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Abstract. Let p A ð0;yÞ and B
p
1 be the class of analytic functions f in the unit disk

D with f ð0Þ ¼ 0 satisfying j f 0ðzÞja 1=ð1� jzj2Þp. For z0; z1 A D, w1 A C with z0 0 z1

and jw1ja 1=ð1� jz1j2Þp, put V pðz0; z1;w1Þ be the variability region of f 0ðz0Þ when f

ranges over the class B
p
1 with f 0ðz1Þ ¼ w1, i.e., V pðz0; z1;w1Þ ¼ f f 0ðz0Þ : f A B

p
1 and

f 0ðz1Þ ¼ w1g. In 1988 M. Bonk showed that V 1ðz0; z1;w1Þ is a convex closed Jordan

domain and determined it by giving a parametrization of the simple closed curve

qV 1ðz0; z1;w1Þ. He also derived distortion theorems for B1
1 as corollaries. In the

present article we shall refine Bonk’s method and explicitly determine V pðz0; z1;w1Þ.

1. Introduction

For a A C and r > 0, set Dða; rÞ ¼ fz A C : jz� aj < rg and D ¼ Dð0; 1Þ.
For c A D and 0 < r < 1 we also set Dðc; rÞ ¼ fz A D : jz� cj=j1� czj < rg.
Let HðDÞ be the class of analytic functions in the unit disk D endowed with

the topology of uniform convergence on compact subsets of D. Let p A
ð0;yÞ. For a function f A HðDÞ, we put

mpð f ; zÞ ¼ ð1� jzj2Þpj f 0ðzÞj; z A D:

A function f is called a p-Bloch function provided

k f kBp ¼ sup
z AD

mpð f ; zÞ ¼ sup
z AD

ð1� jzj2Þpj f 0ðzÞj

is finite. We denote by Bp the complex Banach space consisting of p-Bloch

functions f on D normalized by f ð0Þ ¼ 0: Bp ¼ f f A HðDÞ : f ð0Þ ¼ 0; k f kB p

< yg. We also denote by B
p
1 the closed unit ball of Bp, i.e.,

B
p
1 ¼ f f A Bp : k f kB p a 1g:

In [6] and [2], Avhadiev, Schulte and Wirths studied some extremal problems

on B
p
1 and derived sharp inequalities for the first and the second coe‰cients of

analytic functions f ðzÞ ¼ a1zþ a2z
2 þ a3z

3 þ � � � in B
p
1 .

2000 Mathematics Subject Classification. Primary 30D45. Secondary 30C80.

Key words and phrases. Bloch function, distortion estimate, variability region.



If p ¼ 1, then a function f A B1 is simply called a Bloch function. In

[3], Bonk proved that the variability region V 1ðz0; z1;w1Þ ¼ f f 0ðz0Þ : f A B1;

f 0ðz1Þ ¼ w1 and k f kB1 a 1g for z0; z1 A D, w1 A C with z0 0 z1 and jw1ja
ð1� jz1j2Þ�1 is a compact convex subset of C, and that it is a closed Jordan

domain. He also determined it by giving a parametrization of the simple

closed curve qV 1ðz0; z1;w1Þ.
In the present article we shall determine the variability region V pðz0; z1;w1Þ

for f 0ðz0Þ when f ranges over the class B
p
1 with f 0ðz1Þ ¼ w1, i.e.,

V pðz0; z1;w1Þ :¼ f f 0ðz0Þ : f A B
p
1 ; f

0ðz1Þ ¼ w1g, where z0; z1 A D, w1 A C with

z0 0 z1 and jw1ja 1=ð1� jz1j2Þp. We shall also give sharp distortion estimates

as its corollary. When p ¼ 1, for related results see [4], [5], [7] and [8]. For

a A D set

taðzÞ ¼
z� a

1� az
; z A D:

Then ta is a conformal automorphism of D and t�1
a ¼ t�a. For a A D and

f A HðDÞ put

Ta f ðzÞ ¼
ð z
0

f 0ðtaðzÞÞt 0aðzÞ
p
dz ¼

ð z
0

f 0 z� a

1� az

� �
ð1� jaj2Þp

ð1� azÞ2p
dz; z A D:

It is easy to see that T�1
a ¼ T�a. From the identity jt 0aðzÞj=ð1� jtaðzÞj2Þ ¼

1=ð1� jzj2Þ we have

mpðTa f ; zÞ ¼ ð1� jzj2Þpj f 0ðtaðzÞÞj jt 0aðzÞj
p

¼ ð1� jtaðzÞj2Þpj f 0ðtaðzÞÞj ¼ mpð f ; taðzÞÞ: ð1Þ

Therefore Ta acts on Bp as an isometry.

It is not di‰cult to see that for any y; j A R

V pðeijz0; eijz1; eiyw1Þ ¼ eiyV pðz0; z1;w1Þ: ð2Þ

For any a A D we also have

V pðtaðz0Þ; taðz1Þ;w1=t
0
aðz1Þ

pÞ ¼ 1

t 0aðz0Þ
p V

pðz0; z1;w1Þ: ð3Þ

By virtue of (2) and (3), without loss of generality we may assume z1 ¼ 0,

w1 ¼ a A ½0; 1� and z0 ¼ r A ð0; 1Þ. We put for z0 A D and 0a aa 1

V p
a ðz0Þ ¼ V pðz0; 0; aÞ ¼ f f 0ðz0Þ : f A B

p
1 ðaÞg; ð4Þ

where B
p
1 ðaÞ ¼ f f A Bp : f 0ð0Þ ¼ a; k f kBp a 1g. Note that V p

a ðz0Þ ¼ V p
a ðjz0jÞ.
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For any fixed a A ½0; 1� and r A ð0; 1Þ it is easy to see that the set V p
a ðrÞ is a

compact convex subset of C. This is a consequence of the fact that Bp
1 ðaÞ is

also compact and convex in HðDÞ. We next see that a is an interior point of

V p
a ðrÞ. It is proved by using

GðzÞ ¼ azþ w� a

3r2
z3

for w which belongs to Dða; pr2Þ. Then we have G A B
p
1 ðaÞ, because Gð0Þ ¼ 0,

G 0ð0Þ ¼ a and

jG 0ðzÞjð1� jzj2Þp ¼ aþ w� a

r2
z2

��� ���ð1� jzj2Þp

a ðaþ pjzj2Þð1� jzj2Þp a ð1þ pjzj2Þð1� jzj2Þp a 1:

Furthermore it follows from

G 0ðrÞ ¼ aþ w� a

r2
r2 ¼ w

that w A V p
a ðrÞ. As a result, since Dða; pr2ÞHV p

a ðrÞ, a is an interior point of

V p
a ðrÞ.

Thus V p
a ðrÞ is a closed Jordan domain, i.e., qV p

a ðrÞ is a simple closed curve

and V p
a ðrÞ is the union of qV p

a ðrÞ and its inner domain.

We note the following trivial but useful fact:

Lemma 1. If j f 0ðz0Þj ¼ 1

ð1�jz0j2Þ p
for some f A B

p
1 ðaÞ, then f 0ðz0Þ A qV p

a ðz0Þ.

2. Extremal functions and main results

To state our theorem explicitly we need to introduce some functions which

are extremal for the results in this article.

Let MðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
2pþ1
2p

� �p
tð1� t2Þp, 0a ta 1. Then MðtÞ is strictly

increasing on ½0; 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
�, strictly decreasing on ½1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
; 1� and

Mð1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
Þ ¼ 1. The function

BðzÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
2

2pþ 1

2p

� �p

z2; z A D

satisfies

mpðB; zÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p 2pþ 1

2p

� �p

jzjð1� jzj2Þp ¼ MðjzjÞa 1; z A D
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with equality if and only if jzj ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
. Let m : ½0; 1� ! ½0; 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
�

be the inverse function of the restriction Mj½0;1= ffiffiffiffiffiffiffiffi
2pþ1

p
�. The function m is

strictly increasing with mð0Þ ¼ 0, mð1Þ ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
.

A half class of extremal functions is obtained by putting for a A ½0; 1�

BaðzÞ ¼ TmðaÞBðzÞ

¼
ð z
0

B 0ðtmðaÞðzÞÞt 0mðaÞðzÞ
p
dz

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p 2pþ 1

2p

� �pð z
0

ð1�mðaÞ2ÞpðmðaÞ � zÞ
ð1�mðaÞzÞ2pþ1

dz: ð5Þ

Precisely by integration and MðmðaÞÞ ¼ a we have

BaðzÞ ¼
a

2pð2p� 1ÞmðaÞ3

� 1þ ð2p� 1ÞmðaÞ2 � 2pmðaÞz
ð1�mðaÞzÞ2p

� 1� ð2p� 1ÞmðaÞ2
( )

;

when p0 1
2 , and

BaðzÞ ¼
a

mðaÞ3
log

1

1�mðaÞz�
mðaÞð1�mðaÞ2Þz

1�mðaÞz

( )
;

when p ¼ 1
2 . By (1) we have mpðBa; zÞa 1 with equality if and only if

jtmðaÞðzÞj ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
. From

B 0
aðzÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p 2pþ 1

2p

� �pð1�mðaÞ2ÞpðmðaÞ � zÞ
ð1�mðaÞzÞ2pþ1

we obtain

B 0
að0Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p 2pþ 1

2p

� �p

mðaÞð1�mðaÞ2Þp ¼ MðmðaÞÞ ¼ a: ð6Þ

Thus for each a A ½0; 1� the function Ba satisfies Bað0Þ ¼ 0, B 0
að0Þ ¼ a and

mpðBa; zÞa 1 on D with equality if and only if jtmðaÞðzÞj ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
. In

particular Ba A B
p
1 ðaÞ.

Theorem 1. For z0 A DðmðaÞ; 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
Þ the relation B 0

aðz0Þ A qV p
a ðz0Þ

holds. Furthermore for f A B
p
1 ðaÞ, f 0ðz0Þ ¼ B 0

aðz0Þ holds if and only if f ¼ Ba.

We shall prove Theorem 1 in Section 3. By Theorem 1 and V p
a ðz0Þ ¼

V p
a ðjz0jÞ we have for fixed r A ð0; 1Þ the mapping y 7! B 0

aðreiyÞ gives an arc
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contained in qVaðrÞ, whenever reiy A DðmðaÞ; 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
Þ. By an elementary

calculation we have

DðmðaÞ; 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
Þ ¼ D

2pmðaÞ
2pþ 1�mðaÞ2

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
ð1�mðaÞ2Þ

2pþ 1�mðaÞ2

 !
:

Hence

D 0;
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
mðaÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2pþ 1
p

�mðaÞ

 !

is the largest disk with center 0 which is contained in DðmðaÞ; 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
Þ and

D 0;
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
mðaÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2pþ 1
p

þmðaÞ

 !

is the smallest disk with center 0 which contains DðmðaÞ; 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
Þ. Fur-

thermore if z0 A qDðmðaÞ; 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
Þ, then we have

mpðBa; z0Þ ¼ mpðTmðaÞB; z0Þ ¼ mpðB; tmðaÞðz0ÞÞ ¼ MðjtmðaÞðz0ÞjÞ ¼ 1: ð7Þ

By Lemma 1, this shows B 0
aðz0Þ A qV p

a ðz0Þ, when z0 A qDðmðaÞ; 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
Þ.

From these considerations it seems natural that the following theorem holds.

Theorem 2. For a A ½0; 1� and r A ð0; 1Þ the variability region V p
a ðrÞ is a

convex closed Jordan domain bounded by qV p
a ðrÞ.

( i ) For 0 < ra
1�

ffiffiffiffiffiffiffiffi
2pþ1

p
mðaÞffiffiffiffiffiffiffiffi

2pþ1
p

�mðaÞ
, the boundary qV p

a ðrÞ is given by the mapping

ð�p; p� C y 7! B 0
aðreiyÞ.

( ii ) For
1�

ffiffiffiffiffiffiffiffi
2pþ1

p
mðaÞffiffiffiffiffiffiffiffi

2pþ1
p

�mðaÞ
< r <

1þ
ffiffiffiffiffiffiffiffi
2pþ1

p
mðaÞffiffiffiffiffiffiffiffi

2pþ1
p

þmðaÞ
, the boundary qV p

a ðrÞ is the union

of two arcs G1 and G2. Here G1 is given by the mapping ½�yaðrÞ;
yaðrÞ� C y 7! B 0

aðreiyÞ, where

yaðrÞ ¼ arccos
ð2pþ 1�mðaÞ2Þr2 þ ð2pþ 1ÞmðaÞ2 � 1

4prmðaÞ

 !
:

The arc G2 is the circular arc contained in qDð0; ð1� r2Þ�pÞ with

endpoints B 0
aðreiyaðrÞÞ and B 0

aðre�iyaðrÞÞ that passes through the point

ð1� r2Þ�p
.

(iii) For
1þ

ffiffiffiffiffiffiffiffi
2pþ1

p
mðaÞffiffiffiffiffiffiffiffi

2pþ1
p

þmðaÞ
a r < 1, the boundary qV p

a ðrÞ coincides with the whole

circle qDð0; ð1� r2Þ�pÞ.
Furthermore f 0ðrÞ ¼ B 0

aðreiyÞ holds for some f A B
p
1 ðaÞ and

ðr; yÞ A 0;
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
mðaÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2pþ 1
p

�mðaÞ

 !
� R
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or

ðr; yÞ A 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
mðaÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2pþ 1
p

�mðaÞ
;
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
mðaÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2pþ 1
p

þmðaÞ
Þ� ð�yaðrÞ; yaðrÞÞ;

"

if and only if f ðzÞ ¼ e�iyBaðeiyzÞ.

To show G2 H qV p
a ðrÞ in case (ii) and qDð0; ð1� r2Þ�pÞ ¼ qV p

a ðrÞ in case

(iii), we shall construct a function f A B
p
1 ðaÞ satisfying f 0ðrÞ ¼ w0 for any

w0 A G2 in case (ii) and for any w0 A qDð0; ð1� r2Þ�pÞ in case (iii). For

a A ½0; 1Þ, l A ð0; p� and y A R put

Fa;l;yðzÞ ¼
ð z
0

ð1� a2Þlða� zÞ
hðl; 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
Þð1� azÞ2lþ1f1� ðe�iyzÞ2gp�l

dz; ð8Þ

where hðl; xÞ ¼ xð1� x2Þl, 0a xa 1, is strictly increasing on ½0; 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
�

and strictly decreasing on ½1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
; 1�. We note that

F 0
a;l;yð0Þ ¼

hðl; aÞ
hðl; 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
Þ

ð9Þ

and

mpðFa;l;y; zÞ ¼ ð1� jzj2Þp ð1� a2Þlja� zj
hðl; 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
Þj1� azj2lþ1j1� ðe�iyzÞ2jp�l

¼ ð1� jzj2Þp jtaðzÞj jt 0aðzÞj
l

hðl; 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
Þj1� ðe�iyzÞ2jp�l

¼ 1

hðl; 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
Þ

ð1� jzj2Þp�l

j1� ðe�iyzÞ2jp�l
jtaðzÞjð1� jtaðzÞj2Þl

¼ hðl; jtaðzÞjÞ
hðl; 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
Þ

1� jzj2

j1� ðe�iyzÞ2j

 !p�l

a 1 ð10Þ

with equality if and only if jtaðzÞj ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
and e�iyz A R.

Proposition 1. Let a A ½0; 1�.
( i ) If a A ½0; 1Þ, then for any z0 A DnDðmðaÞ; 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
Þ there exists

a unique pair ðaðz0Þ; lðz0ÞÞ with 0 < lðz0Þ < p and 0a aðz0Þ <
1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
such that
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hðlðz0Þ; aðz0ÞÞ ¼ ahðlðz0Þ; 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lðz0Þ þ 1

p
Þ; ð11Þ

jtaðz0Þðz0Þj ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2lðz0Þ þ 1
p : ð12Þ

The functions aðz0Þ and lðz0Þ are continuous on DnDðmðaÞ;
1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
Þ.

(ii) If a ¼ 1, then for any z0 A Dð1=2; 1=2Þn½Dð1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
; 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
ÞU

f0; 1g� there uniquely exists lðz0Þ such that

jt
1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lðz0Þþ1

p ðz0Þj ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2lðz0Þ þ 1
p : ð13Þ

The function lðz0Þ is continuous on Dð1=2; 1=2Þn½Dð1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
;

1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
ÞU f0; 1g�.

Combining Proposition 1, (9) and (10) it follows that Faðz0Þ;lðz0Þ;y0 A B
p
1 ðaÞ

and F 0
aðz0Þ;lðz0Þ;y0ðz0Þ A qDð0; 1=ð1� jz0j2ÞpÞ, where y0 ¼ arg z0. This and some

more analysis on behavior of F 0
aðz0Þ;lðz0Þ;y0ðz0Þ will complete the proof of

Theorem 2. See Section 4 for details. Furthermore as a consequence of

Theorem 2, we obtain the following corollary.

Corollary 1. Suppose a A ½0; 1� and f A B
p
1 ðaÞ.

( i ) For jzj < 1þ
ffiffiffiffiffiffiffiffi
2pþ1

p
mðaÞffiffiffiffiffiffiffiffi

2pþ1
p

þmðaÞ

Re f 0ðzÞbB 0
aðjzjÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p 2pþ 1

2p

� �pð1�mðaÞ2ÞpðmðaÞ � jzjÞ
ð1�mðaÞjzjÞ2pþ1

with equality at z ¼ reiy, r A 0;
1þ

ffiffiffiffiffiffiffiffi
2pþ1

p
mðaÞffiffiffiffiffiffiffiffi

2pþ1
p

þmðaÞ

� �
if and only if f ðzÞ ¼

eiyBaðe�iyzÞ. In particular, we have Re f 0ðzÞ > 0 for jzj < mðaÞ.

(ii) For jzj < 1�
ffiffiffiffiffiffiffiffi
2pþ1

p
mðaÞffiffiffiffiffiffiffiffi

2pþ1
p

�mðaÞ

j f 0ðzÞjaB 0
að�jzjÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p 2pþ 1

2p

� �pð1�mðaÞ2ÞpðmðaÞ þ jzjÞ
ð1þmðaÞjzjÞ2pþ1

with equality at z ¼ reiy, r A 0;
1�

ffiffiffiffiffiffiffiffi
2pþ1

p
mðaÞffiffiffiffiffiffiffiffi

2pþ1
p

�mðaÞ

� �
, if and only if f ðzÞ ¼

�eiyBað�e�iyzÞ.

The proof of Corollary 1 will be given in Section 3. The following

corollary is obtained directly by integrating inequalities in Corollary 1.
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Corollary 2. Suppose a A ½0; 1� and f A B
p
1 ðaÞ.

( i ) For jzja 1þ
ffiffiffiffiffiffiffiffi
2pþ1

p
mðaÞffiffiffiffiffiffiffiffi

2pþ1
p

þmðaÞ
, we have Re f ðzÞbBaðjzjÞ with equality at

z ¼ reiy, if and only if f ðzÞ ¼ eiyBaðe�iyzÞ.

(ii) For jzja 1�
ffiffiffiffiffiffiffiffi
2pþ1

p
mðaÞffiffiffiffiffiffiffiffi

2pþ1
p

�mðaÞ
, we have j f ðzÞja�Bað�jzjÞ with equality at

z ¼ reiy, if and only if f ðzÞ ¼ �eiyBað�e�iyzÞ.

From Corollary 1 and the Wol¤-Warschawski-Noshiro Theorem it follows

that f A B
p
1 ðaÞ is univalent in Dð0;mðaÞÞ, when 0 < aa 1. Since B 0

aðmðaÞÞ ¼
0, Ba is not univalent in any larger disk Dð0;mðaÞ þ eÞ for any e > 0.

Corollary 3. The radius of univalence for B
p
1 ðaÞ is mðaÞ. More pre-

cisely, if a A ð0; 1� and f A B
p
1 ðaÞ, then f is univalent in Dð0; rÞ for some

r > mðaÞ unless f ðzÞ ¼ eiyBaðe�iyzÞ for some y A R.

3. Proof of Theorem 1 and Corollary 1

First, we consider the case that a A ½0; 1Þ in Theorem 1. We need the

following lemma.

Lemma 2. Let D1 and D2 be disks with c1 A D1 and c2 A D2. Suppose that

F : D1 ! D2 is a conformal mapping with F ðc1Þ ¼ c2. Let dD1
and dD2

be the

hyperbolic distances on D1 and D2, respectively. If f : D1 ! D2 is an analytic

function with f ðc1Þ ¼ c2, then

dD2
ð f ðzÞ; c2Þa dD1

ðz; c1Þ; z A D1:

Furthermore f ðz0Þ ¼ F ðz0Þ at some z0 A D1nfc1g holds if and only if f ¼ F.

We can easily verify Lemma 2, and so we omit its proof.

Proof (Proof of Theorem 1 in the case then 0a a < 1). Let f A B
p
1 ðaÞ.

Then from T�mðaÞ f A B
p
1 ðaÞ we have for jzj < 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
jðT�mðaÞ f Þ0ðzÞja

1

ð1� jzj2Þp
<

2pþ 1

2p

� �p

and by MðmðaÞÞ ¼ a, we have

ðT�mðaÞ f Þ0ð�mðaÞÞ ¼ a

ð1�mðaÞ2Þp
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p 2pþ 1

2p

� �p

mðaÞ ¼ gpmðaÞ;

where gp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
2pþ1
2p

� �p
. Letting D1 ¼ z A C : jzj < 1ffiffiffiffiffiffiffiffi

2pþ1
p

� �
and D2 ¼

w A C : jwj < 2pþ1
2p

� �pn o
, ðT�mðaÞ f Þ0 is an analytic mapping of D1 into D2 with
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ðT�mðaÞ f Þ0ð�mðaÞÞ ¼ gpmðaÞ. Applying Lemma 2 we have for jzj < 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
dD2

ððT�mðaÞ f Þ0ðzÞ; gpmðaÞÞa dD1
ðz;�mðaÞÞ: ð14Þ

Take z0 A DðmðaÞ; 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
Þ ¼ t�mðaÞðD1Þ with z0 0 0 arbitrarily and put

z1 ¼ tmðaÞðz0ÞðA D1Þ. Let D0 be the closed hyperbolic subdisk of D2 with

center gpmðaÞ and radius dD1
ðz1;�mðaÞÞ. Then by (14) we have ðT�mðaÞ f Þ0ðz1Þ

A D0. Thus

f 0ðt�mðaÞðz1ÞÞt 0�mðaÞðz1Þ
p A D0:

This implies

f 0ðz0Þ A
ð1�mðaÞ2Þp

ð1�mðaÞz0Þ2p
D0:

Hence we have

V p
a ðz0ÞH

ð1�mðaÞ2Þp

ð1�mðaÞz0Þ2p
D0: ð15Þ

Since B 0
aðzÞ ¼ ðTmðaÞBÞ0ðzÞ, we have ðT�mðaÞBaÞ0ðzÞ ¼ B 0ðzÞ ¼ �gpz. Thus

ðT�mðaÞBaÞ0 is a conformal mapping of D1 onto D2 with ðT�mðaÞBaÞ0ð�mðaÞÞ ¼
gpmðaÞ. In particular we have ðT�mðaÞBaÞ0ðz1Þ A qD0 and hence

B 0
aðz0Þ A

ð1�mðaÞ2Þp

ð1�mðaÞz0Þ2p
qD0: ð16Þ

Since B 0
aðz0Þ A V p

a ðz0Þ, it follows from (15) and (16) that B 0
aðz0Þ A qV p

a ðz0Þ.
Next, we prove the uniqueness. Assume that z0 A DðmðaÞ; 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
Þ

with z0 0 0 and f 0ðz0Þ ¼ B 0
aðz0Þ for some f A B

p
1 ðaÞ. Then we have

ðT�mðaÞ f Þ0ðz1Þ ¼ ðT�mðaÞBaÞ0ðz1Þ, where z1 ¼ tmðaÞðz0Þ. Applying the unique-

ness part of Lemma 2 at z1ð0�mðaÞÞ we obtain ðT�mðaÞ f Þ0 ¼ ðT�mðaÞBaÞ0 and
hence f 0 ¼ B 0

a. Since f ð0Þ ¼ Bað0Þ ¼ 0 we have f ¼ Ba. r

Proof (Proof of Corollary 1 in the case that 0a a < 1). We use the

same notation as in the above. Take z0 ¼ r A 0;
1þ

ffiffiffiffiffiffiffiffi
2pþ1

p
mðaÞffiffiffiffiffiffiffiffi

2pþ1
p

þmðaÞ

� �
and put

z1 ¼ tmðaÞðrÞ. Since ðT�mðaÞBaÞ0ðzÞ ¼ �gpz maps D1 conformally onto D2 and

�gpz1 < gpmðaÞ, we have

min
w AD0

Re w ¼ �gpz1 ¼ �gptmðaÞðrÞ

and hence for f A B
p
1 ðaÞ

Re f 0ðt�mðaÞðz1ÞÞt 0�mðaÞðz1Þ
p ¼ ReðT�mðaÞ f Þ0ðz1Þb�gptmðaÞðrÞ:
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This implies

Re f 0ðrÞ ¼ Re f 0ðt�mðaÞðz1ÞÞb�gptmðaÞðrÞt 0mðaÞðrÞ
p ¼ B 0

aðrÞ: ð17Þ

It is not di‰cult to see that equality holds in (17) if and only if f ¼ Ba.

Now let f A B
p
1 ðaÞ and z0 ¼ r0e

iy0 with 0 < r0 <
1þ

ffiffiffiffiffiffiffiffi
2pþ1

p
mðaÞffiffiffiffiffiffiffiffi

2pþ1
p

þmðaÞ
and y0 A R.

Applying (17) to ~ff ðzÞ ¼ e�iy0 f ðeiy0zÞ A B
p
1 ðaÞ at r0 we have

Re f 0ðz0Þ ¼ Re ~ff 0ðr0ÞbB 0
aðr0Þ ¼ B 0

aðjz0jÞ

with equality if and only if ~ff ¼ Ba i.e., f ðzÞ ¼ eiy0Baðe�iy0zÞ.

Take z0 ¼ �r with r A 0;
1�

ffiffiffiffiffiffiffiffi
2pþ1

p
mðaÞffiffiffiffiffiffiffiffi

2pþ1
p

�mðaÞ

� �
and z1 ¼ tmðaÞð�rÞ. Since 0 <

gpmðaÞ < �gpz1, we have

max
w AD0

jwj ¼ �gpz1 ¼ �gptmðaÞð�rÞ:

Hence for f A B
p
1 ðaÞ we have

j f 0ðt�mðaÞðz1ÞÞt 0�mðaÞðz1Þ
pja�gptmðaÞð�rÞ

and thus

j f 0ð�rÞja�gptmðaÞð�rÞt 0mðaÞð�rÞp ¼ B 0
að�rÞ ð18Þ

with equality if and only if f ¼ Ba.

Let f A B
p
1 ðaÞ and z0 ¼ �r0e

iy0 with 0 < r0 <
1�

ffiffiffiffiffiffiffiffi
2pþ1

p
mðaÞffiffiffiffiffiffiffiffi

2pþ1
p

�mðaÞ
and y0 A R.

Applying (18) to ~ff ðzÞ ¼ �e�iy0 f ð�eiy0zÞ A B
p
1 ðaÞ at �r0 we have

j f 0ðz0Þj ¼ j ~ff 0ð�r0ÞjaB 0
að�r0Þ ¼ B 0

að�jz0jÞ

with equality if and only if ~ff ¼ Ba i.e., f ðzÞ ¼ �eiy0Bað�e�iy0zÞ. r

In order to prove Theorem 1 in the case that a ¼ 1, we need the following

result known as Julia’s lemma.

Lemma 3 (Julia). Let g be an analytic function on DU f1g with gð1Þ ¼ 1

and jgðzÞj < 1 for z A D. Then b ¼ g 0ð1Þ > 0 and

j1� gðzÞj2

1� jgðzÞj2
a b

j1� zj2

1� jzj2
; z A D: ð19Þ

Equality occurs in ð19Þ at z0 A D with w0 ¼ gðz0Þ if and only if

tw0
ðgðzÞÞ ¼ 1� w0

1� w0

1� z0

1� z0
tz0ðzÞ
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For a proof of the inequality (19) see [1, Theorem 1-5]. For a proof of

the uniqueness part see [8].

Proof (Proof of Theorem 1 in the case that a ¼ 1). First we note that

mð1Þ ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
. We consider the following composite functions to apply

Julia’s lemma in the disk Dðmð1Þ; 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
Þ. For f A B

p
1 ð1Þ put

gf ðzÞ ¼
2p

2pþ 1

� �p

ðT�mð1Þ f Þ0 � zffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
 !

¼ 2p

2pþ 1

� �2p
f 0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
ð1� zÞ

ð2pþ 1Þ � z

 !
1

ð1� z=ð2pþ 1ÞÞ2p
: ð20Þ

Then we have for jzj < 1

jgf ðzÞj ¼
2p

2pþ 1

� �p

f 0 t�mð1Þ � zffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
 ! !�����

����� t 0�mð1Þ � zffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
 !�����

�����
p

¼
ð2p=ð2pþ 1ÞÞpmpð f ; t�mð1Þð�z=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
ÞÞ

ð1� jz=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
j2Þp

a
ð2p=ð2pþ 1ÞÞp

ð1� jz=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
j2Þp

< 1

and gf ð1Þ ¼ f 0ð0Þ ¼ 1. In view of the inequality

1þReð f 00ð0ÞzÞ þ � � � ¼ j f 0ðzÞja 1

ð1� jzj2Þp
¼ 1þ pjzj2 þ � � � ;

f 00ð0Þ ¼ 0 holds for each f A B
p
1 ð1Þ. From this and (20)

g 0
f ð1Þ ¼

g 0
f ð1Þ

gf ð1Þ
¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
2p

f 00ð0Þ
f 0ð0Þ þ 1 ¼ 1:

Applying Lemma 3, we have

j1� gf ðzÞj2

1� jgf ðzÞj2
a

j1� zj2

1� jzj2
¼ dðzÞ: ð21Þ

Since we can rewrite (21) as

gf ðzÞ �
1

1þ dðzÞ

����
����a dðzÞ

1þ dðzÞ ;

it follows that

gf ðzÞ A D
1

1þ dðzÞ ;
dðzÞ

1þ dðzÞ

� �
ð22Þ
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for all z A D. Take z0 A Dðmð1Þ; 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
Þ arbitrarily. Substituting z ¼

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
tmð1Þðz0Þ in (22), we obtain

f 0ðz0Þ A
2pþ 1

2p

� �p

t 0mð1Þðz0Þ
pD

1

1þ ~ddðz0Þ
;

~ddðz0Þ
1þ ~ddðz0Þ

 !
; ð23Þ

where
~ddðz0Þ ¼ dð�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
tmð1Þðz0ÞÞ:

Thus we have

V
p
1 ðz0ÞH

2pþ 1

2p

� �p

t 0mð1Þðz0Þ
pD

1

1þ ~ddðz0Þ
;

~ddðz0Þ
1þ ~ddðz0Þ

 !
: ð24Þ

Now let us consider the case that f ¼ B1. Since B1 ¼ Tmð1ÞB, we have

gB1
ðzÞ ¼ 2p

2pþ 1

� �p

ðT�mð1ÞðTmð1ÞBÞÞ0 � zffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
 !

¼ 2p

2pþ 1

� �p

B 0 � zffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
 !

¼ z:

This implies gB1
ðzÞ A qDð1=ð1þ dðzÞÞ; dðzÞ=ð1þ dðzÞÞÞ for all z A D. Hence we

have

B 0
1ðz0Þ A

2pþ 1

2p

� �p

t 0mð1Þðz0Þ
p
qD

1

1þ ~ddðz0Þ
;

~ddðz0Þ
1þ ~ddðz0Þ

 !
: ð25Þ

Since B 0
1ðz0Þ A V

p
1 ðz0Þ, we infer from (24) and (25) that B 0

1ðz0Þ A qV
p
1 ðz0Þ.

Finally, we deal with uniqueness. Suppose f 0ðz0Þ ¼ B 0
1ðz0Þ for some

f A B
p
1 ð1Þ and z0 A Dðmð1Þ; 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
Þ. Then we have gf ðz1Þ ¼ gB1

ðz1Þ ¼
z1, where z1 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
tmð1Þðz0Þ. By Lemma 3 we obtain gf ðzÞ ¼ z in D

and hence f 0ðzÞ ¼ B 0
1ðzÞ in Dðmð1Þ; 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
Þ. By the identity theorem for

analytic functions, the relation f 0ðzÞ ¼ B 0
1ðzÞ holds on D. From this and f ð0Þ

¼ B1ð0Þ ¼ 0 we have f ¼ B1. Therefore we complete the proof of Theorem 1.

r

Proof (Proof of Corollary 1 in the case that a ¼ 1). Since mð1Þ ¼ 1ffiffiffiffiffiffiffiffi
2pþ1

p ,

(ii) in Corollary 1 never occurs. We use the same notation as in the proof of

Theorem 1 in the case that a ¼ 1. Let z0 ¼ r A 0;
1þ

ffiffiffiffiffiffiffiffi
2pþ1

p
mð1Þffiffiffiffiffiffiffiffi

2pþ1
p

þmð1Þ

� �
¼ 0;

ffiffiffiffiffiffiffiffi
2pþ1

p
pþ1

� �
.

Then by (23) we have

Re f 0ðzÞb 2pþ 1

2p

� �p

t 0mð1ÞðrÞ
p 1� ~ddðrÞ
1þ ~ddðrÞ

:
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Since 1�d
1þd

¼ Re z�jzj2
1�Re z and ~ddðrÞ ¼ dð�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
tmð1ÞðrÞÞ,

Re f 0ðrÞb�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p 2pþ 1

2p

� �p

tmð1ÞðrÞt 0mð1ÞðrÞ
p ¼ B1ðrÞ:

The rest of the proof is quite similar as in the case that 0a a < 1 and we omit

it. r

4. Proofs of Proposition 1 and Theorem 2

We need a technical lemma characterizing a monotone property of a

family of subdisks of D.

Lemma 4. Let cðtÞ and rðtÞ be continuously di¤erentiable functions on an

interval I satisfying cðtÞ A D and rðtÞ A ð0; 1Þ on I. Then the family of disks

fDðcðtÞ; rðtÞÞgt A I is nondecreasing if and only if

jc 0ðtÞj
1� jcðtÞj2

a
r 0ðtÞ

1� rðtÞ2

on I . Furthermore if jc 0ðtÞj=ð1� jcðtÞj2Þ < r 0ðtÞ=ð1� rðtÞ2Þ holds on I , then

fDðcðtÞ; rðtÞÞgt A I is strictly increasing in the sense that Dðcðt0Þ; rðt0ÞÞHDðcðt1Þ;
rðt1ÞÞ for any t0; t1 A I with t0 < t1.

Proof. Let t0; t1 A I with t0 < t1. Put

~ccðtÞ ¼ tcðt0ÞðcðtÞÞ ¼
cðtÞ � cðt0Þ
1� cðt0ÞcðtÞ

; t A I :

Then we have tcðt0ÞðDðcðtÞ; rðtÞÞÞ ¼ Dð~ccðtÞ; rðtÞÞ and ~ccðt0Þ ¼ 0.

Assume that fDðcðtÞ; rðtÞÞgt A I is nondecreasing. Then fDð~ccðtÞ; rðtÞÞgt A I is

also nondecreasing and hence

Dð0; rðt0ÞÞ ¼ Dð~ccðt0Þ; rðt0ÞÞHDð~ccðt1Þ; rðt1ÞÞ

¼ D
ð1� rðt1Þ2Þ~ccðt1Þ
1� j~ccðt1Þj2rðt1Þ2

;
ð1� j~ccðt1Þj2Þrðt1Þ
1� j~ccðt1Þj2rðt1Þ2

 !
:

This implies

rðt0Þa
ð1� j~ccðt1Þj2Þrðt1Þ
1� j~ccðt1Þj2rðt1Þ2

� ð1� rðt1Þ2Þj~ccðt1Þj
1� j~ccðt1Þj2rðt1Þ2

¼ rðt1Þ � j~ccðt1Þj
1� j~ccðt1Þjrðt1Þ

:
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From this it follows that

j~ccðt1Þ � ~ccðt0Þj ¼ j~ccðt1Þja
rðt1Þ � rðt0Þ
1� rðt0Þrðt1Þ

:

Dividing both sides of the above inequality by t1 � t0 and then letting t1 # t0 we

obtain

jc 0ðt0Þj
1� jcðt0Þj2

¼ j~cc 0ðt0Þja
r 0ðt0Þ

1� rðt0Þ2
:

Conversely assume that jc 0ðtÞj=ð1� jcðtÞj2Þa r 0ðtÞ=ð1� rðtÞ2Þ holds on I .

We note that

j~cc 0ðtÞj
1� j~ccðtÞj2

¼ jc 0ðtÞj
1� jcðtÞj2

a
rðtÞ

1� rðtÞ2

and ~ccðt0Þ ¼ 0. Since d
dt
j~ccðtÞj

�� ��a d
dt
~ccðtÞ

�� ��, we have

1

2
log

1þ j~ccðt1Þj
1� j~ccðt1Þj

¼
ð t1
t0

1

2

d

dt
log

1þ j~ccðtÞj
1� j~ccðtÞj

� �
dt

����
����

¼
ð t1
t0

d
dt
j~ccðtÞj

1� j~ccðtÞj2
dt

�����
�����

a

ð t1
t0

d
dt
~ccðtÞ

�� ��
1� j~ccðtÞj2

dt

a

ð t1
t0

r 0ðtÞ
1� rðtÞ2

dt ¼ 1

2
log

1þ rðt1Þ
1� rðt1Þ

1� rðt0Þ
1þ rðt0Þ

:

Thus we have

1þ j~ccðt1Þj
1� j~ccðt1Þj

a
1þ rðt1Þ
1� rðt1Þ

1� rðt0Þ
1þ rðt0Þ

and hence from an elementary calculation it follows that

j~ccðt1Þja
rðt1Þ � rðt0Þ
1� rðt0Þrðt1Þ

: ð26Þ

Now we put

a ¼ ð1� rðt1Þ2Þ~ccðt1Þ
1� j~ccðt1Þj2rðt1Þ2

; r ¼ ð1� j~ccðt1Þj2Þrðt1Þ
1� j~ccðt1Þj2rðt1Þ2

:
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Then we have Dð~ccðt1Þ; rðt1ÞÞ ¼ Dða; rÞ and

r� jaj ¼ ð1� j~ccðt1Þj2Þrðt1Þ � ð1� rðt1Þ2Þj~ccðt1Þj
1� j~ccðt1Þj2rðt1Þ2

¼ rðt1Þ � j~ccðt1Þj
1� j~ccðt1Þrðt1Þj

:

We claim that r� jajb rðt0Þ holds, which is a simple consequence of (26).

Thus we have

tcðt0ÞðDðcðt0Þ; rðt0ÞÞÞ ¼ Dð0; rðt0ÞÞHDð0; r� jajÞ

HDða; rÞ

¼ Dð~ccðt1Þ; rðt1ÞÞ ¼ tcðt0ÞðDðcðt1Þ; rðt1ÞÞÞ

and hence Dðcðt0Þ; rðt0ÞÞHDðcðt1Þ; rðt1ÞÞ.
If jc 0ðtÞj=ð1� jcðtÞj2Þ < r 0ðtÞ=ð1� rðtÞ2Þ holds on I , then it is easy to see

that strict inequality sign holds in (26). This implies r� jaj > rðt0Þ and thus

we conclude Dðcðt0Þ; rðt0ÞÞHDðcðt1Þ; rðt1ÞÞ. r

Let E ¼ fðl; xÞ : 0a la p and 0a xa 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
g and

hðl; xÞ ¼ xð1� x2Þl; ðl; xÞ A Enfð0; 1Þg
1; ðl; xÞ ¼ ð0; 1Þ:

(

Lemma 5. The function hðl; xÞ is nonnegative and continuous on E, and

satisfies hðl; xÞa 1 with equality if and only if ðl; xÞ ¼ ð0; 1Þ. Furthermore for

fixed l A ½0; p�, hðl; xÞ is a strictly increasing function of x A ½0; 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
�

and for fixed x A ð0; 1Þ, hðl; xÞ is a strictly decreasing function of l A ½0;
minf2�1ðx�2 � 1Þ; pg�.

Proof. The monotonic properties of hðl; xÞ is clear. And it is also clear

that hðl; xÞ is continuous and satisfies hðl; xÞ < 1 on Enfð0; 1Þg. Thus we only

have to show that hðl; xÞ is continuous at ð0; 1Þ. To show this let 0 < d < 1.

Then for ðl; xÞ A Enfð0; 1Þg with 1� da x < 1 and 0 < la d we have

1 > hðl; xÞb hðl; 1� dÞb hðd; 1� dÞ ¼ ð1� dÞddð2� dÞd ! 1

as d # 0. r

Let a A ½0; 1�. For each fixed l A ½0; p� let x ¼ cðlÞ be the unique solution

of the equation

hðl; xÞ ¼ ahðl; 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
Þ; 0a xa

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p :
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Lemma 6. If a ¼ 0 or a ¼ 1, then cðlÞ ¼ 0 or cðlÞ ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
, respecti-

vely. If 0 < a < 1, then the function cðlÞ is a continuously di¤erentiable

function of l A ð0; pÞ satisfying 0 < cðlÞ < 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
and c 0ðlÞ < 0 in ð0; pÞ.

Furthermore we have cð0Þ ¼ liml#0 cðlÞ ¼ a and cðpÞ ¼ liml"p cðlÞ ¼ mðaÞ.

Proof. We shall only show the assertions, when 0 < a < 1. In this

case it is easy to see that 0 < cðlÞ < 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
. Put Hðl; xÞ ¼ hðl; xÞ=

hðl; 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
Þ. Then by Lemma 5, Hðl; xÞ is continuous on E and con-

tinuously di¤erentiable in Int E. Since

q

qx
Hðl; xÞ ¼ f1� ð2lþ 1Þx2gð1� x2Þl�1

hðl; 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
Þ

> 0 ð27Þ

in Int E, it follows from the implicit function theorem that cðlÞ is continuously

di¤erentiable in ð0; pÞ. Since

hðl; cðlÞÞ ¼ ahðl; 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
Þ; ð28Þ

we have

log cðlÞ þ l logð1� cðlÞ2Þ ¼ log a� 1

2
logð2lþ 1Þ þ l log

2l

2lþ 1
:

By di¤erentiating both sides of the above formula and 0 < cðlÞ < 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p

we obtain

c 0ðlÞ ¼ cðlÞð1� cðlÞ2Þ
1� ð2lþ 1ÞcðlÞ2

log
2l

ð2lþ 1Þð1� cðlÞ2Þ
< 0: ð29Þ

Thus cðlÞ is strictly decreasing and hence cð0þÞ ¼ liml#0 cðlÞ and cðp� 0Þ ¼
liml"p cðlÞ exist. By continuity of hðl; xÞ on E we have cð0þÞ ¼ a and

cðp� 0Þð1� cðp� 0Þ2Þp ¼ ahðp; 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
Þ. These imply cð0þÞ ¼ a ¼ cð0Þ

and cðp� 0Þ ¼ mðaÞ ¼ cðpÞ. r

Lemma 7. If 0a a < 1, then the family of disks fDðcðlÞ;
1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
Þg0alap is strictly decreasing and

6
0<l<p

DðcðlÞ; 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
Þ ¼ Dða; 1Þ ¼ D;

7
0<l<p

DðcðlÞ; 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
Þ ¼ DðmðaÞ; 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
Þ:
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If a ¼ 1, then cðlÞ ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
and fDð1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
; 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
Þg0<lap is de-

creasing and satisfies

6
0<l<p

Dð1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
; 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
Þ ¼ Dð1=2; 1=2Þ;

7
0<l<p

Dð1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
; 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
Þ ¼ Dð1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
; 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
Þnf0g:

Proof. If a ¼ 1, then cðlÞ ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
and it is not di‰cult to see that

the assertion of the lemma holds in this case.

Suppose that 0a a < 1. Put rðlÞ ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
, 0 < la p. Applying

Lemma 4 to fDðcð�tÞ; rð�tÞÞg�pata0, it su‰ces to show jc 0ðlÞj=ð1� jcðlÞj2Þ
< �r 0ðlÞ=ð1� rðlÞ2Þ. By (29) and 0 < cðlÞ < rðlÞ ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
we obtain

c 0ðlÞ
1� cðlÞ2

¼ � cðlÞrðlÞ2

rðlÞ2 � cðlÞ2
log

1� cðlÞ2

1� rðlÞ2
< 0:

Thus by making use of the inequality 1þ xa ex and r 0ðlÞ ¼ �rðlÞ3 we have

jc 0ðlÞj
1� jcðlÞj2

¼ cðlÞrðlÞ2

rðlÞ2 � cðlÞ2
log 1þ rðlÞ2 � cðlÞ2

1� rðlÞ2

 !

a
cðlÞrðlÞ2

1� rðlÞ2

<
rðlÞ3

1� rðlÞ2
¼ � r 0ðlÞ

1� rðlÞ2
: r

Proof (Proof of Proposition 1). Suppose that 0a a < 1. Then by

Lemma 7, for any z A DnDðmðaÞ; 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
Þ there exists a unique l ¼

lðzÞ A ð0; p� such that

z A qDðcðlÞ; 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
Þ: ð30Þ

We define aðzÞ ¼ cðlðzÞÞ. Then by (28) and (30), ðaðzÞ; lðzÞÞ satisfies (11) and

(12). Uniqueness and continuity of ðaðzÞ; lðzÞÞ on DnDðmðaÞ; 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
Þ

follow from the monotone property of the function ½0; 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
� C x 7!

hðl; xÞ for fixed l A ½0; p� and the strictly decreasing property of fDðcðlÞ;
1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
Þg0alap.

Next suppose that a ¼ 1. Note that cðlÞ ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
. Then by Lemma

7, for any z A Dð1=2; 1=2ÞnDð1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
; 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
Þ there exists a unique l ¼

lðzÞ A ð0; p� such that

z A qDð1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
; 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
Þ:
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Then it is easy to see that aðzÞ ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
and lðzÞ satisfy (11) and (13).

For z A qDð1=2; 1=2Þnf0; 1g we define lðzÞ ¼ 0 and aðzÞ ¼ 1. Then it is not

di‰cult to see that lðzÞ is unique, and that it is continuous on Dð1=2; 1=2Þn
½Dð1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
; 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
ÞU f0; 1g�. r

Proof (Proof of Theorem 2). Let a A ½0; 1Þ. Suppose that 0 < r <

1�
ffiffiffiffiffiffiffiffi
2pþ1

p
mðaÞffiffiffiffiffiffiffiffi

2pþ1
p

�mðaÞ
. Then, since

D 0;
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
mðaÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2pþ 1
p

�mðaÞ

 !
HDðmðaÞ; 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
Þ;

we have reiy A DðmðaÞ; 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
Þ for all y A ð�p; p�. Thus by Theorem 1 and

V p
a ðreiyÞ ¼ V p

a ðrÞ, the mapping ð�p; p� C y 7! B 0
aðreiyÞ gives a closed curve

contained in qV p
a ðrÞ. We show that it is a simple curve. Assume that

B 0
aðreiy1Þ ¼ B 0

aðreiy2Þ for some y1; y2 A ð�p; p� with y1 < y2. Put f ðzÞ ¼
e�iðy2�y1ÞBaðeiðy2�y1ÞzÞ. Then f 0ðreiy1Þ ¼ B 0

aðreiy2Þ ¼ B 0
aðreiy1Þ. Applying the

uniqueness part of Theorem 1 at reiy1 , we have f ðzÞ ¼ BaðzÞ and hence

e�iðy2�y1ÞBaðeiðy2�y1ÞzÞ ¼ BaðzÞ on D, which is a contradiction.

Now we have shown that the simple closed curve given by ð�p; p� C
y 7! B 0

aðreiyÞ is contained in the simple closed curve qV p
a ðrÞ. Since a simple

closed curve cannot contain any simple closed curve other than itself, qV p
a ðrÞ

coincides with the curve given as the mapping ð�p; p� C y 7! B 0
aðreiyÞ.

Suppose that
1�

ffiffiffiffiffiffiffiffi
2pþ1

p
mðaÞffiffiffiffiffiffiffiffi

2pþ1
p

�mðaÞ
a r <

1þ
ffiffiffiffiffiffiffiffi
2pþ1

p
mðaÞffiffiffiffiffiffiffiffi

2pþ1
p

þmðaÞ
. Then reiy A DðmðaÞ;

1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
Þ if and only if jyj < yaðrÞ. As in the above argument, it can be

shown that the arc G1 given by the mapping ½�yaðrÞ; yaðrÞ� C y 7! B 0
aðreiyÞ

is simple and contained in qV p
a ðrÞ. We note that from (7) B 0

aðreGiyaðrÞÞ A
qDð0; 1=ð1� r2ÞpÞ.

Combining Proposition 1, (9) and (10) we have for �p < ya�yaðrÞ or

yaðrÞa ya p that Faðre iyÞ;lðre iyÞ;y A B
p
1 ðaÞ and jF 0

aðre iyÞ;lðre iyÞ;yðre
iyÞj ¼ 1=ð1� r2Þp.

Since lðreGiyaðrÞÞ ¼ p and aðreGiyaðrÞÞ ¼ mðaÞ, we have

F 0
aðreGiyaðrÞÞ;lðreGiyaðrÞÞ;GyaðrÞðre

GiyaðrÞÞ ¼ B 0
aðreGiyaðrÞÞ:

Furthermore since by (8) we have

F 0
að�rÞ;lð�rÞ;pð�rÞ

¼ 1

hðlð�rÞ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lð�rÞ þ 1

p
Þ

ð1� að�rÞ2Þlð�rÞðað�rÞ þ rÞ
ð1þ að�rÞrÞ2lð�rÞþ1ð1� r2Þ1�lð�rÞ > 0;

it follows that F 0
að�rÞ;lð�rÞ;pð�rÞ ¼ 1=ð1� r2Þp. Thus the circular arc

G2ðH qDð0; 1=ð1� r2ÞpÞÞ with endpoints B 0
aðreGiyaðrÞÞ that passes through

1=ð1� r2Þp is contained in qV p
a ðrÞ.
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Since the union G1 UG2 is a simple closed curve contained in qV p
a ðrÞ, it

coincides with qV p
a ðrÞ.

Suppose that
1þ

ffiffiffiffiffiffiffiffi
2pþ1

p
mðaÞffiffiffiffiffiffiffiffi

2pþ1
p

þmðaÞ
a r < 1. Then as in the above argument

we have jF 0
aðre iyÞ;lðre iyÞ;yðre

iyÞj ¼ 1=ð1� r2Þp for all y A ð�p; p� and that

F 0
að�rÞ;lð�rÞ;pð�rÞ ¼ 1=ð1� r2Þp. Since r A qDðaðrÞ; 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lðrÞ þ 1

p
Þ, we have

aðrÞ < r. This implies

F 0
aðrÞ;lðrÞ;0ðrÞ ¼

1

hðlðrÞ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lðrÞ þ 1

p
Þ

ð1� aðrÞ2ÞlðrÞðaðrÞ � rÞ
ð1� aðrÞrÞ2lðrÞþ1ð1� r2Þ1�lðrÞ < 0

and F 0
aðrÞ;lðrÞ;0ðrÞ ¼ �1=ð1� r2Þp. It is easy to see that aðre�iyÞ ¼ aðreiyÞ and

lðre�iyÞ ¼ lðreiyÞ. Thus we have

F 0
aðre�iyÞ;lðre�iyÞ;�yðre

�iyÞ ¼ F 0
aðre iyÞ;lðre iyÞ;yðreiyÞ: ð31Þ

By a continuity argument we infer from

F 0
aðrÞ;lðrÞ;0ðrÞ ¼ �1=ð1� r2Þp; F 0

að�rÞ;lð�rÞ;pð�rÞ ¼ 1=ð1� r2Þp

and the above symmetric property, that the image of the mapping ð�p; p� C y

7! F 0
aðre iyÞ;lðre iyÞ;yðre

iyÞ contains the circle qDð0; 1=ð1� r2ÞpÞ and hence qV p
a ðrÞ

¼ qDð0; 1=ð1� r2ÞpÞ.
Finally let a ¼ 1. Then since mð1Þ ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
, the case (i) in Theorem

2 does not occur. Suppose that 0 < r <
1þ

ffiffiffiffiffiffiffiffi
2pþ1

p
mð1Þffiffiffiffiffiffiffiffi

2pþ1
p

þmð1Þ
¼

ffiffiffiffiffiffiffiffi
2pþ1

p
pþ1 . Then as in the

case that 0a a < 1, the arc G1 given by the mapping ½�y1ðrÞ; y1ðrÞ� C y 7!
B 0
1ðreiyÞ is simple and contained in qV

p
1 ðrÞ, and jB 0

1ðreGiy1ðrÞÞj ¼ 1=ð1� r2Þp.
For y A ð�p; p�, reiy A Dð1=2; 1=2ÞnDð1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
; 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
Þ holds if and

only if y1ðrÞ ¼ arccos r=ð2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ 1

p
Þa jyja arccos r. Since lðyÞ ! 0 as

jyj " arccos r, we have

F 0
1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lðre iyÞþ1

p
;lðre iyÞ;y

ðreiyÞ ! 1

ð1� r2Þp ; as jyj " arccos r: ð32Þ

Thus the circular arc G2 which has endpoints at B 0
1ðreGiy1ðrÞÞ and passes through

1=ð1� r2Þp is contained in qV
p
1 ðrÞ. Hence the simple closed curve G1 UG2 is

contained in the simple closed curve qV
p
1 ðrÞ and we have qV p

a ðrÞ ¼ G1 UG2.

Suppose that

ffiffiffiffiffiffiffiffi
2pþ1

p
pþ1 a r < 1. Then we claim that the image of

the mapping ½�arccos r; arccos r� C y 7! F 0
1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lðre iyÞþ1

p
;lðre iyÞ;y

ðreiyÞ contains

qDð0; 1=ð1� r2ÞpÞ, which implies qV
p
1 ðrÞ ¼ qDð0; 1=ð1� r2ÞpÞ. This is a con-

sequence of (32), (31) and F 0
1=
ffiffiffiffiffiffiffiffiffiffiffiffi
2lðrÞþ1

p
;lðrÞ;0

ðrÞ < 0.

We note that the uniqueness part of Theorem 2 directly follows from the

uniqueness part of Theorem 1. r
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