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The Gordian complex with pass moves is not homogeneous
with respect to Conway polynomials

Dedicated to Professor Akio Kawauchi on the occasion of his sixtieth
birthday

Yasutaka NAKaNISHI and Yoshiyuki OHYAMA

(Received May 15, 2008)
(Revised January 7, 2009)

ABSTRACT. After the works of Kauffman-Banchoff and Yamasaki, it is known that a
local move called the pass move is strongly related to the Arf invariant, which is
equivalent to the parity of the coefficient of the degree two term in the Conway
polynomial. Our main result is the following: There exists a pair of knots such that
their Conway polynomials coincide, and that the sets of Conway polynomials of knots
obtained from them by a single pass move do not coincide.

1. Introduction

Erle [1] introduced a notion of operation for knots and links by an
exchange of band crossing. Kauffman [3] studied the structure of knots and
links by the move. We usually call the operation a pass move, which is defined
to be a local move between two knot diagrams K; and K, which are identical
except near one crossing point as in Fig. 1. Furthermore, we consider its
spatial realization as follows: For two knots k| and k; represented by K; and
K>, ki and k; are said to be transformed into each other by a pass move.

Kauffman [3] shows that a I" move as in Fig. 2 is realized by a single pass
move. It is known by Kauffman-Banchoff [4] and Yamasaki [13] that a pass
move keeps the Arf invariant, which is equivalent to the parity of the coefficient
of z? term in the Conway polynomial, @, mod 2. Furthermore, two knots have
the same Arf invariant if and only if the two knots can be transformed into
each other by a finite sequence of pass moves. We can consider the Gordian

The first author is supported by Grant-in-aid for Science Research (C) (No. 19540081), Japan
Society for the Promotion of Science.

The second author is supported by Grant-in-aid for Science Research (C) (No. 19540102), Japan
Society for the Promotion of Science.

2000 Mathematics Subject Classification. STM25.

Key words and phrases. pass move, I" move, Gordian complex, Conway polynomial.



444 Yasutaka NakanisHI and Yoshiyuki OHYAMA

/\\/H\\\\

Fig. 1
1 | - & N e
| l - < 7 - >
Fig. 2

complex with pass moves in a parallel manner to the Gordian complex in
Hirasawa-Uchida [2]. We consider a knot as a 0-simplex (or vertex). For a
positive integer m, we consider a set of m + 1 knots, each pair of which can be
transformed into each other by a single pass move, as an m-simplex.

It can be easily seen that every O-simplex of the Gordian complex with
pass moves has the degree co. It is shown in Section 5 that there are infinitely
many knots with mutually distinct Conway polynomials, which can be trans-
formed into a trivial knot by a single pass move. By the connected sum with
the given knot, the proof is given. The following has an information on the
Gordian complex with pass moves.

THEOREM 1. Every 0-simplex of the Gordian complex with pass moves is a
face of arbitrarily large dimensional simplex.

The proof is given in Section 3.
The following is our main result.

THEOREM 2. There exists a pair of knots Ky, Ky such that Vg, (z) = Vg, (z),
and VK} # VKY.

Here K? means the set of knots obtained from a knot K by a single pass
move. V. means the set of the Conway polynomials {Vg(z)}r ., for a set
of knots .#". The proof is given in Section 4.

2. Surgical description

It is well-known that any knot can be transformed to a trivial knot by
crossing-changes at suitable crossing points. Every crossing-change is obtained
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by a +1 surgery along a small trivial knot around the crossing point with
linking number 0. Levine [6] and Rolfsen [10, 11] introduced a surgery
description of a knot and a surgical view of Alexander matrix and Alexander
polynomial as follows:

ProposITION 3. Let K be a knot, Ky a trivial knot. Then, there exist
n disjoint solid tori Ty,...,T, in S*—Ky and a homeomorphism ¢ from
S3—°TyU---U°T, to itself such that

(1) $(Ko) =K,

(2) TWU---UT, is a trivial link,

(3) Ik(T:,Ky) =1k(T:,K) =0 for each i, and

(4) ¢(0T;) = 0T; and k(u], T;) = 1 where y; < 0T; is a meridian of T; and
W= ¢71(/‘i)-

From a surgery description, we have a surgical view of Alexander matrix
of the knot as follows:

ProrosITION 4. Let K be a knot. Then, K has an Alexander matrix
My = (my(t)) of the following form:

(1) myle) = my(~1), and () |my(1)] =0,
where 0 =1 (if i=j), 0 (if i # j) is Kronecker’s delta.

Here, the size of Mk is given by the number n in Proposition 3. The
Alexander polynomial of a knot K is given by the determinant of an Alexander
matrix of K up to units.

3. Proof of Theorem 1

In a parallel manner to the argument in [9], we consider the case that the
given knot is a trivial knot. Otherwise, by considering the connected sum with
the given knot, we can obtain the required result.

The knot in Fig. 3 is a trivial knot, which can be considered as the tangle
T with ears as in the right side. Let K; be the knot in Fig. 4, which is

)

Fig. 3
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constructed by using i copies of T’s in Fig. 3. The knot Kj is a trivial knot
and the family {Ky, Kj,...,K,} satisfies the condition that each pair in the
family can be transformed into each other by a single pass move at one of the
dotted circles. The calculation of the HOMFLY polynomials in [9] shows that
the knots in the family are mutually distinct. The proof is complete. O

4. Proof of Theorem 2

It is known that there is a close relationship between the Alexander
polynomial Ag(¢) and the Conway polynomial Vk(z) for a knot K: Ag(f) =
V(12 —t'/2). The proof of Theorem 2 is given by a modification of the
proof of the following Theorem 5.

THEOREM 5. For j polynomials with variables z, Vi(z) = 1 + ayz* —|—a£{)z4
—|—~--—|—a(2?j22// (1 <i<y), there exists a pair of knots K, and K, such that
Vi (2) =Vk(2), VK $Vi(2),...,V;(2), and VK} 3V,(z),...,V;(z).

The reason why the coefficients of the z> term in V;’s are identical follows
from a technical argument.

ProOF. Let A4;(t) =Vi(t7'?—¢/2) (1<i<j). It is also known that
any Alexander polynomial can be realized by a knot with unknotting number
1 by Kondo [5] and Sakai [12]. For the polynomial V, i(z) =1 — ja:z?, let
A1 (1) = Vi (712 = £1/2). Let K* be a knot with unknotting number 1 and

Jj+l1
Ag-(t) = [T 4:(r)*.  For the polynomial Via(z) =1 — (ar £ 1)2%, let 4;5(2) =
=1
Via(t712 —11/2).  Let K** be a knot with unknotting number 1 and A (¢) =
Aiir(t). Let Ky =K*#K*#K*#K*#K*#K**. Then, K, has a surgical
view of Alexander matrix of the following form:
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[147 o0 0 0 0 0
0 [I47 0 0 0 0
0 0 [I4? 0 0 0
0 0 0 J[47 o 0
0 0 0 0 TJ[47 0
0 0 0 0 0 421

j+l
Here, [] 47 means [] 4,(1)>.
i=1
A pass move is realized by a +1 surgery along the three component trivial
link having linking number 0 with the given knot as in Fig. 5.
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Fig. 5

If K| is obtained from K; by a single pass move, then K| is obtained from
K, by three surgeries. Therefore, K| has a surgical view of Alexander matrix
of the following form:

[147 0 0 0 0 0 % % x
0 [[47 0 0 0 0 % x x
0 0 T[l47 0 0 0 * x x
0 0 0 T[l47 0 0 x x
0 0 0 0 [I47 0 % * =
0 0 0 0 0 Adis() * * %
* * * * * * * ok ok
* * * * * * * ok ok
* * * * * * * k%

If Ak (1) = 4:(1), then we have the determinant of the above matrix is
+4;(r). 1In the case 4;(¢) # 1, we consider the equation modulo 4;(¢)?, which
becomes a contradiction. In the case 4;(f) =1, we take another nontrivial
A;:(1) and consider the equation modulo A4;(¢)?, which becomes a contradic-
tion. Therefore, we have VK| 3V (z),Va(2),...,V;(z).

Let K> be a knot with unknotting number 1 and Ak, (1) = Ak, (f). By the
following Lemma, it can be seen that VKY 3V (z),V2(z),...,V;(z). Hence the
proof is complete. [
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LEmMMA 6. Let K be a knot with unknotting number 1. For a set of
integers a5 = a>(K) + 2, and arbitrary integers a; (i =2,3,...,7), there exists a
knot K' € K? with Vi:/(z) =1+ a5z> + ajz* + - + aj,z%.

Proor. Since K is a knot with unknotting number 1, there exists a
crossing point at which the crossing-change yields a trivial knot. We consider
such a crossing point as in the left of Fig. 6. We transform this part of K to
the right of Fig. 6 by a single I" move. Here, m,,...,m, are numbers of left-
handed full-twists, respectively. In a negative case, it means |m;| right-handed
full-twists. By the parallel argument to that in Murakami [7], the difference
of the Conway polynomials is 222 — (m + 1)z* -+« + (=1)" 2(ms_y + 1)z¥ 2+

(=1)""'myz¥. The proof is complete. O
m m
v . v 2 ¢

[

Fig. 6

5. Questions

5.1. The Gordian complex with pass moves has two components, one of
which contains all knots with the Arf invariant 0, and the other all knots with
the Arf invariant 1. We denote the former subcomplex by .#j, and the latter
by 7. The following question is natural and open.

QUESTION 7. Are Ky and Ay isomorphic as complexes?

If isomorphic, it is an interesting problem that which kind of knots in ¢}
are corresponding to a trivial knot.

5.2. There are infinitely many knots with mutually distinct Conway poly-
nomials, which can be transformed into a trivial knot by a single pass move.
We raise the following question:

QUESTION 8. For a set of an even integer a, and arbitrary integers a;
(i=4,...,2/), does there exist a knot K with Vi(t) =1 + ayz> + agz* + - - -+
a»z*, which can be transformed into a trivial knot by a single pass move?

We will construct knots in the cases (1) a2 =0, (2) ax = +2, (3) & =

2 =12p
and all the other integers a; (i =4,...,2/) are divisible by 2, and (4) @, =2p
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and all the other integers a; (i =4,...,2/) are divisible by p. We remark that
the construction in the case (4) is strongly inspired by the idea of Nakamura
[8].

Let K be a knot as illustrated in Fig. 7. Here, b, b, —b4,...,(—1)”_1b2/
are numbers of right-handed full-twists, respectively.

’\'\,’\mw_,\’x\,’\*mx _,\'X,’\.'L qw_ %2

Fig. 7

We calculate a Seifert matrix 7 as follows:

b1 0 0 0 0 0
0 by, -1 0 0 0 0
0 -1 0 1 0 0 0
y—lo o o -—b o 0 0
0 0 0 0 0 —120 1

00 0 0 0 0 0 (=1)'by

Therefore, the Alexander polynomial () =t/ + bbyt’~ (1 — 1)* +
bbyt’~2(1 — 1)* + -~ + bby(t — 1)¥, and then the Conway polynomial V(z) =
1 + bbyz? + bbaz* + - - - + bbyyz? .

In the case (1) a, =0, we consider that b=1,b,=0,b4=au,...,
byy = ap,. Operate a single pass move at the part surrounded by dotted
circle A, and the knot is transformed into a trivial knot.

In the case (2) a, = +2, we consider that b= +1,by =2,bsy = taa,...,
byy = +ay,. Operate a single I" move at the part surrounded by dotted circle
B, and the knot is transformed into a trivial knot. Otherwise, the argument
parallel to that in the proof of Lemma in Section 4 gives the proof.

In the case (3) a» =2p and all the other integers a; (i=4,...,2/) are
divisible by 2, we consider that b =2,by, = p,bs = as/2,...,byy = ar//2. Op-
erate a single pass move at the left-most band and remove 2 full-twists, and the
knot is transformed into a trivial knot.

In the case (4) a, =2p and all the other integers a; (i=4,...,2/) are
divisible by p, we consider that b = p,by = 2,bs = asa/p,...,byy = ar//p. Op-
erate a single /" move at the part surrounded by dotted circle B, and the knot is
transformed into a trivial knot.
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