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ABSTRACT. The Kowalevski gyrostat in two constant fields is known as the unique
example of an integrable rigid body problem described by the Hamiltonian system with
three degrees of freedom not reducible to a family of systems in fewer dimensions. The
practical explicit integration of this system can hardly be obtained by the existing
techniques. Then the challenging problem becomes to fulfill the qualitative investiga-
tion based on the study of the Liouville foliation of the phase space. As the first
approach to topological analysis of this system we find the stratified critical set of the
momentum map; this set is represented as the union of manifolds with induced almost
Hamiltonian systems having less than three degrees of freedom. We obtain the
equations of the bifurcation diagram in three-dimensional space. These equations
have the form convenient for the classification of the bifurcation sets arising on
S-dimensional iso-energetic levels.

1. Introduction

The famous integrable case of S. Kowalevski of the motion of a heavy
rigid body about a fixed point [1] has received several generalizations. Some
of them suppose restrictions to submanifolds in the phase space (partial cases),
others are far from mechanics involving potential functions on the configura-
tion space SO(3) with singularities. The most essential generalization having
the clear mechanical sense was found by A. G. Reyman and M. A. Semenov-
Tian-Shansky in the work [2]. The authors introduce the dynamical system on
the dual space of the Lie algebra e(p,g) of the Lie group defined as the semi-
direct product of SO(p) and ¢ copies of R”. Such systems are known as the
Euler equations on Lie (co)algebras [3]. The case p =3, ¢ = 2 corresponds to
the Euler—Poisson equations of the motion of a gyrostat in two constant fields.

For a rigid body without gyrostatic momentum, the model of two constant
fields was introduced by O. 1. Bogoyavlensky [3]. The physical object can be
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either a heavy electrically charged rigid body rotating in gravitational and
constant electric fields, or a heavy magnet rotating in gravitational and constant
magnetic fields. The corresponding equations are Hamiltonian on the orbit
of the coadjoint action on e(3,2)". The typical orbit is diffeomorphic to
TSO(3) =~ R* x SO(3). Therefore, the gyrostat in two constant fields is the
Hamiltonian system with three degrees of freedom. Bogoyavlensky [3] sug-
gested the conditions of the Kowalevski type and found the analogue of the
Kowalevski integral K for the top in two constant fields. H. Yehia [4]
generalized this integral for the Kowalevski gyrostat in two constant
fields. Almost simultaneously with Yehia, I. V. Komarov [5] and L. N.
Gavrilov [6] proved the Liouville integrability of the Kowalevski gyrostat in the
gravity field. But for two constant fields the Kowalevski gyrostat was not
considered integrable due to the fact that the existence of the second field
destroys the axial symmetry of the potential and, consequently, the corre-
sponding cyclic integral. Finally, Reyman and Semenov-Tian-Shansky |[2]
found the Lax representation with a spectral parameter for the family of
Euler equations on e(p,q)*. For p =3, ¢ =2 this representation immediately
gave rise to the new integral for the Kowalevski gyrostat in two constant
fields. When one of the fields vanishes this integral turns into the square of the
cyclic integral.

The Kowalevski gyrostat in two constant fields does not have any explicit
symmetry groups and, therefore, is not reducible, in a standard way, to a
family of systems with two degrees of freedom. Phase topology of such
systems has not been studied yet. The theory of n-dimensional integrable
systems started in [7], [8] is not illustrated by an application to any real
irreducible physical or geometrical problem with n > 2.

In the paper [9], the authors give a detailed exposition of the results of [2]
as well as a study of the algebraic geometry of the Lax pair for the generalized
Kowalevski system. They announce the possibility of its integration by the
finite-band techniques and fulfill such integration for the classical top. For
two constant fields the integration of the Kowalevski top is not given up-to-
date. The problem of the Kowalevski gyrostat motion in two constant fields is
not studied at all. The technical difficulties here are extremely high. It is not
likely that, in the general regular case, the analytical solutions can be obtained
having the form useful for the qualitative topological analysis or the computer
simulation. However, there is a good experience of studying the critical
subsystems, i.e., the systems with n <3 degrees of freedom induced on
2n-dimensional invariant submanifolds in the phase space consisting of the
momentum map singularities. For the Kowalevski top in two constant fields
we have now the complete description of all such singularities [10], [11],
[12], [13], [14], [15] and the classification of the bifurcation diagrams for the
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restriction of this map to 5-dimensional iso-energetic surfaces [16], [17].
This result is a necessary part of the study of Liouville foliation of the
integrable system and shows the actual need in the generalization of the
Liouville invariants theory [8] for the dimensions greater than two.

The present paper contains similar results for the Kowalevski gyrostat in
two constant fields. The 6-dimensional phase space is stratified by the rank of
the momentum map. We find the equations of invariant submanifolds forming
the set of its critical points (critical manifolds of rank 0, 1, or 2). The induced
systems are Hamiltonian (almost everywhere) with less than three degrees of
freedom. We straightforwardly prove that the image of these critical mani-
folds (the bifurcation diagram) lies in the discriminant set of the algebraic
curve of the Lax representation given in [9]. Moreover, the spectral parameter
on the Lax curve is explicitly expressed in terms of the constant s of the
additional partial integral arising on the critical submanifolds. It then follows
that the equations of the surfaces containing the bifurcation diagram are
written in the parametric form such that the parameters are the energy constant
h and the constant s. Fixing the value of & we come to explicit equations
of the bifurcation diagrams induced on iso-energetic levels. The problem of
classification of these diagrams seems quite complicated due to the existence of
several physical parameters. Nevertheless, it is certainly solvable with the help
of contemporary computer programs of analytical calculations.

First we show that the number of physical parameters for the gyrostat in
two constant fields can be reduced by a simple procedure, which may be called
the orthogonalization of the fields. More precisely, for the problems of
gyrostat motion there exists a group of diffeomorphisms of the phase spaces
(mentioned above orbits of the coadjoint action) that is an equivalence group
for the corresponding dynamical systems. It appears that each equivalence
class contains a problem with an orthonormal pair of radius vectors of the
centers of forces application and with an orthogonal pair of the intensity
vectors. Such force field is characterized by only one essential parameter—
the ratio of the modules of the intensity vectors. For a dynamically sym-
metric gyrostat having the centers of forces application in the equatorial plane,
the orthogonalization procedure along with the appropriate choice of the
measure units leave, in addition to the forces ratio, only two physical
parameters of the body itself, namely, the ratio of the equatorial and axial
inertia moments and the non-zero axial component of the gyrostatic momen-
tum. In the generalized Kowalevski case the first of them equals 2. Thus,
the whole problem has, in fact, two essential parameters. In particular, each
of the critical four-dimensional submanifolds found below provides a two-
parametric family of completely integrable Hamiltonian systems with two
degrees of freedom.
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2. Gyrostat equations and parametrical reduction

Consider a rigid body % rotating around a fixed point O. Choose a
trihedral at O moving along with the body and refer to it all vector and tensor
objects. Denote by eje;e; the canonical unit basis in R3; then the moving
trihedral itself is represented as Oejeyes. Let @ be the vector of the angular
velocity of 4. Suppose that % is bearing an axially symmetric rigid rotor %’
rotating freely around its symmetry axis fixed in 4. Such system of two
bodies is the simplest model of a gyrostat. The notion of a gyrostat was
introduced by N. E. Zhoukovsky [18] for a body having cavities totally filled
with homogeneous fluid. Both models have the common feature usually taken
as the definition of a gyrostat: the total angular momentum of such system is
M = Iw + 4, where the inertia tensor I and the vector 4 (called the gyrostatic
momentum) are constant with respect to the moving trihedral. Using the term
“gyrostat” we always suppose 4 # 0. In the case 4 = 0 we use the terms “‘rigid
body” or “top” instead. The top is usually supposed to have a dynamical
symmetry axis.

Let My denote the moment of external forces with respect to O (the
rotating moment). Constant field is a force field inducing the rotating moment
of the form r x @ with constant vector r and with a corresponding to some
physical vector fixed in inertial space; r points from O to the center of
application of the field, a is the field intensity. Along with the notation for the
direct products of groups and vector spaces, we use the cross symbol for the
standard vector product in R® and for the defined below unusual binary
operation involving 3 x 2-matrices and based on the vector product. It is
needed in this section only and should not cause any ambiguity.

For two constant fields the rotating moment is My =r; X @ +r; X f# with
r;, r, constant in the body and a, B corresponding to the vectors fixed in
inertial space. Obviously, My can be represented as the moment of one
constant field if either r; xr, =0 or a x #=0. Suppose that

l‘]Xl‘z#O, axﬂ;éO. (21)

Two constant fields satisfying (2.1) are said to be independent.
The equations defining the respective evolution of M, a, f in two constant
fields are
dM da dap
dt

—=Mxo+r xa+r X, —=aXx o,

7 =fxw (22)

These equations are Euler equations in the space R’(M, a, f) considered as the
dual space to e(3,2). The Lie—Poisson bracket applied to the coordinate
functions yields
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{M;, M;} = e My, {M;, 0} = o, {M;, B} = eiicfr,
{ahaj} = 07 {aivﬂj} = 07 {ﬁzvﬂ]} = 0

Such bracket is non-degenerate on each orbit of the coadjoint action. The
orbits are defined by the geometric integrals (common level of the Casimir
functions)

(2.3)

a-a=ci, B-B=cxn, a-p=cp.

The dot stands for the standard scalar product in R3. If ¢;; >0, ¢ >0,
¢l < c1c2, then the orbit in R is diffeomorphic to R® x SO(3), and the
induced Hamiltonian system has three degrees of freedom (see [3], [9] for the
details). From physical point of view the constants cj1, ¢z, ¢12 characterize
the force fields intensities. Along with the coordinates of rj, r; in the moving
frame, we have 9 parameters of the interaction of the body with the external
forces. We now show how to reduce this number.

Introduce some notation. Let L(n, k) be the space of n x k-matrices. Put
L(k) = L(k,k). Identify R® = R® x R? with L(3,2) by the isomorphism j that
joins two columns

A = j(aj,a) = ||a; az| € L(3,2), a;,a, € R°.
For the inverse map, write

FHA) = (e1(4),e2(4)) eR* xR}, A€ L(3,2).

If 4,BeL(3,2), acR? by definition, put
: 3
AxB= ;ci(A) x ¢;(B) € RY; 04

axA=jaxc(4),axcy(A4))eL(3,2).

Lemma 1. Let A€ SO(3), De GL(2,R), ac R, A, Be L(3,2). Then
A(A x B) = (44) x (AB); (AD™") x (BDT) = 4 x B;
A(a x A) = (4a) x (4A4); ax (AD)=(ax A)D.

The proof is by direct calculation.
In notation (2.4) we write system (2.2) in the form
d dU
17‘;’:(1(»+/1)xw+/1xu, T=—oxU. (2.5)
Here A = j(r;,r;) is a constant matrix, U = j(a,f). The phase space of (2.5)
is {(w,U)} =R*x L(3,2).



332 Mikhail P. KHARLAMOV

In fact, U in (2.5) is restricted by the geometric integrals; i.e., for some
constant symmetric matrix C e L(2)

U'u = C. (2.6)

Let @ be the set defined by (2.6) in L(3,2). In order to emphasize the
dependence on C, we write ¢ = 0(C).

Let B = (I, 4,4, C) denote the complete set of constant parameters of the
problem. Denote by Xy the vector field on R* x ¢(C) induced by (2.5).
Given the set B, the problem of motion of the gyrostat in two constant fields
described by the dynamical system Xy will be called, for short, the DG-
problem.

Associate to 4 € SO(3), D e GL(2,R) the linear automorphisms ¥ (A, D)
and y(4,D) of R® x L(3,2) and L(3) x R® x L(3,2) x L(2)

¥Y(A,D)(w,U) = (Ao, AUDT),
2.7
(A, D)1, 4,4,C) = (AIAT A2, AAD™', DCDT). 27

Equations (2.6) and (2.7) imply ¥(4,D)(R*® x ¢(C)) = R® x ¢(DCDT).
Using Lemma 1 we obtain the following statement.

LemMa 2. For each (A,D) e SO(3) x GL(2,R),
(4, D), (Xp(v) = Xyia, pyp) (P (4, D)(v)),  veR*x O(C).

Thus, any two DG-problems determined by the sets of parameters P and
(4, D)(P) are completely equivalent.

Let us call a DG-problem canonical if the centers of application of forces
lie on the first two axes of the moving trihedral at unit distance from the fixed
point and the intensities of the forces are orthogonal to each other.

THEOREM 1. For each DG-problem with independent forces there exists an
equivalent canonical problem. ~ Moreover, in both equivalent problems the centers
of application of forces belong to the same plane in the body containing the fixed
point.

Proor. Let the DG-problem with the set of parameters § = (I, 4,4, C)
satisfy (2.1). This means that the symmetric matrices 4, = (474)"' and C
are positively definite. According to the well-known fact from linear algebra,
A, and C can be reduced, respectively, to the identity matrix and to a diagonal
matrix via the same conjugation operator

DA.DT = E, DCDT = diag{a?, b}, DeGL(2,R), a,beR,.

Then ¢;(AD~") and ¢,(4D~') form an orthonormal pair in R?. There exists
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A € SO(3) such that Ac;(AD™') =e; (i=1,2). The first statement is obtained
by applying Lemma 2 with the previously chosen A, D to the initial vector field
Xy

To finish the proof, notice that the transformation A — AD~! preserves
the span of ¢;(A4), c2(A4). The matrix 4 in (2.7) stands for the change of
the moving trihedral. Therefore, if a e R® represents some physical vector
in the initial problem, then Aa is the same vector with respect to the body in
the equivalent problem.

REMARK 1. The fact that any DG-problem can be reduced to the problem
with one of the pairs vy, v, or a, B orthonormal is obvious. Simultaneous
orthogonalization of both pairs was first established in [12] for a rigid body and
crucially simplifies all calculations.

It follows from Theorem 1 that, without loss of generality, for independent
forces we may suppose

r =ey, I =€, (2~8)
a-a=a*>, p-p=0>° a-p=0. (2.9)

Change, if necessary, the order of e, e, (with simultaneous change of the
direction of e3) to obtain a = b > 0.

Consider a dynamically symmetric top in two constant fields with the
centers of application of forces in the equatorial plane of its inertia ellipsoid.
Choose a moving trihedral such that Oe; is the symmetry axis. Then the
inertia tensor I becomes diagonal. Let a =b. For any @ € SO(2) denote by
6 € SO(3) the corresponding rotation of R about Oe;. Take in (2.7) A = O,
D = 6. Under the conditions (2.8), (2.9), Y =1Id and ¥ becomes the sym-
metry group. The system (2.5) has the cyclic integral I - (a’e3 —a x f).
Therefore it is possible to reduce such a DG-problem to a family of systems
with two degrees of freedom. For the analogue of the Kowalevski case this
system becomes integrable [4].

Let us call a DG-problem irreducible if, in its canonical representation,

a>b>0. (2.10)

The following statements are needed in the future; they also reveal some
features of a wide class of DG-problems.

Lemma 3. In an irreducible DG-problem, the body has exactly four
equilibria.

ProoF. The set of singular points of (2.5) is defined by w =0, 4 x U = 0.
For the equivalent canonical problem with (2.8) we have ej x a+e, x f=0.
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Then the four vectors e;, a, e, B are parallel to the same plane and
le; x a| = |ex x B]. Given (2.10), this equality yields

o = taeyp, p = tbe;. (2.11)

Thus, in the canonical irreducible system, an equilibrium takes place only if the
radius vectors of the centers of application are parallel to the corresponding
fields intensities.

Note that the existence of the gyrostatic momentum does not change the
equilibria. Therefore, the result here is the same as in the case of a rigid body
in two constant fields [16].

LemMmA 4. Let an irreducible DG-problem in its canonical form have the
diagonal inertia tensor 1= diag{l,,L,Iz} and 2 =0. Then the body has the
following families of pendulum type motions

_ _ 4 _ e

I {w per, .a +ae;, B =b(e; cosp—e;sinp), (2.12)
Ii¢p = —b sin ¢,

P, {w: pey, 'ﬂz +be,, a = ale; cos ¢+ e;3 sin ¢), (2.13)
Ly = —asin ¢;

w:¢e3a a XﬂE iabe_’n
P;:{ a=a(ejcosp—esing), f=+b(e sing+e;cosp), (2.14)
Ly = —(a £ b) sin ¢.

If 2 # 0 but A = Ae; for some i = 1,2,3, then the only family remained is P; with
the corresponding index.

The proof is obvious. The families (2.12)—(2.13) were first found in [12]
(the case 4 =0). The motions (2.14) for any axially symmetric gyrostat in two
constant fields with the centers of forces application in the equatorial plane
were found by Yehia [19]. Note that in the case (2.10) these families are the
only motions with a fixed direction of the angular velocity. In particular, the
body in two independent constant fields does not have any uniform rotations.

3. Critical set of the Kowalevski gyrostat

Suppose that the irreducible DG-problem has the diagonal inertia tensor
with the principal moments of inertia satisfying the ratio 2:2:1, the gyrostatic
momentum is directed along the dynamical symmetry axis 4 = le; and the
centers of the fields application lie in the equatorial plane r; L e3, r; L e;. These
are the conditions of the integrable case [2] of the Kowalevski gyrostat in two
constant fields. The orthogonalization procedure in this case does not change
the es;-axis and we obtain (2.8), (2.9). Choosing the appropriate units of
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measurement, represent system (2.5) in the form

2 :wz(w3—i)—|—ﬂ3, 26b2=—601(w3—)~)—0537 w3 = — f,
o) = w3 — 03wy, B = Brws — fywa,
, . G3.1)
W = w3m) — 0103,  f = f301 — w3,
03 = 01y — Ga1, By = Biwn — pron.

The phase space is P = R® x (0, where ¢ = R? x R? is defined by (2.9); ¢ is
diffeomorphic to SO(3).

The complete set of the first integrals in involution on P° includes the
energy integral H, generalized Kowalevski integral K [3], [4], and the integral G
found in [2]. After the parametrical reduction, these integrals are

1
H:wlz—l—w%—i—iwg—ocl — B,

K = (0} — ] + o —B)* + Qoo+ ar+ )’

+ 2A[(w3 — ) (0f 4+ @3) + 201053 + 205),

—_—

1 )

G= (M; + M) + 5 (@3 = )M, — b0y — a’ps.

Here M, = (Io+4)-a, Mg= o+ 1)-p, M, =(Io+2)-(axp).
Introduce the momentum map

J:PC =R () = (G(0),K(0),H() (3:2)

and denote by € — P® the set of critical points of J. By definition, the
bifurcation diagram of J is the set ~ < R® over which J fails to be locally
trivial; 2 defines the cases when the integral manifolds

Je=J"c), c=(9.kh)eR’

change its topological (and smooth) type. To find € and X is the necessary
part of the global topological analysis of the problem.

It follows from the Liouville-Arnold theorem that for ¢ ¢ 2 the manifold
Je, if not empty, is the union of three-dimensional tori. The considered
Hamiltonian system on P® is non-degenerate at least for small enough values of
b. Therefore the trajectories on such tori are almost everywhere quasi-periodic
with three independent frequencies. The critical set € is preserved by the
phase flow and consists of the trajectories, which typically have less than three
frequencies. We call the trajectories in € the critical motions. The set € is
stratified by the rank of J. Let €; ={{e€:rank J({) =i} (i=0,1,2). Itis
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natural to expect that €; consists of the Liouville tori of dimension i and the
image J(C;), as a subset of X, is a smooth surface 2; of dimension i. More
precisely, for each i <2 we have to take

i—1
> = J(G) Qo J(S)).

Then, as a whole, we may consider X' as a two-dimensional cell complex, 2; as
its i-skeleton. For i =1,2 we will have 0X2; = 2;_;.

For ¢ € 2, the set J.N € consists of two-dimensional tori. Take the union
of such tori over the values ¢ from some open subset in 2,. The dynamical
system restricted to this union will be Hamiltonian with two degrees of freedom
(except, maybe, a set of positive codimension on which the 2-form induced
by the symplectic structure degenerates). This system inherits the property
of complete integrability. Thus the critical motions from ¢, are basically
organized in several integrable subsystems with two degrees of freedom (the
critical subsystems of rank 2). Similarly, the critical motions from €; may
form two-dimensional symplectic submanifolds bearing the induced integrable
systems with one degree of freedom (the critical subsystems of rank 1). At the
same time parts of €; may appear as the critical motions with respect to the
critical subsystems of rank 2. And finally, the bifurcations inside ¢; cor-
respond to the set €j, which in non-degenerate case consists of isolated
equilibria (the critical subsystems of rank 0). Such stratification is typical
(see, for example, [8]) but is destroyed by symmetries existing in reducible
problems of the rigid body dynamics. In the irreducible case of the top (4 =0,
0 < b/a < 1) the critical subsystems and the bifurcation diagram of the map
(3.2) are known. The critical set is formed by four non-degenerate equilibria
(see Lemma 3), one critical subsystem of rank 1 and three critical subsystems of
rank 2. The complete presentation of these results and the list of publications
are given in [13], [17]. Except for the partial integrable case of Bogoyavlensky
[3] (case K =0), all of the critical subsystems have been either explicitly
integrated or reduced to separated systems of equations [14], [15], [20] leading
to hyper-elliptic quadratures.

Introduce the change of variables [11] based on the change given by S.
Kowalevski and on the Lax representation [2] (i* = —1)

x1=(u =By il + ),  xa=(u—pf) —ilw+p),
1= (o0 + ) +i(oa — By), y2 = (o + By) —i(e2 — By),

z1 = o3 + iff3, zy = o3 — iff3,

(3.3)

Wiy = w; + 1wy, wy = W — 1wy, w3 = w3.
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Then system (3.1) yields

2wp = —wi(ws —A) —z1, 2wy =wa(ws — A) + 22, 2wy = y2— i,
X| = —x1w3 + z 1wy, X = Xaw3 — ZaWa,
(3.4)
!/ i
Y1 = —niw3 + 2wy, Yy = Yawz — zZiwy,
2z = x1wy — yawr, 2z) = —xawy + yiwa.

Here prime stands for d/d(it).
Consider (3.3) as the map R’ — C? and denote its image by V°. Equa-
tions (2.9) of the phase space P in V'’ take the form

Z%‘*‘lez =1, Z§+X2y1 =r, X1X2 4 y1y2 42212 = 2p*. (3.5)
Here we introduce the positive constants
p=Va*+b? r=va’— b2

The first integrals in new coordinates are

1 1
H = wiw, +§w§ —E(yl + »2),

K= (w12 + xl)(wg + x2) + 24(wiwaws + zowy + zywn) — 2)v2w]wz,
1

1
G=—(p*— xjx2)wi + 3 (X2z1w1 + X120W2) W3 (3.6)

e

1
+ = (X2w1 + yiw2) (yawr + xyw) — sz(yl + )

K= K=

+ =12 (x1 + x2) +%i(zlzzW3 + yazawi + yiziwa) + ;‘/lz(p2 — y1)2).

Let f be an arbitrary function on V°. For brevity, the term “critical
point of f’ will always mean a critical point of the restriction of f to P°.
Similarly, df means the restriction of the differential of f to the set of vectors
tangent to P°. While calculating critical points of various functions, it is
convenient to avoid introducing Lagrange’s multipliers for the restrictions (3.5).

LEmMMA 5. Critical points of a function f on V°, in the above sense, are
defined by the system of equations

Xif=0 (i=1,...6), (3.7)

where
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0 0 0
1_0}1/17 2_0}1/2, 3_6W3,
0 o 1 0 1 0
Xo=2—+4+z21——=x1— — ¢

ox2 oy 270z 26

oo, O 0 18 10
T laxl 26)/1 2y2621 2 25227

% 0 0 N 0 0
=X|z—— X2 =— —— Y.
6 ]ﬁxl 2ax2 B3 . 2 7

Indeed, six vector fields X; are tangent to P® and linearly independent at
any point of PS.

The following two propositions define the strata €, and €; of the critical
set.

PrOPOSITION 1. The set €y consists exactly of the four equilibria existing in
this problem.

Proor. The condition of zero rank of the momentum map at a point
¢ € P® supposes, in particular, that dH = 0. Then { is the point of equilibrium
and it follows from Lemma 3 that { is one of the points (2.11). Using the
complex variables we have

wy =wy =w3 =0, 71 =20 =0,

(3.8)
X| = Xp = €1a — &b, Y1 = y2 =¢ea+ &b (&1 = £1,6 = £1).

Use equations (3.7) with f =K and f =G to obtain that dK({) =0 and
dG({) =0. Hence, rank J({) = 0.

Note that in classical problems of the rigid body dynamics with an axially
symmetric force field, the rank of the momentum map is everywhere not less
than 1 due to the regularity of the cyclic integral. In our case, all equilibria
are non-degenerate (in the Morse sense) critical points of the Hamilton function
(see [16]). This is the reason why these points are critical for any first integral
of the system. It is easily shown that the Morse indices of the potential energy
function for these four equilibria equal exactly 0, 1, 2, 3. Therefore, only one
of them (with minimal energy value) is stable.

It is essential that in the sequel 4 # 0.

ProposITION 2. The set € is completely defined by the condition
rank{dK,dH} =1

and consists of the points of the following trajectories:
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1) pendulum motions (2.14) except for the equilibria;
2) motions defined by the equations

wi = q(w)v/w, Wy = Vv w3 = 4 w#0,

2T g(w) o
1 509 2 2
= — ;\. - }v
X1 = (202~ (77 4 oug w)w,
N ETEIE 2 w
= 122252 — v
o e\ 22,
J’1=0'<1+?—7 +7q (w)w,
. o r*i’e +r2)L2 w
2=0 22 u? u q*(w)’
e yw AP +o
T q(w) t oV,
2 2
= —ﬂq(w)\/W—i-l :HT Vi .
u 2 q(w)

Here q(w) is the root of the equation q* —2Q(w)q*> + 1 =0, where

o + (22 + )P + 62w — a)lud + rtitet

w )
o) 2r20262(2* + o)uw

o, u are constants satisfying the equation
2222+ 0) 2 + (W + o) 2p*2t — (22 + o) olou’
+ 425623 + 2,264 (32 + o) 2u? — 12860 = 0.

The evolution w(t) is defined by the equation

dw\’ 1
(E) = —HP+(W)P7(W)7

where

su £’ olu® — (0% + 0)a2u® + r*1%6?)
)

P.(w)=w?+ 20 W+
£(v) u (22 + o) *u?

Proor. It follows from above that dH # 0 at the points of ;.

339

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

Then to

investigate the dependence of the functions K and H it is sufficient to introduce
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the function with one Lagrange’s multiplier o. Write equations (3.7) for the
function f =K — 20H,

(W2 + x1)wa + Az +wi(w3 — )] —aw; =0,

(3.15)
(W3 + x2)wi + Az + wa(w3 — A)] —awy =0,
Awiwy —owz = 0, (3.16)
(W + x1)22 — A(waxy +wiyr) + az1 = 0, (3.17)
(W3 + x2)z1 = A(wixa + way) + 023 = 0,
xXiw3 — xawi + a(y1 = y2) = 0. (3.18)

First consider the critical points of the function K. For this purpose
we must put ¢ =0. From (3.16) we get w; =wp, =0. Then (3.15) imply
z1 =z, =0. Equations (3.17) and (3.18) become identities. The same values
satisfy (3.7) with f=4G+ (x;x — y1y2)H. Hence, dK =0 and 4dG+
(x1x2 — y1y2)dH = 0. Since dH # 0, it means that rank J = 1. The initial
variables on the corresponding trajectories are w; = w; =0, a3 = 3 =0. Sub-
stitute these values in (3.1) to obtain solutions (2.14).

Let 0 #0. In this case wyw, # 0. Indeed, assuming the converse, from
(3.15), (3.16), (3.5) we come to the points (3.8) of the set ;. Therefore,
satisfying (3.16) we can introduce new variables w # 0, ¢ as shown in (3.9).
Four equations (3.15), (3.17) form the linear system in y, y», z1, z, from
which we obtain these variables as the functions of xj, x;, w, ¢ identically
satisfying (3.18). Denote

u=(w—0)(2*+0) - oxx2. (3.19)

Then the first two equations (3.5) are easily solved for xi, x; as the functions of
w, ¢, u. As a result we obtain the expressions (3.10). Let

YS!
0-3(r+5)

Then the substitution of xj, x, from (3.10) back to (3.19) gives (3.11). The last
unused equation (3.5) provides the relation (3.12) between u and the constants
A, o. It shows that u defined as (3.19) appears to be a constant.

Thus, all phase variables are expressed via one variable w, for which from
(3.4) we find the differential equation (3.13). Note that due to (3.14) the
solutions are elliptic functions of time.

The expressions Q(w), Py (w) formally have singularities in the case

o=—J7 (3.20)
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Let 6= —4%+¢, & — 0. The continuous solution u(¢) of (3.12) is
= 4351073 +§r’4/3/14/3(p2/14/3 28 4 0(ed)

and from (3.11), (3.14) we obtain the regular limit values

w22+ 8B = 0p2?
lim Q(w) = WA v
)2 2w

lim | Po(w) = w* + 22732 £ 2Pyw 4 A4PG5P 4 r4).

o——22

To finish the proof, we need to show that at the points of the trajectories
found we really have rank J =1, i.e., the linear dependence of dK and dH
implies the linear dependence of dG and dH. Indeed, equations (3.7) with

)2
f=26- <p2+’“)2+"u>H

L ag

are satisfied both by (2.14) and by (3.9), (3.10). Therefore, rank{dG,dH} =1
and, consequently, rank{dK,dG,dH} =1. This completes the proof.

REMARK 2. The motions described in Proposition 2 are periodic except for
the cases when they become double asymptotic to the existing equilibria. For the
second family it happens when Py(w) has a multiple root which can be only zero.

The next lemma is needed for the future and follows immediately from the
properties of analytical functions.

LEMMA 6. Let M be an analytical manifold, X an analytical vector field on
M, and f, g, h analytical functions on M. Suppose x(t) is a trajectory of X.

Q) If f(x(2)g(x(2)) =0, then either f(x(¢)) =0 or g(x(¢)) =0.
(i) If the equation

g(x)h(x) = f(x) =0

holds along the solution x(t) and g(x(t)) is not identically zero, then the function

has no singularities.

The following theorem completes the description of the critical set of the
momentum map for the gyrostat.
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THEOREM 2. The set of critical points of the momentum map (3.2) consists
of the following subsets in P°:
1) the set L defined by the system

w; =0, wy =0, z1 =0, zy = 0; (3.21)
2) the set N defined by the system
Fi=0, F=0, (3.22)
where
Fy = (wiwa + Aws) (xywa + Az1) Ay
— wz(wf + x1)(x2z1w1 + X122W2 — X1 XoW3 + 221 22/)
—xo(wiws + z1)(wiz; — xyw3)A + (x1w32 —2z1wyw3 — zf)zziz,
Fy, = (wiwy + Aws) awy + Az2) A
— wl(wg + x2) (xX2z1w1 + X122W2 — X1 Xo0W3 + 221 22)

— x1(waws + z2)(wazz — xow3)A + (x2w§ — 22oWwow3 — zg)zliz;
3) the set O defined by the system
R, =0, R, =0, (3.23)
where

Ry = [yiwa + xaw1 + z2(w3 + A)]wi(ws — 1)

+ Xoziwy + X12owW0 + 2122(W3 + 1),
(3.24)
Ry = [yow + xywa + z1 (w3 + A)]wa (w3 — 4)

+ Xoziwy 4+ X120W0 + 2122(W3 + ).

Proor. The sets €, €; are described by Propositions 1, 2. To find the
equations of €, note that after Proposition 2 we have rank{dK,dH} =2 on €,.
Therefore in any zero linear combination of dG, dK, dH on €, the multiplier of
dG is non-zero and can be chosen equal to any non-zero constant. Introduc-
ing the undefined multipliers S, 7', write the condition on €, in the form

2dG+ S dK + (T — p*)dH = 0. (3.25)

According to Lemma 5 rewrite (3.25) as the system of the following six
equations
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X2(y2 + 28)wy + 28 (wiwy + Aws)wy

+ (T = 2122 — 2823wy + x2z1w3 + (y2 + 28) 224 = 0,
(3.26)
x1(y1 4+ 28)wa + 2S5(wiwy + Aws)wy

+ (T —z1z5 — 2S/12)w1 + x122w3 4+ (y1 +28)214 =0,
xaziwy + x12aw2 + (T — x1x2)ws + (2Swiwy + z122) A = 0, (3.27)
Tz, + x122w§ + [(x1x2 — 2z122)w1 + (121 + X122)A + X1 y1wa]ws
— (yiz1 + xiz)wiwa + x1 (31 + 28)wad — [z + (12 + ZS)ZZ]WI2
+ [(y2+28)y1 — 2z1z2]w1 A + izt — [(y2 +28)x + Zﬂzz =0,

Tz + x221w§ + [(x1x2 = 2z122)wa + (222 + x221) A + X2 p2w1 w3
(3.28)
— (yaz2 + x221)wiwa + x2(y2 + 2S)wWi A — [x1z22 + (01 + 2S)21]w§

+ [(y1 +28)y2 — 2z122]wad + Yaz0A? — [(y1 +28)x2 4+ 23]z1 = 0,
(T — x122) (1 — ¥2) + 2(p2 + S)xawi — 2(y1 + S)x1w3
+ 2(x2z1w1 — x120W2)W3 + xzzl2 — x1222 + 2(y2zow1 — yiziwa)A = 0.

Denote R = LUNUD. We need to prove that & = €.

First, show that & =« €. Obviously, £ =« €;UE,. Indeed on £ we have
dK =0, dG = +ab dH; L consists of the pendulum motions (2.14) including
four existing equilibria. In fact € < 9tNDO. Nevertheless, we prefer to con-
sider this set apart from the others because it is the phase space of the critical
subsystem of rank 1 playing a special role in the bifurcation diagram described
below.

Consider the set 9t defined by (3.22). According to Lemma 6 the solution
of this system in y;, y, has singularities if and only if along the trajectory we
have either

wiws + Awz =0 (3.29)
or
(wax1 + Az1)(wix2 + Az3) = 0. (3.30)

Assuming (3.29), after several differentiations in virtue of (3.4), we come to
equations (3.15)—(3.18) in the case (3.20). The corresponding points belong
to €. For (3.30) the same procedure leads either to (3.29) or to the system
of equations having the only solutions of the form (3.21), i.e., to the set £.
Hence the trajectories satisfying (3.29) or (3.30) lie completely in €U ;.
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Denote I, = 9\ (€ UE;). On this set from (3.22) we obtain

! 2
- ’ wa (Wi + X1)(X2z1w1 + X120W
)”(mm+mme+mM[ﬂl D (x2z1w1 + X122w2

— x1X0w3 + 221224) + x2(wiws + z1) (w121 — x1w3) 4

- (x1w§ — 2z 1wyw3 — 212)22/12],

(3.31)
V2= o + AW3)1(w1x2 T eyE M1 )z o xizaws
— X1Xow3 + 221224) + x1(Waws + z2) (Waza — xpw3) A
— (x2w§ — 22oWow3 — 25)21/12].
Let
S_ X1X2W3 — X2Z1 W] — X1ZaW2 — izlzz7 T 225, (332)

20(wiwa + Aws)

Substitute (3.31), (3.32) in (3.26)—(3.28) to obtain identities. Hence, 9. < €,
and 9 < €.

Now consider the set O. It follows from (3.4), (3.5) that the identity
ws = A along any trajectory is impossible. The identity w;w; = 0 obviously
leads to the points of £. Then by Lemma 6 on O, = O\ £ we can use system
(3.23) to express yi, ya:

1 \
V1= —m {14)1 (\4}3 — /L)[XZW] + 22(W3 =+ /1)]
+ x2z1w1 + x12W5 + 2122 (w3 + 1)},
. (3.33)
Vo = {wa(ws — )[x1wy + z1 (w3 + 1))

B wiwa(ws — 4)
+ X2z Wy + X12oW7 + 2122(W3 + ﬂ)}

Put

XoZ1Wy + X12oWs + z122(w3 + A
g =221 12272 142( 3 ), T =x1x2+ 2122 — 2wwyS. (3.34)
2wiwa(wy — A)

These values together with (3.33) satisfy (3.26)—(3.28). Hence, O, < €, and
O ct.

To prove that, in turn, € = & note first that €y = LN I N DO, the solutions
(3.9), (3.10) satisty both systems (3.22), (3.23). Therefore, €, UCE; = &. Take
{ e €, and suppose that (¢ O. Then
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RiR, #0, (335)
none of identities (3.29), (3.30) holds and from (3.24) we obtain

R Ry
yl_iq)‘f'y?a Y2 =

M 0
—owpwa(ws — 4 wpwa(wy — A) ) (3:36)

where y?, yg stand for the right-hand parts of (3.33). To finish the proof it is
sufficient to show that the assumption (3.35) leads to { € 9t. The determinant
of the system (3.26) with respect to 7, 2S is equal to

A= xlwg — xzwl2 — (z2w1 — zZ1w2) A

If we suppose that 4 =0 on some time interval, then the sequence of the
derivatives of this identity in virtue of (3.4) leads to (3.21), i.e., to the points of
CUC,. Then for (€€, by Lemma 3 from (3.26) we find

1

1
S:—(Azwl —Ale)7 T:Z

Y (A1B) — A2By). (3.37)
Here
Ay = (xpwa + Az y1 + (xiws — zywy) 22,
B| = (w% + x2)wi + Awa(ws — A) + Az,
Az = (xow1 + 2z2) y2 + (xaws — zawn)zy,
B, = (W12 + x1)wy + Awy (w3 — A) + Az;.
Substitute (3.36) and (3.37) in (3.27). We get
(xow1 + A22)O1 Ry — (x1wy + Az1)O2R; = 0, (3.38)
where
01 = wi(ws — A)(wiwy + Aws) + wi(xywa + Azy),
Oy = wy(ws — A)(wiwy + Aws) + wi(xaw + Az2).
Satisfying (3.38) introduce the new function R such that
Awiwy 4+ Aws)(xywy + Az1)R; — @1 R = 0,

(3.39)
Alwiwy 4+ Aws) (xowy + Az2)Ry — @R = 0.

It follows from (3.35) that ©®10,R # 0. Then equations (3.28) reduce to one
equation linear in R, from which we obtain
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R = (WlW2 + /12)()(221}1/1 + X1zowp + iZ]Zz)
— x1x0wiwa(ws — 4) + Awiwy 4+ Aws)zyzs.

Substitution of this value along with the expressions (3.24) in the system (3.39)
gives the system (3.22). Therefore, {e 9t and, consequently, €, = U D.
This inclusion yields € c &, and finally € = K. This proves the theorem.

Let us make some comments. The functions S, 7 used as Lagrange’s
multipliers and defined by (3.37) are in fact the partial integrals of the
dynamical system induced on ,. Indeed, let X denote the Hamiltonian
vector field of the initial dynamical system (3.1) on P°. Apply the Lie
derivative along X to the condition (3.25) noting that for any first integral
its differential is X-invariant. Then

SdK + T dH = 0. (3.40)

Since rank{dG,dK,dH} = 2 on &,, it follows from (3.25), (3.40) that S = 0 and
T=0.

On the set 9t the substitution of (3.31) in (3.37) leads to expressions (3.32).
Then S and T for this subsystem are dependent. On the contrary, on the set
O the functions (3.37) after (3.33) take the form (3.34). Such integrals in the
case of the top (4 = 0) gave rise to the separation of variables in the equations
of motion on D [15].

Are the induced systems on 9t and O Hamiltonian? Consider the smooth
4-dimensional parts of these sets, which are obviously the invariant manifolds
for X. To obtain the Hamiltonian subsystem with two degrees of freedom on
an invariant 4-dimensional submanifold we must have the non-degenerate
2-form induced on it by the initial symplectic structure. It is known that
for two independent functions ¢, @, on a symplectic manifold (P?*,Q) the
restriction of @ to the submanifold

M ={L:91(0) =0,02(0) =0}

degenerates exactly at the points where the Poisson bracket {¢,,9,} vanishes.
In our case using the rules (2.3) we obtain

{F\,F,} = i\/izl(wlwz + AW3)3/2\/(wle + Az1)(wi1x2 + Az2) Cyy,
{Rl,Rz} = —iW1W2(W3 - A)CD,

where

Cu = < (82287 — r*)\/252 — (2H +1))S + p2,

(3.41)

Ll— i~

Co = =[128* —4(2H — 22)S* + p* — ¥
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are the first integrals of motion. Obviously, the obtained expressions for the
Poisson brackets are not identically zero. Therefore, the induced systems are
Hamiltonian almost everywhere on 9t and O.

4. The bifurcation diagram

The Lax representation for the considered problem found in [2] can be
written in the form

L' =LM — ML, (4.1
where
X2 Z) w3 %)
2 —= -2 —= - —=
/1 2 w1 % ) 0 3 0
L YR 2w 0 %3 0 - %1
L= i 3 i i ’ M= wi 1%
2wy = —2wz == —4x — 0 — %
X X 2 2
A 2wy 2 + 4 2wz _ —x -
X X 2 2

Here » stands for the spectral parameter, the derivative in (4.1) is calculated in
virtue of the system (3.4). The equation for the eigenvalues u of the matrix L
defines the algebraic curve associated with this representation [9]. Let s = 2x?
and let h, k, g be the arbitrary constants of the integrals (3.6). The equation
of the algebraic curve takes the form

pz
ut— 4’ T—(2h+/12)+2s

4

2
+4 ;—2+ (49 = 2p%h = p*A7) + 4k +22°h) = 80%5| = 0. (4.2)

It is natural to suppose that the bifurcation diagram of the momentum map
(3.2) is included in the set of values (g,k,/) such that this curve either have
singular points or is reducible, i.e., the left-hand part of (4.2) splits into the
product of some rational non-trivial expressions. In this way we can guess the
result of the following statement. Nevertheless, to obtain the complete proof
of it, we must fulfill the calculations on the above found critical manifolds.

THEOREM 3. The bifurcation diagram of the momentum map G x K x H is
included in the union of the following (intersecting) subsets of R (g9,k,h):
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1) the pair of straight lines
k= (a+b)* k= (a—b)

I, : 2 I_: 2 4.3
' gab(h%); gab(h%); “3)

2) the surface

k=432 —23%h +i
452’

I'y: 4 (4.4)

1 42
g= /1232+§p2<h+%> ’:Ts’ s e R\{0};

3) the surface

2
)VZ )LZ p4_r4
12 _ 2 _ _
k=3s 4<h 2>s+p +<h 2) TR
Fz:

}'2 4 _ 4
g:—s3+<h—7>s2+p4sr, se R\{0}.

(4.5)

ProoF. Let { e £. Substitution of the values z; =z, =0 in (3.5) yields
x1x, = (@ +b)?, yiy2=(a FTh)?> Then from (3.6), (3.21) we obtain the
equations defining the lines (4.3).

Let { e M\L. Take the constant of the partial integral S defined by (3.32)
for the parameter s in (4.4), substitute the expressions (3.6) for the correspond-
ing constants, and fulfill the change (3.31). Then both equations (4.4) become
the identities. Hence, J(M\L) = I'}.

The inclusion J(O\L) < I, is proved in a similar way. We take the
constant of the partial integral S from (3.34) for the parameter s in (4.5) and
fulfill the substitution (3.33).

REMARK 3. Note that the shift of the energy level h=h-— 12/2 makes the
equations of the lines I'y and the surface I'y independent of A. Thereby obtained
equations are identical with the corresponding equations of the case A =0 [13].
The surface I'y is obtained as a perturbation (with respect to 1) of two tangent
to each other sheets of the bifurcation diagram of the case A =0, ie., the plane
k = 0 and the slanted parabolic cylinder (p*h — 2g)2 —r*k =0. Thus, it is easy
to view the evolution of the Appelrot classes [21] of the S. Kowalevski case in the
process of two-way generalizations—adding the second force field and, after-
wards, the non-zero gyrostatic momentum.

Denote I'y ="' UI'_. It is easily seen that /'L NI} consists of the finite
number of points and there exists the whole segment of I':\I';. In terms of
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the critical subsystems described by Theorem 2 it means that the critical set
£ does not lie completely in the interior of either set 9t or O. This is an
additional reason to consider the system on & as a special case.

Now we can describe those singularities of the bifurcation diagram which
correspond to the degenerations of the induced symplectic structure in the
critical subsystems. For this purpose, use the expressions (3.41). The equation
Cyq = 0 define two curves on I'y: 84%s> — r* = 0 and 25 — (2h 4+ 1%)s + p* = 0.
The first one is the cuspidal edge of I'; and the second is the tangency curve of
I'y and I'y. The equation Cp = 0 gives 125* — 453(2h — %) + p* —r* = 0 and
corresponds to the cuspidal edge of I';. Note also that the points of the
common part of Iy and I, form the line of self-intersection of I',.

The equations established by Theorem 3 are in the following sense
convenient. Let us fix the energy constant 4. Then we obtain the parametric
equations of a one-dimensional set in the plane (g, k) (with the finite number of
singular points). This set is the bifurcation diagram X, of the restriction of the
pair of integrals G, K onto the iso-energetic surface {H = h} = P®, which is
always compact. In particular, all diagrams 2, lie in the bounded area of the
(g9,k)-plane and are easily drawn numerically. The analytical investigation of
the types of the diagrams X, with respect to the essential parameters (b/a,
A/v/a,h/a) is a necessary but technically complicated problem. Nevertheless,
it must be solvable. Indeed, the set of double points and cusps of the curves
I'1 > in the (g,k)-plane is already defined above and its evolution with respect
to the parameters is easily investigated analytically. Moreover, the values of
the first integrals on the motions (3.9)—(3.12) define the points of transversal
intersections /' N 1,. This fact, at least, guarantees that the numerical algo-
rithm can be built for effective calculation of knots of one-dimensional cell
complex 2 for any 4. In turn, it should be possible to find all cases of
bifurcations of the set of these knots with respect to the parameters defining the
above set of rank 1 critical motions.
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