tÞ;

where flðx; tÞ ¼ t1=l�1fðx; t1=lÞ.

Lemma 2. (1) Flðx; tÞ satisfies the conditions ðF2Þ and ðF4Þ.
(2) Suppose Fðx; tÞ satisfies ðF3�Þ. Then Flðx; tÞ satisfies ðF1Þ and ðF3Þ

when la 1þ e0, and it satisfies ðF3�Þ when l < 1þ e0 (with e0 replaced by

ð1þ e0 � lÞ=l).
(3) If Fðx; tÞ satisfies ðF5Þ, then so does Flðx; tÞ.
(4) If Fðx; tÞ satisfies ðF6Þ, then so does Flðx; tÞ.

Proof. (1) (F2) for F immediately implies that for Fl. For ðF4Þ, note
that flðx; 2tÞa 21=l�1A2A3flðx; tÞ.

(2) The assertions of (2) follow from ðF3�Þ and the equality

flðx; tÞ ¼ tð1þe0Þ=l�1ðt1=lÞ�e0fðx; t1=lÞ:

(3) It is enough to note that t�l=N a t�1=N for tb 1.

(4) It is enough to note that gðxÞa gðxÞ1=l when 0a gðxÞ < 1. r

From Lemma 1 and the above lemma, we obtain

Corollary 1. Suppose that Fðx; tÞ satisfies (F5), (F6) and ðF3�Þ. Then

the maximal operator M is bounded from LFlðWÞ into itself for 1a l < 1þ e0.

Set

F�1ðx; sÞ ¼ supft > 0;Fðx; tÞ < sg

for x A RN and s > 0.

Lemma 3 (cf. [9, Lemma 5.1]). F�1ðx; �Þ is non-decreasing,

Fðx;F�1ðx; tÞÞ ¼ t
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and

A�1
2 taF�1ðx;Fðx; tÞÞaA2

2 t ð4Þ

for all x A RN and t > 0.

We shall consider the following condition:

ðF6�Þ Fðx; tÞ satisfies ðF6Þ with gðxÞa ð1þ jxjÞ�b for some b > N.

Lemma 4. If Fðx; tÞ satisfies ðF6�Þ, then there exists 0 < l < 1 such that

Fðx; lg�ðxÞÞa ð2jxjÞ�N
for all x A RN ;

where g�ðxÞ ¼ maxðgðxÞ;MgðxÞÞ.

Proof. Since gðxÞa ð1þ jxjÞ�b with b > N, MgðxÞaCð1þ jxjÞ�N , so

that g�ðxÞaCð1þ jxjÞ�N . Hence

Fðx; lg�ðxÞÞa lCð1þ jxjÞ�N
A2fðx; lCÞa 2NlCA2ð2jxjÞ�N

fðx; lCÞ:

Thus, the required inequality holds if la ð2NCA1A
2
2Þ

�1. r

Lemma 5. r 7! rs0F�1ðx; r�NÞ is uniformly almost decreasing on ð0;yÞ,
where s0 ¼ N=ð1þ ðlog A3Þ=ðlog 2ÞÞ.

Proof. By (F4), we see that

F�1 x;
1

2A3
s

� �
a

1

2
F�1ðx; sÞ ð5Þ

for all x A RN and s > 0. If 0 < l < 1, then choosing k A N such that

ð2A3Þ�k
a l < ð2A3Þ�kþ1 and applying (5), we have

F�1ðx; lsÞa 2�kþ1F�1ðx; sÞa 2l1=ð1þsÞF�1ðx; sÞ;

where s ¼ ðlog A3Þ=ðlog 2Þ. Note that s0 ¼ N=ð1þ sÞ. Thus, for a > 1, we

have

ðarÞs0F�1ðx; ðarÞ�NÞa ðarÞs02ða�NÞ1=ð1þsÞF�1ðx; r�NÞ

¼ 2rs0F�1ðx; r�NÞ;

which shows the assertion of the lemma. r

Lemma 6. Suppose that Fðx; tÞ satisfies ðF5Þ and ðF6�Þ. Let 0 < a < s0
for s0 given in Lemma 5. Then there exists a constant C > 0 such thatð

Bðx;2jxjÞnBðx; rÞ
jx� yja�N

f ðyÞdyaCraF�1ðx; r�NÞ ð6Þ
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and ð
Bðx; rÞ

f ðyÞdyaCrNF�1ðx; r�NÞ ð7Þ

for all x A RN, 0 < ra 2jxj, and f b 0 satisfying k f kLFðRN Þ a 1.

Proof. Condition (FkJ) in [9] with kðx; rÞ ¼ rN and Jðx; rÞ ¼ ra�N is

satisfied by Lemma 5, if 0 < a < s0. Hence, (6) follows from [9, Lemma 6.3]

in view of Lemma 4. (7) follows from [9, Lemma 5.3] and Lemma 4. r

Hereafter, let W is an open set in RN such that W0RN , and let dðxÞ ¼
distðx; qWÞ.

The following is a key lemma:

Lemma 7. (1) If W satisfies

jBðz; rÞVWcjb kjBðz; rÞj ð8Þ

for every z A qW and r > 0 with a constant k > 0 ðka 1Þ, then there exists a

constant C ¼ CðN; kÞ > 0 such that

juðxÞjaC

ð
Bðx;2dðxÞÞ

jx� yj1�N j‘uðyÞjdy

for almost every x A W, whenever u A W
1;1
loc ðR

NÞ and u ¼ 0 outside W.

(2) Let l > N. Then there exists a constant C > 0 such that

jvðxÞjaC dðxÞl�N

ð
Bðx;2dðxÞÞ

j‘vðyÞjldy
 !1=l

for every x A W, whenever v A W
1;l
loc ðR

NÞ and v ¼ 0 outside W.

For (1) see [10, Lemma 2.1]; for (2) see e.g. [6, (3.1)] (also cf. [2, Proposi-

tion 1]). Here note that (2) holds without the assumption (8).

We consider

Hð f ; x; aÞ ¼ dðxÞa�1

ð
Bðx;2dðxÞÞ

jx� yj1�N
f ðyÞdy

for x A W, 0a aa 1 and f A L1
locðRNÞ such that f b 0, f ¼ 0 outside W.

We know (by integration by parts)

Hð f ; x; 0ÞaCMf ðxÞ ð9Þ

for all x A W.
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Lemma 8. Let W0RN be an open set and suppose that Fðx; tÞ satisfies

ðF5Þ and ðF6�Þ.
(1) Let a A ½0; s0ÞV ½0; 1�. Then there exists a constant C > 0 such that

Hð f ; x; aÞaCMf ðxÞFðx;Mf ðxÞÞ�a=N ð10Þ

for all x A W and f b 0 such that f ¼ 0 outside W and k f kLFðWÞ a 1.

(2) Let a A ½0; s0�. Then there exists a constant C > 0 such that

dðxÞa�N

ð
Bðx;2dðxÞÞ

f ðyÞdyaCMf ðxÞFðx;Mf ðxÞÞ�a=N ð11Þ

for all x A W and f b 0 such that f ¼ 0 outside W and k f kLFðWÞ a 1.

Proof. We have only to consider the case a > 0. Without loss of gen-

erality, we may assume that 0 A qW, so that dðxÞa jxj. Let f b 0, f ¼ 0

outside W and k f kLFðWÞ a 1.

(1) For 0 < ra dðxÞ, we have by (6) in Lemma 6

Hð f ; x; aÞaC dðxÞa�1
rMf ðxÞ þ

ð
Bðx;2dðxÞÞnBðx; rÞ

jx� yja�N
f ðyÞdy

( )

aCfraMf ðxÞ þ raF�1ðx; r�NÞg:

Suppose Fðx;Mf ðxÞÞ�1=N > dðxÞ. Then we have by (9)

Hð f ; x; aÞ ¼ dðxÞaHð f ; x; 0ÞaCdðxÞaMf ðxÞaCMf ðxÞFðx;Mf ðxÞÞ�a=N ;

which is (10).

Next, if Fðx;Mf ðxÞÞ�1=N
a dðxÞ, then take r ¼ Fðx;Mf ðxÞÞ�1=N . Then,

in view of (4) in Lemma 3, we obtain (10).

(2) By (7),

dðxÞa�N

ð
Bðx;2dðxÞÞ

f ðyÞdyaCdðxÞaF�1ðx; dðxÞ�NÞ:

If aa s0, then r 7! raF�1ðx; r�NÞ is uniformly almost decreasing in view of

Lemma 5. Hence

dðxÞa�N

ð
Bðx;2dðxÞÞ

f ðyÞdyaCraF�1ðx; r�NÞ

for 0 < ra dðxÞ. Thus, by the same arguments as above we obtain (11).

r
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4. Hardy’s inequality I

Lemma 9. Let W0RN be an open set satisfying (8). Suppose Fðx; tÞ
satisfies ðF5Þ, ðF6Þ and ðF3�Þ. Then there exist constants C > 0 and 0 < b0 < 1

such that

kdb�1ukLFðWÞ aCkdbj‘uj kLFðWÞ ð12Þ

for all u A W
1;F
0 ðWÞ and 0a ba b0. If u A W

1;F
0 ðWÞ and dbj‘uj A LFðWÞ for

0a ba b0, then dbu extended by 0 outside W belongs to W 1;FðRNÞ.

Proof. Without loss of generality, we may assume that 0 A qW. For

u A W
1;F
0 ðWÞ and bb 0, let

ubðxÞ ¼ dðxÞbuðxÞ; if x A W

0; if x A Wc:

�

We first treat u A Cy
0 ðWÞ. Note that d and 1=d are bounded on the

support of u and d A W 1;yðWÞ. Hence ub A W 1;FðRNÞHW
1;1
loc ðR

NÞ for every

bb 0. Applying Lemma 7 (1) to this function, we have

dðxÞbjuðxÞjaC

ð
Bðx;2dðxÞÞVW

jx� yj1�NfbdðyÞb�1juðyÞj þ dðyÞbj‘uðyÞjgdy; ð13Þ

so that

dðxÞb�1juðxÞjaCfbMðdb�1uÞðxÞ þMðdbj‘ujÞðxÞg

for a.e. x A W with a constant C independent of b. In view of Lemma 1, we

find

kdb�1ukLFðWÞ aC0fbkdb�1ukLFðWÞ þ kdbj‘uj kLFðWÞg;

which gives

ð1� C0bÞkdb�1ukLFðWÞ aC0kdbj‘uj kLFðWÞ:

Hence, taking b0 such that 1� C0b0 > 0, we have (12) for 0a ba b0.

We next treat u A W
1;F
0 ðWÞ such that u ¼ 0 outside Bð0;RÞ for some

R > 0. Then we can find a sequence jj A Cy
0 ðWÞ such that jj ! u in W 1;F

0 ðWÞ
and jj ¼ 0 outside Bð0; 2RÞ for each j. By the above discussions, for

0 < ba b0, we have

kdb�1jjkLFðWÞ aCkdbj‘jj j kLFðWÞ ð14Þ

for all j and

kdb�1ðjj � jj 0 ÞkLFðWÞ aCkdbj‘jj � ‘jj 0 j kLFðWÞ ð15Þ
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for all j, j 0. Since d is bounded on Bð0; 2RÞ, we see that

kdbj‘jj j kLFðWÞ ! kdbj‘uj kLFðWÞ

as j ! y. Similarly

kdbj‘jj � ‘jj 0 j kLFðWÞ ! 0

as j; j 0 ! y. Hence by (15), fdb�1jjg is a Cauchy sequence in LFðWÞ, which
implies that db�1jj ! db�1u in LFðWÞ. Thus, letting j ! y in (14), we obtain

(12). Further, ðjjÞb ! ub in LFðRNÞ and

‘ðjjÞb ¼
bdb�1jj‘dþ db‘jj on W

0 on Wc

�

! bdb�1u‘dþ db‘u on W

0 on Wc

�

in LFðRNÞ as j ! y. It then follows that

‘ub ¼
bdb�1u‘dþ db‘u on W

0 on Wc;

�

which belongs to LFðRNÞ, and hence ub A W 1;FðRNÞ.
Finally we treat a general u A W

1;F
0 ðWÞ. For each n A N, we consider a

C1-function Hn on ½0;yÞ such that 0aHn a 1 on ½0;yÞ, Hn ¼ 1 on ½0; n�,
Hn ¼ 0 on ½3n;yÞ, 0a�H 0

nðtÞa t�1 for t A ðn; 3nÞ. The existence of such Hn

is assured since

ð 3n
n

t�1 dt ¼ log 3 > 1. Set unðxÞ ¼ HnðjxjÞuðxÞ, n ¼ 1; 2; . . . .

Then we know by the above that

kdb�1unkLFðWÞ aCkdbj‘ðunÞj kLFðWÞ: ð16Þ

Since db�1junj " db�1juj ðn ! yÞ,

kdb�1unkLFðWÞ ! kdb�1ukLFðWÞ ðn ! yÞ:

On the other hand,

j‘unðxÞja jHn
0ðjxjÞj juðxÞj þHnðjxjÞj‘uðxÞj

a
1

jxj juðxÞjwBð0;3nÞnBð0;nÞðxÞ þ j‘uðxÞj:

Since dðxÞb=jxja jxjb�1
a nb�1 for jxjb n and b < 1,

dðxÞbj‘unðxÞja nb�1juðxÞj þ dðxÞbj‘uðxÞj;
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so that

kdbj‘unj kLFðWÞ a nb�1kukLFðWÞ þ kdbj‘uj kLFðWÞ

! kdbj‘uj kLFðWÞ ðn ! yÞ:

Therefore, by letting n ! y in (16), we obtain (12), which also implies that

ub A W 1;FðRNÞ. r

For ab 0, we consider a function Caðx; tÞ : RN � ½0;yÞ ! ½0;yÞ satisfy-

ing the following conditions:

(C1) Cað�; tÞ is measurable on RN for each tb 0 and Caðx; �Þ is con-

tinuous on ½0;yÞ for each x A RN ;

(C2) Caðx; �Þ is uniformly almost increasing on ½0;yÞ, namely there is

a constant A4 b 1 such that Caðx; tÞaA4Caðx; sÞ for all x A RN ,

whenever 0a t < s;

(C3) there exists a constant A5 b 1 such that

Caðx; tFðx; tÞ�a=NÞaA5Fðx; tÞ

for all x A RN and t > 0.

Note that we may take C0ðx; tÞ ¼ Fðx; tÞ.

Example 3. Let Fðx; tÞ be as in Example 1. Set

Caðx; tÞ ¼ t
Yk
j¼1

ðLð jÞ
e ðtÞÞqjðxÞ=pðxÞ

 !paðxÞ

;

where 1=paðxÞ ¼ 1=pðxÞ � a=N. If 0a a < N=pþ, then Ca satisfies (C1),

(C2) and (C3).

Example 4. Let Fðx; tÞ be as in Example 2. Set

Caðx; tÞ ¼ ðð1þ tÞLcðtÞq1ðxÞ=p1ðxÞÞp
a
1
ðxÞðð1þ 1=tÞLcð1=tÞ�q2ðxÞ=p2ðxÞÞp

a
2
ðxÞ:

If 0a a < minfN=pþ1 ;N=pþ2 g, then Ca satisfies (C1), (C2) and (C3).

Theorem 1. Let W0RN be an open set satisfying (8). Suppose Fðx; tÞ
satisfies ðF5Þ, ðF3�Þ and ðF6�Þ and let a A ½0; s0ÞV ½0; 1� for s0 given in Lemma

5. Then there exist constants C � > 0 and 0 < b0 < 1 such that

ð
W

Caðx; dðxÞaþb�1juðxÞj=C �Þdxa 1

for all u A W
1;F
0 ðWÞ with kdbj‘uj kLFðWÞ a 1 and 0a ba b0.
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Proof. Let b0 be the number given in Lemma 9 and let 0a ba b0. Let

u A W
1;F
0 ðWÞ with kdbj‘uj kLFðWÞ a 1. By Lemma 9, dbu extended by 0 outside

W belongs to W 1;1
loc ðR

NÞ, so that by Lemma 7 (1), (13) holds a.e. x A W. Hence

dðxÞaþb�1juðxÞjaCdðxÞa�1

ð
Bðx;2dðxÞÞ

jx� yj1�N
fuðyÞdy

for a.e. x A W, where fuðyÞ ¼ bdðyÞb�1juðyÞj þ dðyÞbj‘uðyÞj for y A W and

fuðyÞ ¼ 0 for y A Wc. By Lemma 9, there is a constant C1 b 1 such that

k fukLFðWÞ aC1. Applying Lemma 8 (1) to fu=C1 and using ðF4Þ, we have

dðxÞaþb�1juðxÞjaC2MfuðxÞFðx;MfuðxÞÞ�a=N

a.e. x A W. Hence by ðC2Þ and ðC3Þ we haveð
W

Caðx; dðxÞaþb�1juðxÞj=C2ÞdxaA4A5

ð
W

Fðx;MfuðxÞÞdx ð17Þ

whenever kdbj‘uj kLFðWÞ a 1. By Lemma 1, kMfukLFðWÞ aC3, which impliesÐ
W
Fðx;MfuðxÞÞdxaC4 (C4 b 1).

Now let 0 < ea 1. Since

Fðx;MfeuðxÞÞ ¼ Fðx; eMfuðxÞÞaA2eFðx;MfuðxÞÞ

by (3), applying (17) to eu, we haveð
W

Caðx; dðxÞaþb�1jeuðxÞj=C2ÞdxaA4A5

ð
W

Fðx;MfeuðxÞÞdx

aA2A4A5e

ð
W

Fðx;MfuðxÞÞdxaA2A4A5C4e:

Thus, taking e ¼ ðA2A4A5C4Þ�1 and C � ¼ C2=e, we obtain the required result.

r

Applying Theorem 1 to special F and Ca given in Examples 1 and 3, we

obtain the following corollary, which is an extension of Theorem B.

Corollary 2. Let F and Ca be as in Examples 1 and 3 and let W0RN

be an open set satisfying (8). Suppose p� > 1 and let a A ½0;N=pþÞV ½0; 1�.
Then there exist constants C > 0 and 0 < b0 < 1 such that

kdaþb�1ukLCa ðWÞ aCkdbj‘uj kLFðWÞ

for all u A W
1;F
0 ðWÞ and 0a ba b0.

Similarly, applying Theorem 1 to special F and Ca given in Examples 2

and 4, we obtain another extension of Theorem B:
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Corollary 3. Let F and Ca be as in Examples 2 and 4 and let

W0RN be an open set satisfying ð8Þ. Suppose minðp�1 ; p�2 Þ > 1 and let a A
½0;minðN=pþ1 ;N=pþ2 ÞÞV ½0; 1�. Then there exist constants C > 0 and 0 < b0 < 1

such that

kdaþb�1ukLCa ðWÞ aCkdbj‘uj kLFðWÞ

for all u A W 1;F
0 ðWÞ and 0a ba b0.

5. Hardy’s inequality II

For a proof of Theorem 2 below, we prepare the following lemma instead

of Lemma 9.

Lemma 10. Let W0RN be an open set. Suppose that Fðx; tÞ satisfies

ðF5Þ, ðF6Þ and ðF3�Þ for e0 > N � 1. Then there exist constants C > 0 and

0 < b1 < 1 such that

kdb�1ukLFðWÞ aCkdbj‘uj kLFðWÞ

for all u A W 1;F
0 ðWÞ and 0a ba b1. If u A W 1;F

0 ðWÞ and dbj‘uj A LFðWÞ for

0a ba b1, then dbu extended by 0 outside W belongs to W 1;FðRNÞ.

Proof. Take l such that N < l < e0 þ 1. Then W 1;FðRNÞHW 1;l
loc ðR

NÞ.
First, let u A Cy

0 ðWÞ and bb 0. Let ub be the function dbu extended by 0

outside W. Then ub A W 1;FðRNÞHW
1;l
loc ðR

NÞ and applying Lemma 7 (2) to

v ¼ ub, we have

½dðxÞb�1juðxÞj�l aCdðxÞ�N

ð
Bðx;2dðxÞÞVW

fuðyÞdyaCMfuðxÞ ð18Þ

for all x A W, where fuðyÞ ¼ ½bdðyÞb�1juðyÞj þ dðyÞbj‘uðyÞj�l. In view of Cor-

ollary 1, we find

k½db�1juj�lkLFl ðWÞ aCk fukLFl ðWÞ:

Since k f kLFl ðWÞ ¼ k f 1=lkl
LFðWÞ for every f A LFlðWÞ, we obtain

kdb�1ukLFðWÞ aC 1=lk f 1=lu kLFðWÞ aC1fbkdb�1ukLFðWÞ þ kdbj‘uj kLFðWÞg;

which gives

ð1� C1bÞkdb�1ukLFðWÞ aC1kdbj‘uj kLFðWÞ:

Take b1 such that 1� C1b1 > 0. Then, in the same way as the last half of

the proof of Lemma 9, we obtain the required results for u A W
1;F
0 ðWÞ and

0a ba b1. r
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Theorem 2. Let W0RN be an open set. Suppose Fðx; tÞ satisfies ðF5Þ,
ðF6�Þ and ðF3�Þ with e0 > N � 1. Let a A ½0; s0�. Then there exist C � > 0

and 0 < b1 < 1 such thatð
W

Caðx; dðxÞaþb�1juðxÞj=C �Þdxa 1

for all u A W 1;F
0 ðWÞ with kdbj‘uj kLFðWÞ a 1 and 0a ba b1.

Proof. Let b1 be as in the above lemma and let 0a ba b1. Let

u A W 1;F
0 ðWÞ with kdbj‘uj kLFðWÞ a 1. Take l such that N < l < e0 þ 1.

By the above lemma, dbu extended by 0 outside W belongs to W
1;l
loc ðR

NÞ, so
that by (18) we have

½dðxÞaþb�1juðxÞj�l aCdðxÞal�N

ð
Bðx;2dðxÞÞ

fuðyÞdy

for all x A W, where fuðyÞ ¼ ½bdðyÞb�1juðyÞj þ dðyÞbj‘uðyÞj�l for y A W and

fuðyÞ ¼ 0 for y A Wc. By Lemma 10, there is a constant C1 b 1 such that

k f 1=l
u kLFðWÞ aC1, so that k fukLFl ðWÞ aC l

1 .

Here we note that Flðx; tÞ satisfies ðF6�Þ with gl in place of g and

that r 7! rls0F�1
l ðx; r�NÞ is uniformly almost decreasing on ð0;yÞ. Since

la A ½0; ls0�, we can apply Lemma 8 (2) to fu=C
l
1 , la and Fl in place of

f , a and F respectively, and using ðF4Þ, we obtain

dðxÞaþb�1juðxÞjaC½MfuðxÞ�1=lFlðx;MfuðxÞ=C l
1 Þ

�a=N

aC2½MfuðxÞ�1=lFðx; ½MfuðxÞ�1=lÞ�a=N

for all x A W. Hence by ðC2Þ and ðC3Þð
W

Caðx; dðxÞaþb�1juðxÞj=C2ÞdxaA4A5

ð
W

Fðx; ½MfuðxÞ�1=lÞdx

¼ A4A5

ð
W

Flðx;MfuðxÞÞdx: ð19Þ

By Corollary 1, kMfukLFl ðWÞ aC3, which implies
Ð
W
Flðx;MfuðxÞÞdxaC4.

Let 0 < ea 1. Since

Flðx;MfeuðxÞÞ ¼ Flðx; elMfuðxÞÞ ¼ Fðx; e½MfuðxÞ�1=lÞ

aA2eFðx; ½MfuðxÞ�1=lÞ ¼ A2eFlðx;MfuðxÞÞ

by (3), applying (19) to eu, we have
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ð
W

Caðx; dðxÞaþb�1jeuðxÞj=C2ÞdxaA4A5

ð
W

Flðx;MfeuðxÞÞdx

aA2A4A5e

ð
W

Flðx;MfuðxÞÞdxaA2A4A5C4e:

Thus, taking e ¼ ðA2A4A5C4Þ�1 and C � ¼ C2=e, we obtain the required result.

r

Applying Theorem 2 to special F and Ca given in Examples 1 and 3, we

obtain the following corollary, which is an extension of Theorem B 0.

Corollary 4. Let F and Ca be as in Examples 1 and 3. Suppose

p� > N and let 0a a < N=pþ. Then there exist constants C > 0 and

0 < b1 < 1 such that

kdaþb�1ukLCa ðWÞ aCkdbj‘uj kLFðWÞ

for all u A W
1;F
0 ðWÞ and 0a ba b1.

Similarly, applying Theorem 2 to special F and Ca given in Examples 2

and 4, we obtain another extension of Theorem B 0:

Corollary 5. Let F and Ca be as in Examples 2 and 4. Suppose

minðp�1 ; p�2 Þ > N and let 0a a < minðN=pþ1 ;N=pþ2 Þ. Then there exist con-

stants C > 0 and 0 < b1 < 1 such that

kdaþb�1ukLCa ðWÞ aCkdbj‘uj kLFðWÞ

for all u A W
1;F
0 ðWÞ and 0a ba b1.
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