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Abstract. Let ðX; d; mÞ be a space of homogeneous type in the sense of Coifman and

Weiss. In this paper, we give a su‰cient condition on the pair of weights ðu; vÞ so

that the fractional integral operator on spaces of homogeneous type is bounded from

LpðX; vÞ to weak LqðX; uÞ with 1 < pa q < y.

1. Introduction

Let X be a set endowed with a positive Borel regular measure m and a

quasi-metric d satisfying that there exists a constant kb 1 such that for all

x; y; z A X,

dðx; yÞa k½dðx; zÞ þ dðy; zÞ�: ð1Þ

The triplet ðX; d; mÞ is said to be a space of homogeneous type in the sense of

Coifman and Weiss [6], if m satisfies the following doubling condition: there

exists a constant Cb 1 such that for all x A X and r > 0,

mðBðx; 2rÞÞaCmðBðx; rÞÞ < y: ð2Þ

Moreover, if C is the smallest constant for which the measure m verifies the

doubling condition (2), then D ¼ log2 C is called the doubling order of m and

we have that

mðB1Þ
mðB2Þ

aCm
rB1

rB2

� �D
; for all balls B2 HB1 HX; ð3Þ

where rBi
denotes the radius of Bi, i ¼ 1; 2, and Cm is the constant that is

dependent of the parameter m.

We remark that although all balls defined by d satisfy the axioms of

complete system of neighborhoods in X, and therefore induce a (separated)
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topology in X, the balls Bðx; rÞ for x A X and r > 0 need not to be open with

respect to this topology. However, Macı́as and Segovia in [12] showed that

there are other quasi-metric ~dd on X and a number y A ð0; 1Þ such that ~dd is

equivalent to d and for any x; x 0; y A X,

j~ddðx; yÞ � ~ddðx 0; yÞjaC ~ddðx; x 0Þyð~ddðx; yÞ þ ~ddðx 0; yÞÞ1�y: ð4Þ

Moreover, the ~dd-balls are open in the ~dd-topology.

We consider the function d 0 : X�X ! ½0;yÞ defined by

d 0ðx; yÞ ¼
1
2 ½mðBðx; dðx; yÞÞÞ þ mðBðy; dðx; yÞÞÞ�; if x0 y;

0; if x ¼ y:

�

It is easy to check that d 0 is a quasi-metric on X. Let h be a continuous quasi-

metric equivalent to d 0 and satisfy (4). For a A ð0; 1Þ, define the fractional

integral operator Ia as

Ia f ðxÞ ¼
ð
X

Qaðx; yÞ f ðyÞdmðyÞ

with the kernel

Qaðx; yÞ ¼
hðx; yÞa�1; if x0 y;

mðfxgÞa�1; if x ¼ y and mðfxgÞ > 0:

(

There are well known properties related to the boundedness of Ia on spaces of

homogeneous type, shortly, Ia is bounded from LpðXÞ to LqðXÞ with 1 < p <

q < y and 1=q ¼ 1=p� a (see [4]), and Ia is of weak type ð1; ð1� aÞ�1Þ (see

[3]). Moreover, there are versions of these results with di¤erent weights. The

result of Bernardis et al. [2] states that for any fixed p A ð1;yÞ, there is a

constant C > 0 such that for any weight w,ð
X

jIa f ðxÞjpwðxÞdmðxÞaC

ð
X

j f ðxÞjpMapðM ½p�wÞðxÞdmðxÞ;

where and in the sequel, by a weight w, we mean that w is a nonnegative and

locally integrable function, ½p� denotes the biggest integer not more than p, Ma

is the fractional maximal operator (see the definition below), M is the standard

Hardy-Littlewood maximal operator and for any positive integer k, Mk is the

operator M iterated k times. Martell [13] proved the operator Ia is bounded

from LpðX; vÞ to weak LqðX; uÞ with 1 < pa q < y, provided that the pair

of weights ðu; vÞ verifies a Muckenhoupt condition with a ‘‘power-bump’’ on

the weight u. Li et al. [11] gave su‰cient conditions in terms of Orlicz bumps

for the two-weight strong type ðp; qÞ inequalities ð1 < pa q < yÞ for the

commutators of potential integral operators, which is more general than the

fractional integral operator.
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The purpose of this paper is to improve Martell’s result on the two-weight

weak type estimate for the fractional integral operator. We will prove that if

the pair of weights ðu; vÞ satisfies a Muckenhoupt condition with a ‘‘Orlicz-

bump’’ on the weight u, then Ia is bounded from LpðX; vÞ to weak LqðX; uÞ for
any 1 < pa q < y. To state our result, we first recall some notation.

Let F be a Young function, that is to say, F : ½0;yÞ ! ½0;yÞ is a contin-

uous, convex and, increasing function and satisfies Fð0Þ ¼ 0 and FðtÞ ! y
as t ! y. Let E be a measurable set with mðEÞ < y, define the Luxemburg

norm of f over E as

k f kF;E ¼ inf l > 0 :
1

mðEÞ

ð
E

F
j f ðxÞj

l

� �
dmðxÞa 1

� �
:

The main Young function that we will use is FðtÞ ¼ t logðeþ tÞd for some

d > 0. For this Young function, we denote the mean Luxemburg norm of f

over E by k f k
Lðlog LÞ d;E .

Our main result can be stated as follows.

Theorem 1. Let 1 < pa q < y and a A ð0; 1Þ. Suppose that ðu; vÞ is a

pair of weights such that there exists g > 0 such that for any ball BHX,

½mðBÞ�aþ1=p 0�1=q 0
kuk1=q

Lðlog LÞ2q�1þg;B

1

mðBÞ

ð
B

vðxÞ�p 0=pdmðxÞ
� �1=p 0

aC < y:

Then for any bounded function f with bounded support,

sup
l>0

luðfx A X : jIa f ðxÞj > lgÞ1=q aC

ð
X

j f ðxÞjpvðxÞdmðxÞ
� �1=p

:

Remark 1. A result analogous to Theorem 1 for the Calderón-Zygmund

singular integral operators on Euclidean spaces was proved by Cruz-Uribe and

Pérez in [7]. And for a version of this result in the Euclidean setting when p ¼ q

see [10]. As far as we know, our result is new even in the case of Euclidean

spaces.

Throughout this paper, C denotes the constant that is independent of

the main parameters involved but whose values may di¤er from line to line.

Constants with subscript such as c1, do not change in di¤erent occurrences.

For a measurable set E and a weight o, wE denotes the characteristic func-

tion of E, oðEÞ ¼
Ð
E
oðxÞdmðxÞ. Given l > 0 and a ball B, rB denotes the

radius of B, lB denotes the ball with the same center as B and whose radius

is l times that of B. For a fixed p A ð1;yÞ, p 0 denotes the dual exponent

of p, namely, p 0 ¼ p=ðp� 1Þ. For a locally integrable function f on X and

a bounded measurable set E, mEð f Þ denotes the mean value of f over E,
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that is,

mEð f Þ ¼
1

mðEÞ

ð
E

f ðxÞdmðxÞ:

For a locally integrable function f , define the Fe¤erman-Stein sharp maximal

function Maf as

Maf ðxÞ ¼ sup
B C x

1

mðBÞ

ð
B

j f ðyÞ �mBð f ÞjdmðyÞ;

where the supremum is taken over all the balls B containing x. For fixed

q A ð0; 1Þ, the sharp maximal function Ma
q f is defined by

Ma
q f ðxÞ ¼ ðMaðj f jqÞðxÞÞ1=q:

We then give a few facts about Orlicz spaces. Given a Young function F

and a A ½0; 1Þ, define the fractional Orlicz maximal operator Ma;F by

Ma;F f ðxÞ ¼ sup
B C x

½mðBÞ�ak f kF;B;

where the supremum is taken over all the balls B containing x. If a ¼ 0, we

denote M0;F by MF simply. If FðtÞ ¼ t, Ma;F is just the classical fractional

maximal operator Ma defined by

Ma f ðxÞ ¼ sup
B C x

1

½mðBÞ�1�a

ð
B

j f ðyÞjdmðyÞ:

A Young function F is said to be doubling if there exists C > 0 such that for

all tb 0, Fð2tÞaCFðtÞ. Pradolini and Salinas [17] proved that if a doubling

Young function F satisfies the Bp (p A ð1;yÞ) condition, that is, for some

constant c > 0, ðy
c

FðtÞ
tp

dt

t
< y;

then MF is bounded on LpðXÞ.
The Lorentz space Lp;1ðX;wÞ will be useful in our discussion. For a

weight w and a measurable function f , let f � be the decreasing rearrangement

of f defined by

f �ðtÞ ¼ inffs > 0 : wðfx A X : j f ðxÞj > sgÞa tg:

For p; q A ð0;yÞ, let

k f kLp; qðX;wÞ ¼

ðy
0

½t1=pf �ðtÞ�q dt
t

� �1=q
; if q < y;

sup
t>0

t1=pf �ðtÞ; if q ¼ y:

8>>><
>>>:
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The set of all f with k f kLp; qðX;wÞ < y is denoted by Lp;qðX;wÞ and is called

the Lorentz space with indices p and q. It is obvious that Lp;yðX;wÞ is

just the standard weak Lp space with weight w. For p A ð1;yÞ, we know

that

k f kLp;yðX;wÞ aC sup
khk

Lp 0 ; 1ðX;wÞa1

ð
X

f ðxÞhðxÞwðxÞdmðxÞ
����

����; ð5Þ

see [8] for details.

2. A two-weight estimate for fractional Orlicz maximal operator

This section is devoted to a weighted norm inequality for the fractional

Orlicz maximal operator Ma;F. We will prove that

Theorem 2. Given 1 < pa q < y and a A ½0; 1Þ. Let F, C and Y be

Young functions such that for any t > 0, C�1ðtÞY�1ðtÞaF�1ðtÞ, and Y be

doubling satisfying the Bp condition. ðu; vÞ is a pair of weights such that for

every ball B,

½mðBÞ�aþ1=q�1=p 1

mðBÞ

ð
B

uðxÞdmðxÞ
� �1=q

kv�1=pkC;B aC < y:

Then for any function f A LpðX; vÞ,ð
X

½Ma;F f ðxÞ�quðxÞdmðxÞ
� �1=q

aC

ð
X

j f ðxÞjpvðxÞdmðxÞ
� �1=p

:

For the case that FðtÞ ¼ t, the related result in Euclidian spaces was

proved by Pérez (see Theorem 2.11 in [15]). To prove Theorem 2, we need the

following dyadic sets on spaces of homogeneous type given by Sawyer and

Wheeden in [18], which have a lot of properties in common with the dyadic

cubes in the Euclidean spaces.

Lemma 1. Let ðX; d; mÞ be a space of homogeneous type. Fix r ¼ 8k5.

For every (large negative) integer m, there exist a collection of points fxk
j g and

a family of sets Dm ¼ fE k
j gj;k with k ¼ m;mþ 1; . . . and j ¼ 1; 2; . . . such that

(A1) Bðxk
j ; r

kÞHE k
j HBðxk

j ; r
kþ1Þ

(A2) For every kbm, the sets fE k
j gj are pairwise disjoint in j, and

X ¼ 6
j
E k
j .

(A3) If ma k < l, then either E k
j VE l

i ¼ q or E k
j HE l

i .

We will refer to D ¼ 6
m
Dm as a dyadic cube decomposition of X and the

sets in D as dyadic cubes. For every integer kbm, set D k
m ¼ fE k

j gj. A

dyadic cube will be written as Q, and Q� will denote the ball that contains Q in
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such a way that if Q ¼ E k
j , then Q� ¼ Bðxk

j ; r
kþ1Þ. Associated with the dyadic

cubes of Dm, Young function F and a A ½0; 1Þ, we define the maximal operators

as

Md
a;F;m f ðxÞ ¼ sup

Q C x;Q ADm

½mðQÞ�ak f kF;Q;

where the supremum is taken over all the dyadic cubes Q ADm containing x,

and

Ma;F;m f ðxÞ ¼ sup
B C x; rBbrm

½mðBÞ�ak f kF;B;

where the supremum is taken over all the balls B containing x and rB b rm.

Corresponding to the maximal operators Md
a;F;m and Ma;F;m, the following

lemma is a generalized version of the dyadic version of Calderón-Zygmund

decomposition.

Lemma 2. Let a A ½0; 1Þ, F be a Young function and f be a nonnegative

function such that
Ð
X Fð f ðxÞÞdmðxÞ < y. Let tX ¼ 0 if mðXÞ ¼ y and tX ¼

½mðXÞ�ak f kF;X if mðXÞ < y. Given s > Cmr
2D, for each integer l with s l > tX,

we have

fx A X : Ma;F;m f ðxÞ > s lgH 6
Q AF l

3k2Q�;

where F l HDm is a family of maximal disjoint dyadic cubes satisfying that there

exist positive constants c1 and c2 which only depend on the space X, r and a,

such that

Wd
l ¼ fx A X : Md

a;F;m f ðxÞ > c1s
lg ¼ 6

Q AF l

Q

and for any Q A F l ,

c1s
l < ½mðQÞ�ak f kF;Q a c2s

l : ð6Þ

Proof. We will employ the ideas used in the proof of Lemma 4.1 in [16].

Note that if there exists a dyadic cube Q ADm such that ½mðQÞ�ak f kF;Q > c1s
l ,

then it is contained in a dyadic cube of this type which is maximal with respect

to inclusion. Let F l ¼ fPigi HDm be the family of maximal disjoint dyadic

cubes satisfying ½mðPiÞ�ak f kF;Pi
> c1s

l . According to Lemma 1, for each fixed

Pi, we know that there exist ji A N, ki bm such that Pi ¼ E ki
ji
H6

j
E kiþ1
j .

Then for some j 0i A N,

Bðxki
ji
; rkiÞHPi HE kiþ1

j 0
i

HBðxkiþ1
j 0
i

; rkiþ2Þ:
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The maximality of the dyadic cube Pi together with the inequality (3) gives us

that

1

mðPiÞ

ð
Pi

F
f ðxÞ½mðPiÞ�a

c1s l

� �
dmðxÞ

a
mðBðxkiþ1

j 0
i

; rkiþ2ÞÞ
mðPiÞ

1

mðE kiþ1
j 0
i

Þ

ð
E
kiþ1

j 0
i

F
f ðxÞ½mðE kiþ1

j 0
i

Þ�a

c1s l

 !
dmðxÞ

a
mðBðxkiþ1

j 0
i

; rkiþ2ÞÞ

mðBðxki
ji
; rkiÞÞ

aCmr
2D:

Consequently,

c1s
l < ½mðPiÞ�ak f kF;Pi

aCmr
2Dc1s

l :

For any x A fx A X : Ma;F;m f ðxÞ > s lg, there exists a ball B satisfying

x A B, rB b rm and

½mðBÞ�ak f kF;B > s l :

Choose the integer kbm such that rk a rB < rkþ1, then there is a collection of

dyadic cubes fJigc3
i¼1 HD k

m verifying J �
i VB0q for i A ½1; c3�. Remark 2.5 in

[13] tells us that

c3 aCmk
D rB

rk
þ 2rk

� �D
aCmr

Dðkþ 2k2ÞD:

In what follows, set c3 ¼ Cmr
Dðkþ 2k2ÞD. We claim that there exists at least

one of these cubes, say J1, such that J1 VB0q and

½mðBÞ�akwJ1 f kF;B > s l=c3:

In fact, if it were not true, that is, for any i A ½1; c3�, ½mðBÞ�akwJi f kF;B a s l=c3,

then

½mðBÞ�ak f kF;B ¼ ½mðBÞ�akw
6

c3
i¼1

Ji
f kF;B a

Xc3
i¼1

½mðBÞ�akwJi f kF;B a s l ;

which is a contradiction to the fact that ½mðBÞ�ak f kF;B > s l . It is easy to

check that BH ðkþ 2k2ÞJ �
1 . A straightforward computation via the inequality

(3) shows that
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1

mðJ1Þ

ð
J1

F
c3 f ðxÞ½mðJ1Þ�a

s l

� �
dmðxÞ

>
mðBÞ
mðJ1Þ

1

mðBÞ

ð
J1VB

F
c3 f ðxÞ½mðBÞ�a

s l ½Cmðkþ 2k2ÞDrD�a

 !
dmðxÞ

>
mðBÞ

mððkþ 2k2ÞJ �
1 Þ

1

½Cmðkþ 2k2ÞDrD�a

>
1

½Cmðkþ 2k2ÞDrD�1þa
:

It follows that ½mðJ1Þ�ak f kF;J1
> c1s

l with c�1
1 ¼ ½Cmðkþ 2k2ÞDrD�2þa. Then

there exists a family of maximal disjoint dyadic cubes F l HDm satisfying that

Wd
l ¼ 6

Q AF l

Q

and for any Q A F l ,

c1s
l < k f kF;Q a c2s

l ;

where c2 ¼ Cmr
2Dc1. On the other hand, we observe that there exists some

Q A F l such that J1 HQ, and then BVQ0q. Thus for any x A fx A X :

Ma;F;m f ðxÞ > s lg,

x A BH ðkþ 2k2ÞQ� H 3k2Q�;

which in turn implies that

fx A X : Ma;F;m f ðxÞ > s lgH 6
Q AF l

3k2Q�:

Lemma 3. Under the hypotheses of Lemma 2, for every Q A F l , set ~QQ ¼
QnðQVWd

lþ1Þ. Then f ~QQg is a family of pairwise disjoint sets which satisfies that

mðQÞ < 1

1� Cmr2Ds�1
mð ~QQÞ:

Proof. The family f ~QQg is clearly pairwise disjoint. Applying the in-

equality (6), we get for every Q A F l ,

1

mðQÞ

ð
Q

F
f ðxÞ½mðQÞ�a

c1s l

� �
dmðxÞ > 1

and

1

mðQÞ

ð
Q

F
f ðxÞ½mðQÞ�a

c2s l

� �
dmðxÞa 1:
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It is obvious that Wd
lþ1 JWd

l . A trivial computation gives that

mðQVWd
lþ1Þ ¼

X
fQ 0 AF lþ1:Q 0JQg

mðQ 0Þ

a
X

fQ 0 AF lþ1:Q 0JQg

ð
Q 0

F
f ðxÞ½mðQ 0Þ�a

c1s lþ1

� �
dmðxÞ

aCmr
2Ds�1

ð
QVW d

lþ1

F
f ðxÞ½mðQÞ�a

c2s l

� �
dmðxÞ

aCmr
2Ds�1mðQÞ:

It follows that

mð ~QQÞ ¼ mðQÞ � mðQVWd
lþ1Þ > ð1� Cmr

2Ds�1ÞmðQÞ:

This leads to our desired estimate.

We also need the following generalization of the Hölder inequality (see

[14]).

Lemma 4. Let F, C and Y be Young functions such that for any t > 0,

C�1ðtÞY�1ðtÞaF�1ðtÞ, then for any suitable functions f , g and any measurable

set E with mðEÞ < y,

k fgkF;E aCk f kC ;EkgkY;E : ð7Þ

Proof (Proof of Theorem 2). By a standard density argument we may

assume that f is a bounded function with bounded support. Note that for any

x A X,

Ma;F;m f ðxÞaMa;F;m�1 f ðxÞa � � � and lim
m!�y

Ma;F;m f ðxÞ ¼ Ma;F f ðxÞ:

The monotone convergence theorem shows that

lim
m!�y

ð
X

ðMa;F;m f ðxÞÞquðxÞdmðxÞ ¼
ð
X

½Ma;F f ðxÞ�quðxÞdmðxÞ:

Then it su‰ces to prove that for any large enough negative integer m,ð
X

½Ma;F;m f ðxÞ�quðxÞdmðxÞ
� �1=q

aC

ð
X

j f ðxÞjpvðxÞdmðxÞ
� �1=p

: ð8Þ

Fix a constant s > Cmr
2D. For each integer l with s l > tX, where tX ¼ 0

if mðXÞ ¼ y and tX ¼ ½mðXÞ�ak f kF;X if mðXÞ < y, set

Wl ¼ fx A X : s l < Ma;F;m f ðxÞa s lþ1g:
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By Lemma 2, there exists a family of maximal disjoint dyadic cubes F l HDm

such that

Wl H 6
Q AF l

3k2Q� and ½mðQÞ�ak f kF;Q > c1s
l :

For the case mðXÞ ¼ y, a direct computation along with the inequality (7)

gives us that for q A ð1;yÞ,ð
X

½Ma;F;m f ðxÞ�quðxÞdmðxÞ

¼
X
l

ð
Wl

½Ma;F;m f ðxÞ�quðxÞdmðxÞ

a
X
l

sðlþ1ÞquðWlÞ

a
X
l

X
Q AF l

sðlþ1Þquð3k2Q�Þ

aC
X
l

X
Q AF l

½mðQÞ�aqk f kq
F;Quð3k2Q�Þ

aC
X
l

X
Q AF l

½mðQÞ�aqk fv1=pkq
Y;Qkv�1=pkq

C ;Quð3k2Q�Þ:

It is easy to verify that kv�1=pkC ;Q aCmð3k2rÞDkv�1=pkC ;3k2Q � . Applying

Lemma 3 and the Lp-boundedness of MY, we obtain that for 1 < pa

q < y, ð
X

½Ma;F;m f ðxÞ�quðxÞdmðxÞ
� �p=q

aC
X
l

X
Q AF l

½mðQÞ�apk fv1=pkp
Y;Qkv�1=pkp

C;3k2Q �

� mð ~QQÞ
mð3k2Q�Þ

ð
3k2Q �

uðxÞdmðxÞ
 !p=q

aC
X
l

X
Q AF l

inf
x A ~QQ

½MYð fv1=pÞðxÞ�pmð ~QQÞ

aC

ð
X

½MYð fv1=pÞðxÞ�pdmðxÞ

aC

ð
X

j f ðxÞjpvðxÞdmðxÞ:
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For the case mðXÞ < y, writeð
X

½Ma;F;m f ðxÞ�quðxÞdmðxÞ

¼
ð
fx AX:Ma;F;m f ðxÞatXg

½Ma;F;m f ðxÞ�quðxÞdmðxÞ

þ
ð
fx AX:Ma;F;m f ðxÞ>tXg

½Ma;F;m f ðxÞ�quðxÞdmðxÞ

¼ Iþ II:

The estimate of the term II is similar to the previous case. To estimate the

term I, note that mðXÞ < y implies that X is bounded, that is, there exist

x0 A X and R > 0 such that X ¼ Bðx0;RÞ. Then

½mðXÞ�aq�q=pkv�1=pkq
C ;XuðXÞaC

and

k fv1=pkY;X a inf
x AX

MYð fv1=pÞðxÞ:

It follows from the inequality (7) and the Lp-boundedness of MY that

Ia t
q
XuðXÞ ¼ ½mðXÞ�aqk fv1=pv�1=pkq

F;XuðXÞ

a ½mðXÞ�aqk fv1=pkq
Y;Xkv�1=pkq

C;XuðXÞ

aC½mðXÞ�q=p inf
x AX

½MYð fv1=pÞðxÞ�q

aC

ð
X

½MYð fv1=pÞðxÞ�pdmðxÞ
� �q=p

aC

ð
X

j f ðxÞjpvðxÞdmðxÞ
� �q=p

:

Combining the estimates for the cases mðXÞ ¼ y and mðXÞ < y yields the

inequality (8), and then completes the proof of Theorem 2.

3. An endpoint estimate for fractional integral operator

In this section, we will establish the following weak type estimate with

general weights for fractional integral operator Ia. This estimate plays an

important role in the proof of Theorem 1 and is of independent interest. It

should be pointed out that for the Eculidean space, this result was proved

in [5].
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Theorem 3. Let a A ð0; 1Þ and e > 0, then there exists a constant C > 0

depending only on a and e, such that for any weight w and any bounded function

f with a bounded support,

kIa f kL1;yðX;wÞ aC

ð
X

j f ðxÞjM
a;Lðlog LÞ1þewðxÞdmðxÞ:

To prove Theorem 3, we will invoke some preliminary lemmas.

Lemma 5 (see [1]). Let ðX; d; mÞ be a space of homogeneous type, B ¼
fBt : t A Lg be a family of balls in X such that E ¼ 6

t AL Bt is measurable and

mðEÞ < y. Then there exists a disjoint sequence fBðxj; rjÞgj H B , such that

EH6
j
Bðxj; c4rjÞ with c4 a positive constant depending only on k (the constant

appearing in the inequality (1)). Moreover, for any t A L, Bt is contained in

some Bðxj; c4rjÞ.

Lemma 6 (see [9]). There is a constant C > 0 such that for any weight w

and any nonnegative function f with mðfx A X : f ðxÞ > lgÞ < y for any l > 0,

( i ) if mðXÞ ¼ y, thenð
X

f ðxÞwðxÞdmðxÞaC

ð
X

Maf ðxÞMwðxÞdmðxÞ;

(ii) if mðXÞ < y, thenð
X

f ðxÞwðxÞdmðxÞaC

ð
X

Maf ðxÞMwðxÞdmðxÞ þ CwðXÞmXð f Þ:

Lemma 7. Let a A ð0; 1Þ and q A ð0; 1Þ. Then there exists a constant

C > 0 such that for any x A X and any function f satisfying that Ia f is locally

integrable,

Ma
q ðIa f ÞðxÞaCMa f ðxÞ:

This lemma follows the similar argument in the proof of Lemma 5.1 in

[2]. We omit the details for brevity.

Lemma 8. If a A ð0; 1Þ and q A ð0; 1Þ, then for any weight w and any

bounded function f with a bounded support,ð
X

jIa f ðxÞjqwðxÞdmðxÞaC

ð
X

½Ma f ðxÞ�qMwðxÞdmðxÞ: ð9Þ

Proof. For the case of mðXÞ ¼ y, the inequality (9) follows from

Lemma 6 and Lemma 7 immediately. For the case of mðXÞ < y, since Ia
is of weak type ð1; ð1� aÞ�1Þ, the Kolmogorov’s inequality yields that for
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q A ð0; 1Þ,

mXðjIa f jqÞaC
1

mðXÞ1�a

ð
X

j f ðxÞjdmðxÞ
 !q

aC inf
x AX

½Ma f ðxÞ�q:

Therefore, again by Lemma 6 and Lemma 7, we can deduce that for

q A ð0; 1Þ, ð
X

jIa f ðxÞjqwðxÞdmðxÞaC

ð
X

½Ma
q ðIa f ÞðxÞ�

q
MwðxÞdmðxÞ

þ CwðXÞmXðjIa f jqÞ

aC

ð
X

½Ma f ðxÞ�qMwðxÞdmðxÞ

þ C

ð
X

½Ma f ðxÞ�qwðxÞdmðxÞ

aC

ð
X

½Ma f ðxÞ�qMwðxÞdmðxÞ:

Lemma 9. Let a A ð0; 1Þ and e > 0, then for any weight w and any bounded

function f with a bounded support,

kIa f kL1;yðX;wÞ aCkMa f kL1;yðX;MLðlog LÞ ewÞ:

Proof. We will employ the ideas used in the proof of Theorem 3.2 in

[5]. Set p A ð1;yÞ which will be chosen later. The inequality (5) via Lemma

8 tells us that

kIa f k1=pL1;yðX;wÞ ¼ kðIa f Þ1=pkLp;yðX;wÞ

aC sup
gb0;kgk

Lp 0 ; 1ðX; wÞa1

ð
X

jIa f ðxÞj1=pgðxÞwðxÞdmðxÞ

aC sup
gb0;kgk

Lp 0 ; 1ðX; wÞa1

ð
X

½Ma f ðxÞ�1=pMðgwÞðxÞdmðxÞ:

For any d > 0, weight w and function h, define the operator S by

Sh ¼ MðhwÞ
M

Lðlog LÞ p�1þ2dw
:

As in the proof of Theorem 3.2 in [5], we can prove that S is bounded from

Lp 0;1ðX;wÞ to Lp 0;1ðX;M
Lðlog LÞ p�1þ2dwÞ. Then it follows from the Hölder in-

equality for Lorentz spaces that
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ð
X

½Ma f ðxÞ�1=pMðgwÞðxÞdmðxÞ

¼
ð
X

ðMa f ðxÞÞ1=p
MðgwÞðxÞ

M
Lðlog LÞ p�1þ2dwðxÞMLðlog LÞ p�1þ2dwðxÞdmðxÞ

aCkðMa f Þ1=pkLp;yðX;M
Lðlog LÞ p�1þ2dwÞ

� MðgwÞðxÞ
M

Lðlog LÞp�1þ2dwðxÞ

�����
�����
Lp 0 ; 1ðX;M

Lðlog LÞ p�1þ2dwÞ

aCkMa f k1=pL1;yðX;M
Lðlog LÞp�1þ2dwÞkgkLp 0 ; 1ðX;wÞ:

Choosing d, p such that 0 < 2d < e and p ¼ 1þ e� 2d gives us the desired

conclusion.

Lemma 10. Let a A ½0; 1Þ and e > 0. Then there exists a constant C > 0

such that for any nonnegative function f satisfying that MLðlog LÞ e f is locally

integrable and any x A X,

MaðMLðlog LÞ e f ÞðxÞaCM
a;Lðlog LÞ1þe f ðxÞ: ð10Þ

Proof. Assume that M
a;Lðlog LÞ1þe f is finite almost everywhere, for other-

wise there is nothing to prove. We first claim that if there exists a ball B such

that supp f HB, then

1

mðBÞ

ð
B

MLðlog LÞ e f ðyÞdmðyÞaCk f k
Lðlog LÞ1þe;B: ð11Þ

In fact, by a homogeneity argument we may assume that k f k
Lðlog LÞ1þe;B ¼ 1,

which means that ð
B

f ðyÞ log1þeðeþ f ðyÞÞdmðyÞa mðBÞ:

For each fixed l > 0, set

Wl ¼ fx A B : MLðlog LÞ e f ðxÞ > lg:

Then for any x A Wl, there exists a ball Bx such that k f kLðlog LÞ e;Bx
> l.

Applying Lemma 5, we obtain a sequence of disjoint balls fBjgj such that

Wl H 6
j

c4Bj and k f kLðlog LÞ e;Bj
> l:
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A straightforward computation leads us to that

mðBjÞ <
ð
Bj

f ðxÞ
l

loge eþ f ðxÞ
l

� �
dmðxÞ

¼
ð
fx AB:f ðxÞa l=2gVBj

f ðxÞ
l

log e eþ f ðxÞ
l

� �
dmðxÞ

þ
ð
fx AB:f ðxÞ>l=2gVBj

f ðxÞ
l

log e eþ f ðxÞ
l

� �
dmðxÞ

a
1

2
logeðeþ 1ÞmðBjÞ þ

ð
fx AB:f ðxÞ>l=2gVBj

f ðxÞ
l

log e eþ f ðxÞ
l

� �
dmðxÞ:

Therefore,

mðWlÞaC
X
j

mðBjÞ

aC
X
j

ð
fx AB:f ðxÞ>l=2gVBj

f ðxÞ
l

loge eþ f ðxÞ
l

� �
dmðxÞ

aC

ð
fx AB:f ðxÞ>l=2g

f ðxÞ
l

log e eþ 2f ðxÞ
l

� �
dmðxÞ;

which in turn implies thatð
B

MLðlog LÞ e f ðyÞdmðyÞ

¼
ð1
0

mðWlÞdlþ
ðy
1

mðWlÞdl

a mðBÞ þ C

ðy
1

ð
fx AB:f ðxÞ>l=2g

f ðxÞ
l

log e eþ 2f ðxÞ
l

� �
dmðxÞdl

a mðBÞ þ C

ð
fx AB:f ðxÞ>l=2g

ð2f ðxÞ
1

f ðxÞ
l

log e eþ 2f ðxÞ
l

� �
dldmðxÞ

a mðBÞ þ C

ð
B

f ðxÞ log1þeðeþ f ðxÞÞdmðxÞ

aCmðBÞ;

and then yields the estimate (11).

For each fixed x A X and a ball B containing x, decompose f as

f ðyÞ ¼ f ðyÞw2kBðyÞ þ f ðyÞwXn2kBðyÞ ¼ f1ðyÞ þ f2ðyÞ:

403Weighted weak type estimate for fractional operator



Write

1

½mðBÞ�1�a

ð
B

MLðlog LÞ e f ðyÞdmðyÞa
1

½mðBÞ�1�a

ð
B

MLðlog LÞ e f1ðyÞdmðyÞ

þ 1

½mðBÞ�1�a

ð
B

MLðlog LÞ e f2ðyÞdmðyÞ

¼ I1 þ I2:

The inequality (3) together with the inequality (11) gives us that

I1 aC½mðBÞ�a 1

mð2kBÞ

ð
2kB

MLðlog LÞ e f1ðyÞdmðyÞ

aC½mðBÞ�ak f k
Lðlog LÞ1þe;2kB

aCM
a;Lðlog LÞ1þe f ðxÞ:

On the other hand, it follows from an estimate of Bernardis et al. (see [2,

Lemma 4.4]) that for any y A B,

½mðBÞ�aMLðlog LÞ e f2ðyÞaC inf
z AB

Ma;Lðlog LÞ e f2ðzÞ:

Applying the fact that Ma;Lðlog LÞ e f ðxÞaM
a;Lðlog LÞ1þe f ðxÞ, we have

I2 aC inf
z AB

Ma;Lðlog LÞ e f2ðzÞaCMa;Lðlog LÞ e f2ðxÞaCM
a;Lðlog LÞ1þe f ðxÞ;

and then completes the proof of Lemma 10.

Proof (Proof of Theorem 3). It su‰ces to prove that there exists a

constant C > 0 such that for any weight w and l > 0,

wðfx A X : Ma f ðxÞ > lgÞa C

l

ð
X

j f ðxÞjMawðxÞdmðxÞ: ð12Þ

If we can do this, our desired result follows from Lemma 9, the estimate (12)

and Lemma 10 directly.

We now prove (12). The argument is familiar and standard. For any

l > 0 and x A X with Ma f ðxÞ > l, there exists a ball Bx containing x such that

1

½mðBxÞ�1�a

ð
Bx

j f ðyÞjdmðyÞ > l:

Our hypotheses on the function f guarantee that mðfx A X : Ma f ðxÞ > lgÞ <
y. By Lemma 5, we can obtain a sequence of disjoint balls fBjgj such that

fx A X : Ma f ðxÞ > lgH 6
j

c4Bj
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and

1

½mðBjÞ�1�a

ð
Bj

j f ðyÞjdmðyÞ > l:

Therefore,

wðfx A X : Ma f ðxÞ > lgÞa
X
j

wðc4BjÞ

aC
X
j

½mðBjÞ�1�a inf
x ABj

MawðxÞ

a
C

l

X
j

ð
Bj

j f ðxÞjMawðxÞdmðxÞ

a
C

l

ð
X

j f ðxÞjMawðxÞdmðxÞ:

4. Proof of Theorem 1

For each fixed 1 < pa q < y and g > 0, set FðtÞ ¼ t log1þeðeþ tÞ with

0 < e < g=q. Note that if we choose d ¼ g� eq, then

F�1ðtÞA t

log1þeðeþ tÞ
¼ t1=q

logð2q�1þgÞ=qðeþ tÞ
� t1=q

0
logðq�1þdÞ=qðeþ tÞ

AC�1ðtÞY�1ðtÞ;

where CðtÞ ¼ tq log2q�1þgðeþ tÞ and YðtÞ ¼ tq
0
log�1�dðq 0�1Þðeþ tÞ. It is easy

to verify that Cðt1=qÞA t log2q�1þgðeþ tÞ, Y is doubling and satisfies the Bq 0

condition. We then obtain from Theorem 2 that Ma;F is bounded from

Lq 0 ðX; u�q 0=qÞ to Lp 0 ðX; v�p 0=pÞ.
On the other hand, for each l > 0, set

Wl ¼ fx A X : jIa f ðxÞj > lg:

The set is bounded, then uðWlÞ < y. By duality, there exists a nonnegative

function g A Lq 0 ðXÞ with kgkLq 0 ðXÞ ¼ 1 such that

uðWlÞ1=q ¼ ku1=qwWl
kLqðXÞ

¼
ð
Wl

uðxÞ1=qgðxÞdmðxÞ

a
C

l

ð
X

j f ðxÞjMa;Fðu1=qgÞðxÞdmðxÞ
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a
C

l

ð
X

j f ðxÞjpvðxÞdmðxÞ
� �1=p

�
ð
X

ðMa;Fðu1=qgÞðxÞÞp
0
vðxÞ�p 0=pdmðxÞ

� �1=p 0

a
C

l

ð
X

j f ðxÞjpvðxÞdmðxÞ
� �1=p ð

X

gðxÞq
0
dmðxÞ

� �1=q 0

¼ C

l

ð
X

j f ðxÞjpvðxÞdmðxÞ
� �1=p

;

where the first inequality follows from Theorem 3, the second inequality follows

from the Hölder inequality, and the last one follows from the boundedness of

Ma;F.
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