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Abstract. We consider nonnegative solutions of the initial-boundary value problems

in cone domains for the reaction-di¤usion systems with inhomogeneous terms dependent

on space-time coordinates. In this paper we show the condition for the existence of

global solutions. Our conditions for the global existence are optimal in view of our

nonexistence results in 2009.

1. Introduction

We consider nonnegative solutions of the initial-boundary value problem

for the reaction-di¤usion systems of the form

ut ¼ Duþ K1ðx; tÞvp1 ; x A D; t > 0;

vt ¼ Dvþ K2ðx; tÞup2 ; x A D; t > 0;

uðx; tÞ ¼ vðx; tÞ ¼ 0; x A qD; t > 0;

uðx; 0Þ ¼ u0ðxÞb 0; x A D;

vðx; 0Þ ¼ v0ðxÞb 0; x A D;

8>>>>><
>>>>>:

ð1Þ

where p1; p2 b 1 with p1 p2 > 1. The domain D is a cone in RN such as

D ¼ fx A RN ; x0 0 and x=jxj A Wg; ð2Þ

where W is some region on SN�1 satisfying W0SN�1 with Cy-boundary qW.

The initial data u0ðxÞ and v0ðxÞ are bounded and continuous in D, and

u0ðxÞ ¼ v0ðxÞ ¼ 0 on qD. The inhomogeneous terms Ki ði ¼ 1; 2Þ are non-

negative continuous functions in D� ð0;yÞ.
For a given initial value ðu0; v0Þ, let T � ¼ T �ðu0; v0Þ be the maximal

existence time of the solution of (1). If T � ¼ y, the solution is global in time.
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On the other hand, if T � < y, then the solution is not global in time in the

sense that it blows up at t ¼ T �,

lim sup
t!T �

kuð�; tÞky þ lim sup
t!T �

kvð�; tÞky ¼ y; ð3Þ

where k � ky denotes the Ly-norm with respect to space variable.

Before stating our main results, we recall a history of the studies on the

global existence and nonexistence of solutions to the system (1). The initial

value problems of the form

ut ¼ Duþ Kðx; tÞup; x A RN ; t > 0;

uðx; 0Þ ¼ u0ðxÞb 0; x A RN

�
ð4Þ

were studied by many researchers. First, in the case Kðx; tÞ ¼ 1, the initial

value problems (4) were studied by Fujita [4]. Fujita proved that when

p > 1þ 2=N the solution of (4) is global in time if ku0ky is small enough

and u0ðxÞ has an exponential decay. On the other hand, he also proved that

if 1 < p < 1þ 2=N, then the solution of (4) is not global in time for any

u0 2 0. In the case p ¼ 1þ 2=N, the global nonexistence was proved by

Hayakawa [9], Kobayashi-Sirao-Tanaka [13] and Weissler [32]. Lee-Ni [16]

proved that when p > 1þ 2=N and

lim sup
jxj!y

jxjau0ðxÞ < y with ab
2

p� 1
;

the solution of (4) is global in time if kh � iau0ky is small enough, where

hxi ¼ ð1þ jxj2Þ1=2. On the other hand, they showed that if

lim inf
jxj!y

jxjau0ðxÞ > 0 with a <
2

p� 1

or if ku0ky is large enough, then the solution of (4) is not global in time.

In the case Kðx; tÞ@ jxjs as jxj ! y with s A R, Suzuki [27] proved that if

1 < pa 1þ ð2þ sÞ=N, then all nontrivial solutions of (4) do not exist globally

in time, and that if p > 1þ ð2þ sÞ=N and ku0k is su‰ciently small, then a

global solution of (4) exists (see also [1], [18] and [23]). In the case Kðx; tÞ ¼
tqjxjs with qb 0, sb 0, Qi [25] proved that if 1 < pa 1þ ð2þ sþ 2qÞ=N,

then there exists no nontrivial global solution of (4), and that if p > 1þ
ð2þ sþ 2qÞ=N and u0ðxÞ is su‰ciently small, then there exists a positive global

solution of (4).

Some researchers also studied the initial-boundary problem of the form

ut ¼ Duþ Kðx; tÞup; x A D; t > 0;

uðx; tÞ ¼ 0; x A qD; t > 0;

uðx; 0Þ ¼ u0ðxÞb 0; x A D;

8<
: ð5Þ
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with cone domain D defined by (2). In the case Kðx; tÞ ¼ 1, Levine-Meier

[18] obtained that if 1 < p < 1þ 2=ðN þ gþÞ, then (5) has no nontrivial global

solution, where

gþ ¼ �ðN � 2Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðN � 2Þ2 þ 4o1

p
2

: ð6Þ

Here, o1 > 0 denote the first eigenvalue of �DW, where DW denote the Laplace-

Beltrami operator with homogeneous Dirichlet boundary condition in W. On

the other hand, they also obtained that if p > 1þ 2=ðN þ gþÞ, then nontrivial

global solutions of (5) exist. For the case p ¼ 1þ 2=ðN þ gþÞ, Levine-Meier

[19] proved that the problem (5) possesses no nontrivial global solution. In

the case Kðx; tÞ ¼ jxjs with sb 0, Levine-Meier [18] obtained that if 1 < p <

1þ ð2þ sÞ=ðN þ gþÞ, then no nontrivial global solution of (5) exists, and that

if p > 1þ ð2þ sÞ=ðN þ gþÞ, then there are nontrivial global solutions of (5).

In the case p ¼ 1þ ð2þ sÞ=ðN þ gþÞ, Hamada [7] proved that if u0 2 0 and

0 < sa 2ðN � 2Þ=ðgþ þ 2Þ for Nb 3, there is no global solution. For p >

1þ ð2þ sÞ=ðN þ gþÞ, Hamada [82] showed that if

u0ðxÞamhxi�ac1

x

jxj

� �
with a >

2þ s

p� 1
and small m > 0;

where c1ðx=jxjÞ denote the eigenfunction corresponding to o1, then there exists

the unique nontrivial global solution of (5), and that if

u0ðxÞbMhxi�ac1

x

jxj

� �
with a <

2þ s

p� 1
and arbitrary M > 0

or

u0ðxÞbMhxi�ac1

x

jxj

� �
with a ¼ 2þ s

p� 1
and large M > 0;

then the solution of (5) is not global when 0a sa ðp� 1ÞðN � 2Þ for Nb 2.

In the case Kðx; tÞ@ tq with q > �1 as t ! y, Levine-Meier [19] asserted that

if pa 1þ ð2þ 2qÞ=ðN þ gþÞ, there exists no global solution of (5).

The initial value problems for a weakly coupled system

ut ¼ Duþ K1ðx; tÞvp1 ; x A RN ; t > 0;

vt ¼ Dvþ K2ðx; tÞup2 ; x A RN ; t > 0;

uðx; 0Þ ¼ u0ðxÞb 0; x A RN ;

vðx; 0Þ ¼ v0ðxÞb 0; x A RN

8>>><
>>>:

ð7Þ
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were studied by many researchers. In the case Kiðx; tÞ ¼ 1 ði ¼ 1; 2Þ, Escobedo-
Herrero [3] and Mochizuki [20] proved that if

maxf2þ 2p1; 2þ 2p2g
p1 p2 � 1

bN;

lim inf
jxj!y

jxja1u0ðxÞ > 0 with a1 <
2þ 2p1
p1 p2 � 1

;

lim inf
jxj!y

jxja2v0ðxÞ > 0 with a2 <
2þ 2p2
p1 p2 � 1

;

u0ðxÞbM expð�n0jxj2Þ for some n0 > 0 and large M > 0

or

v0ðxÞbM expð�n0jxj2Þ for some n0 > 0 and large M > 0;

then the nontrivial solution of (7) is not global in time, and that if

maxf2þ 2p1; 2þ 2p2g
p1 p2 � 1

< N;

lim sup
jxj!y

jxja1u0ðxÞ < y with a1 >
2þ 2p1
p1 p2 � 1

;

lim sup
jxj!y

jxja2v0ðxÞ < y with a2 >
2þ 2p2
p1 p2 � 1

and

kh � ia1u0ky þ kh � ia2v0ky is small enough;

then the solution of (7) is global in time (see also [3]). In the case Kiðx; tÞ ¼ tqi

ði ¼ 1; 2Þ, Uda [28] showed that if

maxf2þ 2q1 þ ð2þ 2q2Þp1; 2þ 2q2 þ ð2þ 2q1Þp2g
p1 p2 � 1

bN;

then all nontrivial solutions of (7) are nonglobal, and that if

maxf2þ 2q1 þ ð2þ 2q2Þp1; 2þ 2q2 þ ð2þ 2q1Þp2g
p1 p2 � 1

< N;

then there are global nontrivial solutions in (7) with suitable initial data. In

the case Kiðx; tÞ ¼ jxjsi with 0a si aNðpi � 1Þ ði ¼ 1; 2Þ, Mochizuki-Huang

[21] proved that if
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maxf2þ s1 þ ð2þ s2Þp1; 2þ s2 þ ð2þ s1Þp2g
p1 p2 � 1

bN;

lim inf
jxj!y

jxja1u0ðxÞ > 0 with a1 <
2þ s1 þ ð2þ s2Þp1

p1 p2 � 1
;

lim inf
jxj!y

jxja2v0ðxÞ > 0 with a2 <
2þ s2 þ ð2þ s1Þp2

p1 p2 � 1
;

u0ðxÞbM expð�n0jxj2Þ for some n0 > 0 and large M > 0

or

v0ðxÞbM expð�n0jxj2Þ for some n0 > 0 and large M > 0;

then the nontrivial solution of (7) is not global in time, and that if

maxf2þ s1 þ ð2þ s2Þp1; 2þ s2 þ ð2þ s1Þp2g
p1 p2 � 1

< N;

lim sup
jxj!y

jxja1u0ðxÞ < y with a1 >
2þ s1 þ ð2þ s2Þp1

p1 p2 � 1
;

lim sup
jxj!y

jxja2v0ðxÞ < y with a2 >
2þ s2 þ ð2þ s1Þp2

p1 p2 � 1

and

kh � ia1u0ky þ kh � ia2v0ky is small enough;

then the solution of (7) is global in time. Thereafter, Igarashi-Umeda [10]

extended the results to the case Kiðx; tÞ ði ¼ 1; 2Þ satisfying

Kiðx; tÞaCUhxi
siðtþ 1Þqi ; ð8Þ

and

Kiðx; tÞbCLjxjsi tqi ð9Þ

for some CU ;CL > 0, and si; qi b 0. In this case, we obtained that if

maxf2þ s1 þ 2q1 þ ð2þ s2 þ 2q2Þp1; 2þ s2 þ 2q2 þ ð2þ s1 þ 2q1Þp2g
p1 p2 � 1

bN;

lim inf
jxj!y

jxja1u0ðxÞ > 0 with a1 <
2þ s1 þ 2q1 þ ð2þ s2 þ 2q2Þp1

p1 p2 � 1
;

lim inf
jxj!y

jxja2v0ðxÞ > 0 with a2 <
2þ s2 þ 2q2 þ ð2þ s1 þ 2q1Þp2

p1 p2 � 1
;

u0ðxÞbM expð�n0jxj2Þ for some n0 > 0 and large M > 0
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or

v0ðxÞbM expð�n0jxj2Þ for some n0 > 0 and large M > 0;

then the nontrivial solution of (7) is not global in time, and that if

maxf2þ s1 þ 2q1 þ ð2þ s2 þ 2q2Þp1; 2þ s2 þ 2q2 þ ð2þ s1 þ 2q1Þp2g
p1 p2 � 1

< N;

lim sup
jxj!y

jxja1u0ðxÞ < y with a1 >
2þ s1 þ 2q1 þ ð2þ s2 þ 2q2Þp1

p1 p2 � 1
;

lim sup
jxj!y

jxja2v0ðxÞ < y with a2 >
2þ s2 þ 2q2 þ ð2þ s1 þ 2q1Þp2

p1 p2 � 1

and

kh � ia1u0ky þ kh � ia2v0ky is small enough;

then the solution of (7) is global in time.

When D is a cone, that is (1), in the case Kiðx; tÞ ¼ 1 ði ¼ 1; 2Þ, Levine [17]

proved that if

maxf2þ 2p1; 2þ 2p2g
p1 p2 � 1

bN þ gþ;

then (1) has no nontrivial global solutions, and that if

maxf2þ 2p1; 2þ 2p2g
p1 p2 � 1

< N þ gþ;

then (1) has both global nontrivial solutions as well as solutions which blow

up in a finite time. Thereafter, in the case Kiðx; tÞ ¼ tqi ði ¼ 1; 2Þ, Uda [28]

claimed that if

maxf2þ 2q1 þ ð2þ 2q2Þp1; 2þ 2q2 þ ð2þ 2q1Þp2g
p1 p2 � 1

bN þ gþ;

then all nontrivial solutions of (7) are global, and that if

maxf2þ 2q1 þ ð2þ 2q2Þp1; 2þ 2q2 þ ð2þ 2q1Þp2g
p1 p2 � 1

< N þ gþ;

then there are global nontrivial solutions in (1) with suitable initial data. We

shall extend the results to the case Kiðx; tÞ ði ¼ 1; 2Þ satisfying (8) and (9).

Before introducing theorems, we define the constant

ai ¼
ð2þ si þ 2qiÞ þ ð2þ sj þ 2qjÞpi

p1 p2 � 1
ðði; jÞ ¼ ð1; 2Þ; ð2; 1ÞÞ: ð10Þ
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For ab 0, we also define the following function space:

Ha;M ¼ x A CðDÞ : xðxÞbMhxi�ac1

x

jxj

� �
for x A D

� �
: ð11Þ

Our result of the global nonexistence for (1) treated in [11] is stated as follows.

Theorem 0 (Theorem 2 of [11]). Assume that Kiðx; tÞ ði ¼ 1; 2Þ satisfy (9).

Suppose that one of the following two conditions holds;

(i) maxfa1; a2gbN þ gþ,

(ii) u0 A Ha1;M for a1 < a1 or v0 A Ha2;M for a2 < a2 with some M > 0,

where Ha;M, gþ and ai ði ¼ 1; 2Þ are defined in (11), (6) and (10) respectively.

Then there exists no nontrivial nonnegative global solution of (1), that is T � < y.

For ab 0, we define the following function space:

Ha
m ¼ x A CðDÞ : xðxÞamhxi�ac1

x

jxj

� �
for x A D

� �
: ð12Þ

On the other hand, the main result of this paper is the following global

existence theorem.

Theorem 1. Assume that Kiðx; tÞ ði ¼ 1; 2Þ satisfy (8). Suppose that

maxfa1; a2g < N þ gþ, and that

ðu0; v0Þ A Ha1
m �Ha2

m for a1 > a1; a2 > a2 with small m > 0; ð13Þ

where H a
m, gþ and ai ði ¼ 1; 2Þ are defined by (12), (6) and (10) respectively.

Then the solution ðu; vÞ of (1) is global in time, that is T � ¼ y. Moreover,

there exists a positive constant C such that

uðx; tÞaC~uuðx; tþ 1Þ and vðx; tÞaC~vvðx; tþ 1Þ in D� ð0;yÞ;

where ~uuðx; tÞ and ~vvðx; tÞ are the solutions of the problems

~uut ¼ D~uu; x A D; t > 0;

~uuðx; 0Þ ¼ hxi�a1c1ðx=jxjÞ; x A D;

~uuðx; tÞ ¼ 0; x A qD; tb 0;

8<
: ð14Þ

and

~vvt ¼ D~vv; x A D; t > 0;

~vvðx; 0Þ ¼ hxi�a2c1ðx=jxjÞ; x A D;

~vvðx; tÞ ¼ 0; x A qD; tb 0:

8<
: ð15Þ
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Theorems 0 and 1 may be summarized in the following table.

maxfa1; a2gbN þ gþ maxfa1; a2g < N þ gþ

a1 < a1 or a2 < a2 NG NG

a1 > a1 and a2 > a2 NG G

NG: There exists no global nontrivial solution in time.

G: There exists a global nontrivial solution in time.

Remark 1. Let D ¼ RN, then the above table holds with gþ ¼ 0.

ðW ¼ SN�1 and o1 ¼ 0:Þ

The rest of the paper is organized as follows. Some preliminary lemmata

are given in Section 2. In Section 5 we prove Lemma 2.2 in Section 2 of

this paper. Theorem 1 is proved in Section 3. In Section 4 we confirm the

form of the Green function for the heat equation in the cone domain with the

Dirichlet condition. According to the change of variables (16), we express

function as follow: zðx; y; tÞ ¼ zðr; y; r; f; tÞ, zðx; tÞ ¼ zðr; y; tÞ or z0ðxÞ ¼
z0ðr; yÞ.

2. Preliminaries

In this section we prepare some lemmata for proving Theorem 1.

Let DW denote the Laplace-Beltrami operator with homogeneous Dirichlet

boundary condition in W. Let cnðyÞ ðy ¼ x=jxjÞ denote the n-th eigenfunction

of �DW with Dirichlet problem in W satisfying kcnkL2ðWÞ > 0, where kxkL2ðWÞ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiÐ
W
x2ðfÞdf

q
. Let on > 0 denote the eigenvalue corresponding to cn. The

sequence fcn=kcnkL2ðWÞg
y
n¼1 is a complete orthonormal sequence (see [2, p. 53,

Chapter III, Theorem 18]).

We introduce the Green’s function Gðx; y; tÞ ¼ Gðr; y; r; f; tÞ for the linear

heat equation in the cone D, where

r ¼ jxj; r ¼ jyj; y ¼ x

jxj and f ¼ y

jyj A W: ð16Þ

The heat kernel is explicitly given by

Gðr; y; r; f; tÞ ¼ ðrrÞ�ðN�2Þ=2

2t
exp � r2 þ r2

4t

� �Xy
n¼1

cnInn
rr

2t

� �
cnðyÞcnðfÞ; ð17Þ

where

nn ¼ ½ðN � 2Þ2=4þ on�1=2; ð18Þ
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cn ¼ 1=kcnk
2
L2ðWÞ and In is the modified Bessel function:

InðzÞ ¼
z

2

� �nXy
k¼0

ðz=2Þ2k

k!Gðnþ k þ 1Þ @
ðz=2Þn=Gðnþ 1Þ; as z ! 0þ

ez=
ffiffiffiffiffiffiffiffi
2pz

p
; as z ! þy

�
ð19Þ

with the Gamma function GðzÞ ¼
Ðy
0 sz�1e�s ds (see [19] and for detail Sec-

tion 4).

Remark 2. The constant gþ is the positive root of gðgþN � 2Þ ¼ o1 by

(6) and satisfies gþ ¼ n1 � ðN � 2Þ=2 by (18).

Example 1. When N ¼ 2 or DW ¼ q2

qy2
and W ¼ ð0; aÞ ða > 0Þ, o1 ¼

p

a

� �2
namely gþ ¼ p

a
, while c1ðyÞ ¼ A sin

p

a
y for any constant Að0 0Þ.

Example 2. When D ¼ RN�1 � Rþ, o1 ¼ N � 1 namely gþ ¼ 1.

An operator etD is defined by

etDxðxÞ ¼
ð
D

Gðx; y; tÞxðyÞdy ¼
ðy
0

ð
W

Gðr; y; r; f; tÞxðr; fÞrN�1 dfdr: ð20Þ

Here, letting wðx; tÞ ¼ etDxðxÞ, wðx; tÞ is the solution of the initial-boundary

value problem

wt ¼ Dw; x A D; t > 0;

wðx; 0Þ ¼ xðxÞ; x A D;

wðx; tÞ ¼ 0; x A qD; tb 0:

8<
:

The solutions of (1) satisfy the following integral equations:

uðx; tÞ ¼ etDu0ðxÞ þ
ð t
0

eðt�sÞDðK1ðx; sÞvp1ðx; sÞÞds;

vðx; tÞ ¼ etDv0ðxÞ þ
ð t
0

eðt�sÞDðK2ðx; sÞup2ðx; sÞÞds:

8>>><
>>>:

We define for a > 0

haðx; tÞ ¼ eðtþ1ÞD hxi�ac1

x

jxj

� �� �
¼
ð
D

Gðx; y; tþ 1Þhyi�ac1

y

jyj

� �
dy

¼
ðy
0

ð
W

Gðr; y; r; f; tþ 1Þð1þ r2Þ�a=2c1ðfÞrN�1 dfdr; ð21Þ
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where the heat kernel Gðr; y; r; f; tÞ and the operator etD are defined by (17) and

(20), respectively.

Lemma 2.1. Let ha be defined in (21) with a > 0. Then we have in

D� ð0;yÞ,

haðx; tÞbC minfjxjgþðtþ 1Þ�ðaþgþÞ=2; jxj�agc1

x

jxj

� �
:

Proof. From (19), we may estimate

InðzÞb
Czn; 0 < za 1;

Cz�1=2ez; z > 1

�
ð22Þ

with some constant C > 0. By (17) and (20) we see that

haðx; tÞ ¼
ðy
0

ð
W

Gðr; y; r; f; tþ 1Þð1þ r2Þ�a=2c1ðfÞrN�1 dfdr

b c1kc1k
2
L2ðWÞ

ðy
0

ðrrÞ�ðN�2Þ=2

2ðtþ 1Þ exp � r2 þ r2

4ðtþ 1Þ

� �
In1

rr

2ðtþ 1Þ

� �

� ð1þ r2Þ�a=2
c1ðyÞrN�1 dr:

Note that c1 ¼ 1=kc1k
2
L2ðWÞ. By (22) we obtain

haðx; tÞb
Cc1ðyÞ

f2ðtþ 1Þgn1þ1

�
ð2ðtþ1Þ=r

0

rn1�ðN�2Þ=2rN=2þn1ð1þ r2Þ�a=2 exp � r2 þ r2

4ðtþ 1Þ

� �
dr; ð23Þ

and

haðx; tÞb
Cc1ðyÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðtþ 1Þ

p

�
ðy
2ðtþ1Þ=r

r�ðN�1Þ=2rðN�1Þ=2ð1þ r2Þ�a=2 exp �ðr� rÞ2

4ðtþ 1Þ

 !
dr: ð24Þ

If r=
ffiffiffiffiffiffiffiffiffiffi
tþ 1

p
a 1, from (23), by putting s ¼ r=

ffiffiffiffiffiffiffiffiffiffi
tþ 1

p
, then we obtain

haðx; tÞbC exp � r2

4ðtþ 1Þ

� �
rn1�ðN�2Þ=2ðtþ 1Þ�gþ=2c1ðyÞ

�
ð2 ffiffiffiffiffiffitþ1

p
=r

0

sN=2þn1 exp � s2

4

� �
f1þ s2ðtþ 1Þg�a=2

ds
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bC exp � r2

4ðtþ 1Þ

� �
rgþðtþ 1Þ�ðaþgþÞ=2c1ðyÞ

�
ð2 ffiffiffiffiffiffitþ1

p
=r

0

sN=2þn1 exp � s2

4

� �
ð1þ s2Þ�a=2

ds

bCrgþðtþ 1Þ�ðaþgþÞ=2c1ðyÞ for tb 0 and r=
ffiffiffiffiffiffiffiffiffiffi
tþ 1

p
a 1: ð25Þ

On the other hand, if r=
ffiffiffiffiffiffiffiffiffiffi
tþ 1

p
> 1, from (24), by putting s ¼ ðr� rÞ=

ffiffiffiffiffiffiffiffiffiffi
tþ 1

p
,

we have

haðx; tÞbCc1ðyÞ
ðy
maxf2

ffiffiffiffiffiffi
tþ1

p
=r�r=

ffiffiffiffiffiffi
tþ1

p
;0g

s
ffiffiffiffiffiffiffiffiffiffi
tþ 1

p

r
þ 1

� �ðN�1Þ=2

� f1þ ðs
ffiffiffiffiffiffiffiffiffiffi
tþ 1

p
þ rÞ2g�a=2 exp � s2

4

� �
ds

bCðtþ 1Þ�a=2
c1ðyÞ

ðy
maxf2

ffiffiffiffiffiffi
tþ1

p
=r�r=

ffiffiffiffiffiffi
tþ1

p
;0g

s
ffiffiffiffiffiffiffiffiffiffi
tþ 1

p

r
þ 1

� �ðN�1Þ=2

� 1þ sþ rffiffiffiffiffiffiffiffiffiffi
tþ 1

p
� �2( )�a=2

exp � s2

4

� �
ds:

Letting x ¼ r=
ffiffiffiffiffiffiffiffiffiffi
tþ 1

p
, then we get

rahaðx; tÞbCc1ðyÞxa

ðy
maxf2=x�x;0g

1þ s

x

� �ðN�1Þ=2
f1þ ðxþ sÞ2g�a=2 exp � s2

4

� �
ds

bCc1ðyÞ
ð2
1

1þ s

x

� �ðN�1Þ=2
xa

f1þ ðxþ sÞ2ga=2
exp � s2

4

� �
ds

bCc1ðyÞ for tb 0 and x ¼ r=
ffiffiffiffiffiffiffiffiffiffi
tþ 1

p
> 1: ð26Þ

Summarizing (25) and (26), we obtain the inequality in the lemma. r

Lemma 2.2. Let ha be defined in (21) with a > 0. Assume �gþ a k <

minfa;N þ gþg. Then

hxikhaðx; tÞaCðtþ 1Þ½k�minfNþgþ;agþe�=2
c1ðx=jxjÞ;

for any ðx; tÞ A D� ð0;yÞ, any e > 0 and some positive constant C ¼ CðeÞ ¼
Cðe; s; a;N; gþÞ.

Proof. See Section 5 of this paper. r
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Lemma 2.3. Let ha be defined in (21) with a > 0. Assume pb 1, sb 0,

qb 0 and b > 0 and

p minfa;N þ gþg � b > 2þ sþ 2q: ð27Þ

Then there exists a positive constant C such that

ðtþ 1Þqhxishp
a ðx; tÞaCðtþ 1Þ½sþ2qþb�minfa;Nþgþgpþe�=2

hbðx; tÞ; ð28Þ

for any ðx; tÞ A D� ð0;yÞ, any e > 0 and some positive constant C ¼ CðeÞ ¼
Cðe; a; b; p; q; s;N; gþÞ.

Proof. By Lemma 2.1, we obtain

ðtþ 1Þqhxishp
a ðx; tÞ ¼ ðtþ 1Þqhxishp

a ðx; tÞh�1
b ðx; tÞhbðx; tÞ

aCðtþ 1Þqhxishp
a ðx; tÞ

�maxfjxj�gþðtþ 1ÞðbþgþÞ=2; jxjbgc�1
1

x

jxj

� �
hbðx; tÞ:

From Lemma 2.2 we have

ðtþ 1Þqhxishp
a ðx; tÞaCðtþ 1Þ½sþ2qþb�minfa;Nþgþgpþe�=2hbðx; tÞc

p�1
1

x

jxj

� �

for any e > 0. If pb 1, then c
p�1
1 ðx=jxjÞ is bounded. Hence, we obtain (28).

r

3. Existence of a global solution

In this section we treat the existence of global in time solutions of (1).

Here, we take the same strategy as in [21] and [30].

Since maxfa1; a2g < N þ gþ, a1 > a1 and a2 > a2 hold, there exist

~aai A ðai; ai� ði ¼ 1; 2Þ such that

pi minf~aaj;N þ gþg � ~aai > 2þ si þ 2qi ðði; jÞ ¼ ð1; 2Þ; ð2; 1ÞÞ: ð29Þ

Since Hai
m JH ~aai

m ði ¼ 1; 2Þ, we may let ~aai ¼ ai ði ¼ 1; 2Þ without loss of

generality, where Ha
m are defined in (12).

We define the Banach space X as

X ¼ fvb 0 : kv=ha2ky < yg;

where ha is defined in (21) with a > 0 and

kwky ¼ sup
ðx; tÞ AD�ð0;yÞ

jwðx; tÞj:
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We consider the associated integral system

uðx; tÞ ¼ etDu0ðxÞ þ
ð t
0

eðt�sÞDðK1ðx; sÞvp1ðx; sÞÞds; ð30Þ

vðx; tÞ ¼ etDv0ðxÞ þ
ð t
0

eðt�sÞDðK2ðx; sÞup2ðx; sÞÞds ð31Þ

with etD defined in (20). Substituting (30) into (31), we have

vðx; tÞ ¼ Vðu0; v0; vÞ ð32Þ
with

Vðu0; v0; vÞ ¼ etDv0ðxÞ þ
ð t
0

eðt�sÞD

� K2ðx; sÞ esDu0ðxÞ þ
ð s
0

eðs�tÞDðK1ðx; tÞvp1ðx; tÞÞdt
� �p2

� �
ds:

If V is a strict contraction, then its fixed point yields a solution of (1). More-

over, by the fact ðaþ bÞp a 2p�1ðap þ bpÞ for a > 0, b > 0 and pb 1, we

obtain

Vðu0; v0; vÞaTðu0; v0Þ þ GðvÞ; ð33Þ

where

Tðu0; v0Þ ¼ etDv0ðxÞ þ 2p2�1

ð t
0

eðt�sÞDfK2ðx; sÞðesDu0ðxÞÞp2gds;

GðvÞ ¼ 2p2�1

ð t
0

eðt�sÞD K2ðx; sÞ
ð s
0

eðs�tÞDðK1ðx; tÞvp1ðx; tÞÞdt
� �p2

� �
ds:

Lemma 3.1. Assume the same hypotheses as in Lemma 2.3. Then there

exists a constant C > 0 such thatð t
0

ðsþ 1Þqeðt�sÞDðhxishp
a ðx; sÞÞdsaChbðx; tÞ ð34Þ

for any ðx; tÞ A D� ð0;yÞ.

Proof. Put

e ¼ p minfa;N þ gþg � b� 2� s� 2q

2
:

Then from (27) there exists e > 0 such that

sþ 2qþ b� p minfa;N þ gþg þ e1 b < �2: ð35Þ
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From Lemma 2.3, we haveð t
0

ðsþ 1Þqeðt�sÞDðhxishp
a ðx; sÞÞdsaChbðx; tÞ

ð t
0

ðsþ 1Þb=2ds:

From (35) there exists a constant C 0 > 0 such thatð t
0

ðsþ 1Þqeðt�sÞDðhxishp
a ðx; sÞÞdsaC 0hbðx; tÞ: r

Lemma 3.2. Let ha be defined in (21) with a > 0.

(i) Let ðu0; v0Þ satisfy (13). Then Tðu0; v0Þ A X and

kTðu0; v0Þ=ha2ky aCaðmþmp2Þ

with some Ca > 0, where m is the constant appeared in (12).

(ii) Let v be the second element of the solution of (1). Then G maps X

into itself and

kGðvÞ=ha2ky aCbkv=ha2k
p1 p2
y

with some Cb > 0.

Proof. (i) First, it is easily seen that etDv0ðxÞamha2ðx; tÞ. Next, from

Lemma 3.1 and (29), we obtainð t
0

eðt�sÞDfK2ðx; sÞðesDu0ðxÞÞp2gds

aCU

ð t
0

ðsþ 1Þq2eðt�sÞDfhxis2ðmha1ðx; sÞÞ
p2gdsaCmp2ha2ðx; tÞ:

Thus, we have

jTðu0; v0ÞjaCha2ðx; tÞðmþmp2Þ:

This implies assertion (i).

(ii) Similarly as above, it follows from Lemma 3.1 and (29) that

GðvÞaCkv=ha2k
p1 p2
y

ð t
0

ðsþ 1Þq2eðt�sÞD

� hxis2

ð s
0

ðtþ 1Þq1eðs�tÞDðhxis1hp1
a2
ðx; tÞÞdt

� �p2
� �

ds

aCkv=ha2k
p1 p2
y

ð t
0

ðsþ 1Þq2eðt�sÞDðhxis2hp2
a1
ðx; sÞÞds

aCkv=ha2k
p1 p2
y ha2ðx; tÞ:

Assertion (ii) thus is established. r
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Proof of Theorem 1. Let Bm ¼ fv A X ; kv=ha2ky a ð2Ca þ 1Þmg, where

Ca and m are the constants appeared in Lemma 3.2 and (12), respectively. We

shall show that Vðu0; v0; vÞ is a strict contraction on Bm into itself provided m is

small enough.

From (33) and Lemma 3.2 we have

kVðu0; v0; vÞ=ha2ky a kTðu0; v0Þ=ha2ky þ kGðvÞ=ha2ky

aCaðmþmp2Þ þ Cbfð2Ca þ 1Þmgp1 p2 a ð2Ca þ 1Þm:

This proves that V maps Bm into Bm.

Now, we show that Vðu0; v0; vÞ is a strict contraction on Bm. By the

definition of V we obtain

jVðu0; v0; v1Þ � Vðu0; v0; v2Þj

a

ð t
0

eðt�sÞDK2ðx; sÞ
���� esDu0ðxÞ þ

ð s
0

eðs�tÞDðK1ðx; tÞvp11 ðx; tÞÞdt
� �p2

� esDu0ðxÞ þ
ð s
0

eðs�tÞDðK1ðx; tÞvp12 ðx; tÞÞdt
� �p2

����ds:
Since jap � bpja pðaþ bÞp�1ja� bj for ab 0, bb 0 and pb 1, we can esti-

mate the di¤erence as follows,

jVðu0; v0; v1Þ � Vðu0; v0; v2Þja p2

ð t
0

eðt�sÞDðK2ðx; sÞAðx; sÞBðx; sÞÞds;

where

Aðx; sÞ ¼ 2esDu0ðxÞ þ
ð s
0

eðs�tÞDfK1ðx; tÞðvp11 ðx; tÞ þ v
p1
2 ðx; tÞÞgdt

� �p2�1

;

Bðx; sÞ ¼
ð s
0

eðs�tÞDfK1ðx; tÞðvp11 ðx; tÞ � v
p1
2 ðx; tÞÞgdt

����
����:

Since ðaþ bÞp a 2maxfp�1;0gðap þ bpÞ for ab 0, bb 0 and pb 0, we

obtain

Aðx; sÞa 2maxfp2�2;0g

"
ð2esDu0ðxÞÞp2�1

þ CU

ð s
0

ðtþ 1Þq1eðs�tÞDðhxis12~vvp1ðx; tÞÞdt
� �p2�1

#
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with ~vv ¼ maxfv1; v2g and

Bðx; sÞaCU

ð s
0

ðtþ 1Þq1eðs�tÞDðhxis1 jvp11 ðx; tÞ � v
p1
2 ðx; tÞjÞdt

a p1CU

ð s
0

ðtþ 1Þq1eðs�tÞD

� fhxis1ðv1ðx; tÞ þ v2ðx; tÞÞp1�1jv1ðx; tÞ � v2ðx; tÞjgdt:

From Lemma 3.1 and (29), we have

Aðx; sÞa 2maxf p2�2;0g

"
ð2mha1ðx; sÞÞ

p2�1

þ 2CUk~vv=ha2k
p1
y

ð s
0

ðtþ 1Þq1eðs�tÞDðhxis1hp1
a2
ðx; tÞÞdt

� �p2�1
#

a 2maxf p2�2;0gfð2mÞp2�1hp2�1
a1

ðx; sÞ þ ð2Cð3mÞp1Þp2�1hp2�1
a1

ðx; sÞg

and

Bðx; sÞa p1CU

ð s
0

ðtþ 1Þq1eðs�tÞDfhxis1ð2vðx; tÞÞp1�1jv1ðx; tÞ � v2ðx; tÞjgdt

a 2p1�1p1CU

ð s
0

ðtþ 1Þq1eðs�tÞD

� hxis1hp1
a2
ðx; tÞ ~vvðx; tÞ

ha2ðx; tÞ

� �p1�1 jv1ðx; tÞ � v2ðx; tÞj
ha2ðx; tÞ

� �( )
dt:

We may take m satisfying ð2mÞp2�1 þ 2Cð3mÞp1ð Þp2�1
a 2p2mðp2�1Þ=2. We then

have

jVðu0; v0; v1Þ � Vðu0; v0; v2Þj

aC

ð t
0

ðsþ 1Þq2eðt�sÞDfhxis2ð2p2mðp2�1Þ=2hp2�1
a1

ðx; sÞÞha1ðx; sÞgds

� k~vv=ha2k
p1�1
y kv1=ha2 � v2=ha2ky

aCmp1þp2=2�3=2

ð t
0

ðsþ 1Þq2eðt�sÞDðhxis2hp2
a1
ðx; sÞÞdskv1=ha2 � v2=ha2ky

aCmp1þp2=2�3=2ha2ðx; tÞkv1=ha2 � v2=ha2ky:
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Since p1; p2 b 1 and p1 p2 > 1, we obtain for some r < 1

kVðu0; v0; v1Þ=ha2 � Vðu0; v0; v2Þ=ha2ky

aCmp1þp2=2�3=2kv1=ha2 � v2=ha2ky a rkv1=ha2 � v2=ha2ky

with m small enough. Then V is a strict contraction on Bm into itself.

Hence, there exists a unique fixed point v A X which solves (32). Substitute v

into (30). Then ðu; vÞ solves (30) and (31). Moreover, since v A Bm, we find

vðx; tÞaCeðtþ1ÞD hxi�a2c1

x

jxj

� �� �
¼ C~vvðx; tþ 1Þ;

where ~vvðx; tÞ is the solution of (15). Substituting this into (30), we have

uðx; tÞamha1ðx; tÞ þ C

ð t
0

ðsþ 1Þq1eðt�sÞDðhxis1hp1
a2
ðx; sÞÞds

amha1ðx; tÞ þ Cha1ðx; tÞaCha1ðx; tÞ:

We then have

uðx; tÞaCeðtþ1ÞD hxi�a1c1

x

jxj

� �� �
¼ C~uuðx; tþ 1Þ;

where ~uuðx; tÞ is the solution of (14). The proof of Theorem 1 is completed.

r

4. Appendix A: A heat kernel in a cone domain

In this section we confirm the form of the Green function for the heat

equation in the cone domain with the Dirichlet condition. In [19] the fact had

been shown. In this section, the fact is confirmed.

We consider the initial-boundary value problem for a heat equation

ut ¼ Du; x A D; t > 0;

uðx; 0Þ ¼ u0ðxÞ; x A D;

u ¼ 0; x A qD; tb 0;

8<
: ð36Þ

where the domain D is a cone in RN such as

D ¼ x A RN : x0 0 and
x

jxj A W

� �
;

where W is some region on SN�1 with Cy-boundary qW. We introduce the

Green’s function Gðx; y; tÞ ¼ Gðr; y; r; f; tÞ for the linear heat equation in the
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cone D. By the variable transformation (16) the problem (36) is expressed as

the form

ut ¼ Du ¼ urr þ
N � 1

r
ur þ

DWu

r2
; r > 0; y A W; t > 0;

uðr; y; 0Þ ¼ u0ðr; yÞ; r > 0; y A W;

u ¼ 0; r > 0; y A qW;

8>>><
>>>:

ð37Þ

where DW is Laplace-Beltrami operator on WHSN�1.

For the Laplace-Beltrami operator with homogeneous Dirichlet boundary

condition on W A SN�1, we denote by ðon;cnðyÞÞ the corresponding eigenpairs.

Then it follows that
Ð
W
c2
nðyÞdy > 0 andð

W

cmðyÞcnðyÞdy ¼ 0

for m0 n.

It is known that the Green’s function associated with (36) is given by

Gðr; y; r; f; tÞ ¼ ðrrÞ�ðN�2Þ=2

2t
exp � r2 þ r2

4t

� �Xy
n¼1

cnInn
rr

2t

� �
cnðyÞcnðfÞ; ð38Þ

where cn ¼ 1=kcnk
2
L2ðWÞ and nn ¼ ½ðN � 2Þ2=4þ on�1=2. The function In is the

modified Bessel function. The functions satisfyðy
0

e�ltJnð
ffiffiffi
l

p
rÞJnð

ffiffiffi
l

p
rÞdl ¼ 1

t
exp � r2 þ r2

4t

� �
In

rr

2t

� �
ð39Þ

with the Bessel functions Jn satisfying

x2J 00
n ðxÞ þ xJ 0

nðxÞ þ ðx2 � n2ÞJnðxÞ ¼ 0

and

JnðxÞ ¼
x

2

� �nXy
m¼0

ð�1Þmðx=2Þ2m

m!Gðmþ nþ 1Þ

(see [31, p. 395]).

From (38) and (39) we see that

Gðr; y; r; f; tÞ

¼ ðrrÞ�ðN�2Þ=2

2

Xy
n¼1

cncnðyÞcnðfÞ
ðy
0

e�ltJnnð
ffiffiffi
l

p
rÞJnnð

ffiffiffi
l

p
rÞdl: ð40Þ
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The solution of (36) is explicitly given by

uðx; tÞ ¼ uðr; y; tÞ ¼
ðy
0

ð
W

Gðr; y; r; f; tÞu0ðr; fÞrN�1 dfdr: ð41Þ

We give the proof of (41) below.

Let ~uu be the inverse Laplace transformed function of u, i.e.

uðr; y; tÞ ¼
ðy
0

~uuðr; y; sÞe�st ds:

Then this ~uu satisfies the following equation of the form

�s~uu ¼ ~uurr þ
N � 1

r
~uur þ

DW~uu

r2
; r > 0; y A W; s > 0: ð42Þ

Since fcn=kcnkL2ðWÞg is a complete orthonormal system, we have

~uuðr; y; sÞ ¼
Xy
n¼1

~wwnðr; sÞcnðyÞ ð43Þ

with

~wwnðr; sÞ ¼ cn

ð
W

~uuðr; f; sÞcnðfÞdf:

From (42) and (43) we see that

r2ð~wwnÞrr þ ðN � 1Þrð~wwnÞr þ ðr2s� onÞ~wwn ¼ 0: ð44Þ

By the Frobenius method we obtain

~wwnðr; sÞ ¼ anðsÞr�ðN�2Þ=2Jnnð
ffiffi
s

p
rÞ

with some anðsÞ. From (43) we see that

~uuðr; y; sÞ ¼
Xy
n¼1

fanðsÞr�ðN�2Þ=2Jnnð
ffiffi
s

p
rÞcnðyÞg: ð45Þ

We thus see that

uðx; tÞ ¼ uðr; y; tÞ ¼
Xy
n¼1

ðy
0

anðsÞr�ðN�2Þ=2Jnnð
ffiffi
s

p
rÞe�st dscnðyÞ:
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If we let t ¼ 0, we have

u0ðxÞ ¼ u0ðr; yÞ ¼
Xy
n¼1

ðy
0

anðsÞr�ðN�2Þ=2Jnnð
ffiffi
s

p
rÞdscnðyÞ:

Then since

1

2

ðy
0

ðy
0

Jnð
ffiffi
s

p
rÞJnð

ffiffi
s

p
rÞ f ðrÞdsdr ¼

ðy
0

ðy
0

sJnðsrÞJnðsrÞ f ðrÞdsdr

¼ 1

r
f ðrÞ

for any f A Cð0;yÞ (see [31, p. 453], see also [6, § 2]) and fcn=kcnkL2ðWÞg is a

complete orthonormal system (see [2, p. 53, Chapter III, Theorem 18]), we see

that

anðsÞ ¼
cn

2

ðy
0

ð
W

rN=2Jnnð
ffiffi
s

p
rÞu0ðr; fÞcnðfÞdfdr:

Then we have (41). r

5. Appendix B: Proof of Lemma 2.2

In this section we give a proof of Lemma 2.2. This lemma is equivalent

to the following proposition:

Proposition 5.1. Let ha be defined in (21) with a > 0. Assume �gþ a

k < minfa;N þ gþg. Let z > 0 be

ðiÞ z ¼ a� k; if a < N þ gþ;

ðiiÞ z < N þ gþ � k; if a ¼ N þ gþ;

ðiiiÞ z ¼ N þ gþ � k; if a > N þ gþ:

Then there exists a positive constant C such that

jxjkhaðx; tÞaCðtþ 1Þ�z=2c1ðx=jxjÞ for x A D; t > 0; ð46Þ

and

hxikhaðx; tÞaCðtþ 1Þ�z=2c1ðx=jxjÞ for x A D; t > 0: ð47Þ

Proof. We follow the argument of Hamada [8, Lemma 3.1].

By (21), we see that

rkhaðx; tÞ ¼ rk
ðy
0

ð
W

Gðr; y; r; f; tþ 1Þð1þ r2Þ�a=2
c1ðfÞrN�1 dfdr:
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Since fcng is an orthogonal system, we have

jxjkhaðx; tÞ ¼ rk
ð2ðtþ1Þ=r

0

þ
ðy
2ðtþ1Þ=r

 !
ðrrÞ�ðN�2Þ=2

2ðtþ 1Þ exp � r2 þ r2

4ðtþ 1Þ

� �

� In1
rr

2ðtþ 1Þ

� �
ð1þ r2Þ�a=2rN�1 drc1ðyÞ

1 ðAþ BÞc1ðyÞ:

First, we estimate A. From (19) we have for some constant C > 0

InðzÞa
Czn; 0 < za 1;

Cz�1=2ez; z > 1:

�
ð48Þ

By (48) we obtain

AaCrk
ð2ðtþ1Þ=r

0

ðrrÞ�ðN�2Þ=2

2ðtþ 1Þ exp � r2 þ r2

4ðtþ 1Þ

� �
rr

2ðtþ 1Þ

� �n1

ð1þ r2Þ�a=2rN�1 dr:

From the definitions of n1 and gþ, we have

AaCð2ðtþ 1ÞÞ�N=2�gþrkþgþ exp � r2

4ðtþ 1Þ

� �

�
ð2ðtþ1Þ=r

0

exp � r2

4ðtþ 1Þ

� �
rN�1þgþð1þ r2Þ�a=2

dr:

Putting C1 ¼ 2�N=2�gþC, we get

AaC1ðtþ 1Þfk�ðNþgþÞg=2 rffiffiffiffiffiffiffiffiffiffi
tþ 1

p
� �kþgþ

exp � r2

4ðtþ 1Þ

� �

�
ð2ðtþ1Þ=r

0

exp � r2

4ðtþ 1Þ

� �
rN�1þgþð1þ r2Þ�a=2

dr:

Since skþgþ expð�s2Þ is bounded for s > 0, there exists a constant C2 > 0 such

that

AaC2ðtþ 1Þfk�ðNþgþÞg=2
ð2ðtþ1Þ=r

0

exp � r2

4ðtþ 1Þ

� �
rN�1þgþð1þ r2Þ�a=2

dr

1C2ðtþ 1Þfk�ðNþgþÞg=2Eðr; tÞ:

On the hand, the case aaN þ gþ is considered. Since by the assumption (i)

and (ii), ab zþ k, we see that
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Eðr; tÞa 2a=2

ð2ðtþ1Þ=r

0

exp � r2

4ðtþ 1Þ

� �
rN�1þgþð1þ rÞ�z�k

dr

a 2a=2

ð2ðtþ1Þ=r

0

exp � r2

4ðtþ 1Þ

� �
rNþgþ�z�k�1 dr:

Put x ¼ r=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ðtþ 1Þ

p
. Then we have

Eðr; tÞa 2a=2

ð ffiffiffiffiffiffitþ1
p

=r

0

expð�x2Þð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ðtþ 1Þ

p
xÞNþgþ�z�k�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ðtþ 1Þ

p
dx

a 2a=2ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ðtþ 1Þ

p
ÞNþgþ�z�k

ðy
0

expð�x2ÞxNþgþ�z�k�1 dx:

Since N þ gþ � z� k > 0, there exists a constant C3 > 0 such that

Eðr; tÞaC3ðtþ 1ÞðNþgþ�z�kÞ=2:

On the other hand, if a > N þ gþ,

Eðr; tÞa 2a=2

ð2ðtþ1Þ=r

0

exp � r2

4ðtþ 1Þ

� �
ð1þ rÞNþgþ�a�1

dr

a 2a=2

ðy
0

ð1þ rÞNþgþ�a�1
dr1C4 < y:

Since zaN þ gþ � k, we obtain for any tb 0

AamaxfC3;C4gðtþ 1Þ�z=2:

Next, B is estimated. From (48) we have

BaC

ð
½2ðtþ1Þ=r;yÞV½2r=3;2r�

þ
ð
½2ðtþ1Þ=r;yÞn½2r=3;2r�

( )
1

2ðtþ 1Þ

� �1=2
exp �ðr� rÞ2

4ðtþ 1Þ

 !

� r�ðN�1Þ=2þkrðN�1Þ=2�a dr

1CðJ þ KÞ:

On one hand, we compute J. If tþ 1b r2 then J ¼ 0. When tþ 1 < r2,

since r A ½2r=3; 2r� we see that

Ja

ð2r
2r=3

1

2ðtþ 1Þ

� �1=2
exp �ðr� rÞ2

4ðtþ 1Þ

 !
r

r

� �ðN�1Þ=2
r

r

� �a
rk�a dr

a 2ðN�1Þ=2 3

2

� �a
ðtþ 1Þðk�aÞ=2

ðy
�y

1

2ðtþ 1Þ

� �1=2
exp �ðr� rÞ2

4ðtþ 1Þ

 !
dr

aC5ðtþ 1Þ�ða�kÞ=2
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with some constant C5 > 0. On the other hand, we estimate K . Since

r A ½2ðtþ 1Þ=r;yÞ=½2r=3; 2r�, we have jr� rj > maxfr=3; r=2g. We thus ob-

tain

�ðr� rÞ2

4ðtþ 1Þ ¼ � ðr� rÞ2

8ðtþ 1Þ �
ðr� rÞ2

8ðtþ 1Þ a� r2

32ðtþ 1Þ �
r2

72ðtþ 1Þ ð49Þ

and

rb
2ðtþ 1Þ

r
: ð50Þ

From (49) and (50) we obtain

Ka

ð
½2ðtþ1Þ=r;yÞ=½2r=3;2r�

1

2ðtþ 1Þ

� �1=2
exp � r2

32ðtþ 1Þ �
r2

72ðtþ 1Þ

� �

� 2ðtþ 1Þ
r

� ��ðN�1Þ=2
rkrðN�1Þ=2 2ðtþ 1Þ

r

� ��a

dr

a ð2ðtþ 1ÞÞ�ðN�1Þ=2�a exp � r2

72ðtþ 1Þ

� �
rffiffiffiffiffiffiffiffiffiffi
tþ 1

p
� �kþa

ð
ffiffiffiffiffiffiffiffiffiffi
tþ 1

p
ÞkþaþN�1

�
ðy
0

1

2ðtþ 1Þ

� �1=2
exp � r2

32ðtþ 1Þ

� �
rffiffiffiffiffiffiffiffiffiffi
tþ 1

p
� �N�1

dr:

So, there exists a constant C6 > 0 such that

K aC6ðtþ 1Þ�ðN�1Þ=2�aþðkþaþN�1Þ=2 ¼ C6ðtþ 1Þ�ða�kÞ=2:

Then we have

BamaxfC5;C6gðtþ 1Þ�ða�kÞ=2

for any tb 0. On the other hand from the definition of z we have za a� k.

Then we obtain for any tb 0

BamaxfC5;C6gðtþ 1Þ�z=2:

We thus have for any tb 0

jxjkhaðx; tÞamaxfC3;C4;C5;C6gðtþ 1Þ�z=2c1ðyÞ

Hence, we obtain (46) for any tb 0. Since c1hxia jxja c2hxi for some

c1; c2 > 0, we also have (47). r

289Existence of global solutions in time



References

[ 1 ] C. Bandle and H. A. Levine, On the existence and nonexistence of global solution

of reaction-di¤usion equation in sectorial domains, Trans. Amar. Math. Sec., 316 (1989),

595–622.

[ 2 ] P. Bérard, Spectral Geometry, Direct and inverse problems, Lecture Notes in Math. 1207,

Springer-Verlag, Berlin-Heidelberg 1986.

[ 3 ] M. Escobedo and M. A. Herrero, Boundedness and blow up for a semilinear reaction-

di¤usion system, J. Di¤erential Equations, 89 (1991), 176–202.

[ 4 ] H. Fujita, On the blowing up of solutions of the Cauchy problem for ut ¼ Duþ u1þa, J.

Fac. Sci. Univ. Tokyo Sect. A Math., 16 (1966), 109–124.

[ 5 ] M. Guedda and M. Kirane, Criticality for some evolution equations, Di¤erential Equa-

tions, 37 (2001), 540–550.

[ 6 ] H. Hankel, Die Fourier’schen Reihen und Integrale für Cylinderfunctionen (in German),

Math. Ann., 8 (1875), 471–493.

[ 7 ] T. Hamada, Nonexistence of global solutions of parabolic equations in conical domains,

Tsukuba J. Math. 19 (1995), 15–25.

[ 8 ] T. Hamada, On the existence and nonexistence of global solutions of semilinear parabolic

equations with slowly decaying initial data, Tsukuba J. Math., 21 (1997), 505–514.

[ 9 ] K. Hayakawa, On nonexistence of global solution of some semilinear parabolic equations,

Proc. Japan. Acad., 49 (1973), 503–505.

[10] T. Igarashi and N. Umeda, Existence and nonexistence of global solutions in time for

a reaction-di¤usion system with inhomogeneous terms, Funkcialaj Ekvacioj, 51 (2008),

17–37.

[11] T. Igarashi and N. Umeda, Nonexistence of global solutions in time for reaction-di¤usion

systems with inhomogeneous terms in cones, Tsukuba J. Math., 33 (2009), 131–145.

[12] M. Kirane and M. Qafsaoui, Global nonexistence for the Cauchy problem of some

nonlinear reaction-di¤usion systems, J. Math. Anal. Appli., 268 (2002), 217–243.

[13] K. Kobayashi, T. Sirao and H. Tanaka, On glowing up problem for semilinear heat

equations, J. Math. Soc. Japan, 29 (1977), 407–424.

[14] G. G. Laptev, Nonexistence of solutions for parabolic inequalities in unbounded cone-like

domains via the test function method, J. Evol. Equ., 2 (2002), 459–470.

[15] G. G. Laptev, Non-existence of global solutions for higher-order evolution inequalities in

unbounded cone-like domains, Moscow Math. J., 3 (2003), 63–84.

[16] T.-Y. Lee and W.-M. Ni, Global existence, large time behavior and life span on solutions

of semilinear Cauchy problem, Trans. Amer. Math. Soc., 333 (1992), 365–378.

[17] H. A. Levine, A Fujita type global existence-global nonexistence theorem for a weakly

coupled system of reaction-di¤usion equations, J. Appli. Math. Phys. (ZAMP), 42 (1991),

408–430.

[18] H. A. Levine and P. Meier, The value of critical exponent for reaction-di¤usion equation

in cones, Arch. Ratl. Mech. Anal., 109 (1990), 73–80.

[19] H. A. Levine and P. Meier, A blowup result for the critical exponent in cones, Israel J.

Math., 67 (1989), 129–136.

[20] K. Mochizuki, Blow-up, life-span and large time behavior of solutions of a weakly coupled

system of reaction-di¤usion equations, Adv. Math. Appl. Sci., 48, World Scientific (1998),

175–198.

[21] K. Mochizuki and Q. Huang, Existence and behavior of solutions for a weakly coupled

system of reaction-di¤usion equations, Methods Appl. Anal., 5 (1998), 109–124.

290 Takefumi Igarashi and Noriaki Umeda



[22] S. Ohta and A. Kaneko, Critical exponent of blowup for semilinear heat equation on a

product domain, J. Fac. Sci. Univ. Tokyo Sect. IA, Math., 40 (1993), 635–650.

[23] R. G. Pinsky, Existence and nonexistence of global solutions for ut ¼ Duþ aðxÞup in Rn,

J. Di¤erential Equations, 133 (1997), 152–177.

[24] M. H. Protter and H. F. Weinberger, Maximum principles in Di¤erential Equations,

Prentice-Hall, Englewood Cli¤s, New Jersey, 1967.

[25] Y.-W. Qi, The critical exponents of parabolic equations and blow-up in Rn, Proc. Roy.

Soc. Edinburgh Sect. A, 128 (1998), 123–136.

[26] Y.-W. Qi and H. A. Levine, The critical exponent of degenerate parabolic systems, Z.

angew Math. Phys., 44 (1993), 249–265.

[27] R. Suzuki, Existence and nonexistence of global solutions of quasilinear parabolic equations,

J. Math. Soc. Japan, 54 (2002), 747–792.

[28] Y. Uda, The critical exponent for a weakly coupled system of the generalized Fujita type

reaction-di¤usion equations, Z. angew Math. Phys., 46 (1995), 366–383.

[29] N. Umeda, Blow-up and large time behavior of solutions of a weakly coupled system of

reaction-di¤usion equations, Tsukuba J. Math., 27 (2003), 31–46.

[30] N. Umeda, Existence and nonexistence of global solutions of a weakly coupled system

of reaction-di¤usion equations, Comm. Appl. Anal., 10 (2006), 57–78.

[31] G. N. Watson, A treatise on the theory of Bessel Functions, 2nd Ed., Cambridge

University Press, London/New York, 1944.

[32] F. B. Weissler, Existence and nonexistence of global solutions for semilinear heat equation,

Israel J. Math., 38 (1981), 29–40.

Takefumi Igarashi

General Education Mathematics

College of Science and Technology

Nihon University

7-24-1 Narashino-dai Funabashi-shi Chiba 274-8501, Japan

E-mail: igarashit@penta.ge.cst.nihon-u.ac.jp

Noriaki Umeda

Graduate School of Mathematical Sciences

University of Tokyo

3-8-1 Komaba Meguro-ku Tokyo 153-8914, Japan

E-mail: umeda_noriaki@cocoa.ocn.ne.jp

291Existence of global solutions in time


