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ABSTRACT. We consider a weak convergence of the power divergence family of statistics
{T,(Y), 2 € R} constructed from the multinomial distribution of degree k, to chi-squared
distribution with k& — 1 degrees of freedom. We show that

Pr(T:(Y) < ¢) = Gi_1(c) + O(n~1Vk)

where G,(c) is the distribution function of a chi-squared variable with r degrees of
freedom. In the proof we use E. Hlawka’s theorem (1950) on the approximation of a
number of integer points in a convex set with a closed smooth boundary by a volume of
the set.

1. Introduction and the main result

1.1. Introduction. Consider a vector (Yi,...,Y;)" with multinomial distri-
bution My (n,n), ie.

n IS (7 nl), mp=0,1,....n (j=1,....k)

Pr(Yy=ny,..., Y =m) = and Z]((:l”j:’lv
0, otherwise,
where 7= (m1,...,m)", m; >0, Zf:l n;=1. From this point on, we will

assume the validity of the hypothesis Hy: 7 = p. Since the sum of n; equals
n, we can express this multinomial distribution in terms of a vector Y =
(Y1,..., Yr—1) and define its covariance matrix Q. It is known that so defined
Q equals ((Sijpi — piDj) € R Dx0=1 " The main object of the current study is
the power divergence family of statistics:

k 2
2 Y;
HY)=—"S"v| (L) 1], JieR,
AA+1) = np;
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REMARK 1. When A =0, —1, this notation should be understood as a result
of passage to the limit.

REMARK 2. These statistics were first introduced in [8] and [9] being
denoted by 2nI*(Y). Putting =1, A= —1/2 and =0 we can obtain the
chi-squared statistic, the Freeman-Tukey statistic, and the log-likelihood ratio
statistic respectively.

We consider transformation
X =(Y;—np))/Vn, j=1,... kr=k—1,X=(X,....X)".
Herein the vector X is the vector whose components are reduced to the lattice,

m—n
L:{x: (xl,...,x,.)T;xz \/ﬁp7p: (P17~--7Pr)T7m: (}’ll,...ﬂ/lr)T},

where n; are non-negative integers.

REMARK 3. The statistic t,(Y) can be expressed as a function of X in the

form
Sl ) o

and then, via the Taylor’s expansion, transformed to the form

2n
Ty(x) = FIPES))

k /x2 A—1)x3 2 — (A= 2)x? B
Ti(x)=;<?:+(3\/r_l;%’ +(A 1)2(;,-3n )’—l—O(n 3/2)). (2)

We call a set B < R" extended convex set, if for for all / =1,r it can be
expressed in the form:

B={x=(x,....,x)" : 4(x*) < x; < O)(x*) and

X = (xl,...,x/_l,x1+1,...,x,)TeB/},

where B; is some subset of R"~! and 4;(x*), 0;(x*) are continuous functions on
R’~!. Additionally, we introduce the following notation

[h(x)]fjéi:i = h(xla o ,X]_],H[(x*),XH_I, o ,Xr)
- h(xl, cee ,xl_l,)vl(x*),xlﬂ, S ,x,).

It is a known fact that the distributions of all statistics in the family
converge to chi-squared distribution with k& — 1 degrees of freedom (see e.g. [8],
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p. 443). However, more intriguing is the problem of the estimation of the rate
of convergence to the limiting distribution.

For any bounded extended convex set B J. Yarnold in [1] obtained an
asymptotic expansion, which in [5] was converted to

Pr(XeB)=J;+J,+0mn"). (3)

with

Jy = J...L ¢(x){1 +—="hi(x) —k%hz(x)}dx7 where

1 r
Jr= \/_Z e Z‘C/+1 el Zx,.eL,

U J 1Sy (/s + mpy) ()] . dx/_l]; (@)

L= {x DX = % \_/gpj, n; and p; defined as before};

Si(x) =x—|x] —1/2, |x] is the integer part of x;

1 l 75
(/ﬁ(x):W exp(—ix Q x).

REMARK 4. In [1] Yarnold showed that J» = O(n~'/?).

REMARK 5. Using elementary transformations it can be easily shown that
the determinant of the matrix Q equals H,k:1 Di

Yarnold also examined this expansion for the most known power diver-
gence statistic, which is the chi-squared statistic. Define B* as {x| T;(x) < c}.
It is easy to show that B! is an ellipsoid, which is a particular case of a
bounded extended convex set. J. Yarnold managed to simplify the item (4) in
this simple case and converted the expansion (3) to

1/2

Pr(X € B') = G.(c) + (N' — n’/ZVl)e"'/z/((Znn)" H; p_;) +0(n™), (5)
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where G,(c) is the chi-squared distribution function with r degrees of freedom;
N' is the number of points of the lattice L in B'; V! is the volume of B'.
Using the result of Esseen [7], he obtained an estimate of the second item in (5)
in the form O(n(=1/k),

M. Siotani and Y. Fujikoshi in [5] showed that, when A =0, 1 = —1/2, we
have

Ji=G.(c)+0m™")

k

b= (N* =2y he/(m) T] p,-)l/ " o), (6)

Vi=vitom™).

Here similar to (5) N* denotes the number of points of the lattice L in B*; V*
is the volume of B*.

These results were expanded by T. Read to the case A € R. In particular
Theorem 3.1 in [9] implies

Pr(T; <c¢)=Pr(y <c)++0m"). (7)

This reduces the problem to the estimation of the order of J5.

It is worth mentioning that papers [5] and [9] do not estimate the residual
in (6). Consequently, it was impossible to construct estimates of the rate of
convergence of statistics 7 to the limiting distribution, grounded on the simple
representation for J, initially suggested by J. Yarnold.

In this paper for any power divergence statistic we eliminated lapses of
papers [5] and [9] pinpointed in the previous paragraph. Then we constructed
an estimate for J, based on the fundamental number theory result of E.
Hlawka [12].

The paper is divided into two parts. In the first one (section 2) we discuss
the possibility to reduce J, and to convert it to the form (6). At that we
accentuate correct estimation of the error of such transformation. In the
second part (section 3) we investigate the applicability of the afore-mentioned
theorem from number theory to the set B”.

1.2. The main result. Below in lemmas 13, 5, and 2 it is shown that B* =
{x|T,(x) < ¢} is a bounded extended-convex (strictly convex) set. In accor-
dance with the results of J. Yarnold [1]

Jr = 0(1’171/2).
For the specific case of » = 2 this estimate has been considerably refined in [11]:

J2 — 0(n750/73(10g n)315/l46)'
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In this paper we generalize the estimates of [11] to any dimension. We
utilize proposition 9 of [12].

THEOREM | (E. Hlawka, 1950). Let D be a compact convex set in R™ with
the origin as its inner point. We denote the volume of this set by A. Assume
that the boundary C of this set is an (m — 1)-dimensional surface of class C*, the
Gaussian curvature being non-zero and finite everywhere on the surface. Also
assume that a specially defined canonical map from the unit sphere to D is one-
one and belongs to the class C*. Then in the set that is obtained from the
initial one by translation along an arbitrary vector and by linear expansion with
the factor M the number of integer points is

N =AM™ + O(IMm72+2/(m+l))

where the constant I is a number dependent only on the properties of the
boundary, but not on the parameters M or A.

REMARK 6. In [11] we used the result of Huxley (1993) (see [3]) which is
stronger than Hlawka result when m = 2.

The above theorem is applicable in the current paper with M = /n.
Therefore, for any fixed 4 we have to deal not with a single set, but rather with
a sequence of sets B*(n) converging in some sense to the limiting set B! when
n — oo. The type of this convergence will be elaborated in the sequel. At
present it is worth noting that the constant / in our case, generally speaking, is
dependent on n. Only having ascertained the fulfillment of the inequality

[(n)] < Co,

where Cj is an absolute constant, we are able to apply Theorem 1 without a
change of the overall order of the error with respect to n. This statement will
be proven in a separate lemma.

In the paper we prove the following estimate of J, in the space of any
fixed dimension r > 3.

THEOREM 2. For the term J, from decomposition (7) the following estimate
holds
J2 _ 0(n71+1/(r+1))’ F> 3’ (8)

COROLLARY 1. For the statistic T)(x) defined by formula (1) it holds that
Pr(T;(x) < ¢) = G.(c) + O(n~ TV for r > 3.

REMARK 7. In the case of Karl Pearson chi-squared statistics, i.e. when
A =1, using result of Gotze for ellipsoids (see [4]) and applying Yarnold’s
arguments from [1] one can show (see [2]) that

Pr(T)(x) < ¢) = G.(c) + O(n™"), for r=5.
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2. Reduction of the term J, to a simplified form

Let N* be the number of lattice points of

m; — np; . N
L:{XZijg,m'€Z7]:17r ’
vno

in B and V* is the volume of B*.
THEOREM 3. The item J, can be expressed in the form
Jy=dn"A(N* =PV + o(n™"), )

where

d= (66(271)" H;;l pj)_l/z.

Before we present the proof for this theorem, let us prove some auxiliary
statements.

2.1. Some auxiliary facts from differential geometry. We shall use some
notions from differential geometry, see e.g. Ch. 3 in [10].

THEOREM 4. Let f:R" —R! be a mapping of class C*, M.=
{x:f(x)=c}. If the gradient of f is non-zero at each point on the set
M., then M, is a smooth (n— 1)-dimensional manifold of class C™.

Proor. See [10], Ch. 3, §3, Theorem 2.

REMARK 8. The assumptions of the theorem are still met if the mapping f
is given on the set Q = R" where Q > M..

2.2. Preliminary lemmas.

LemMmAa 1. There exist such positive coefficients ai(4, p),ax(2, p),...,
ax(4, p) and positive numbers ci,ca, ..., c; that

2 2 2
T)(x) Za1xi +axx5+ -+ arxg; —cp —c2— -+ - — k.

Proor. It follows from the straightforward analysis of the functions of

one variable:
2np L \AH
ﬁ(x)_i(ﬂl)((”\/@) !

for A ¢ {—1,0} and
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Fa(x) = —2mp ln(l +%),

=31+ ) o+ 5)

LEMMA 2. The set B* = {x|T;(x) < ¢} is bounded.

Proor. It follows from Lemma 1 that for any AeR and i=1,...,k

1/2
|xi| < (6 + ZQ) J20 (4:p)-

LemMMA 3. Let Q7' be an inverse matrix to the covariance matrix of 'Y, and
let the range of coordinates x; be bounded. Then the statistic T,(x) can be
expressed as Tj(x) = (2 ' (n,x)x,x), where Q;l(n,x) = Q;l + O(n~'?) uni-
formly in x.

Proor. By Taylor’s expansion we can obtain a schema that is analogous
to (2), to within O(n~'/2) in each item. Since the range of each coordinate x;
is bounded, we can assume the estimate of this error to be independent from
x. Since x; = —(x; +---+ x,), we obtain

- £t o) 2ot o)

It remains to note that

ol =

{ pit+pl wheni=j,
)

2o when i # j.

We will extract just one of the coordinates from equations defining the sets
*and B'. Without compromising generality we will further assume that x; is
such a coordinate.

DEFINITION 1. Let us name the section of B* maximum section with respect
to x; (maximum with respect to direction e) if the result of an orthogonal
projection of this section to the plane x; = const (to a plane that is orthogonal
to the vector e) seen as an (r — 1)-dimensional set is congruent to the projection
of the whole set to the same plane.

In what follows we denote the projection of the set B* to the plane
x; = const (in (r —1)-dimensional space) by Bf. From the definition of the
maximum section of B* we can conclude that the projection of this section to
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the same plane is congruent to Bf. We will also make use of directional
derivatives of some function f(x) with respect to some vector e. These will be
denoted by 0df(x)/de.

LemMa 4. Let S={x|T(x)=c} be a smooth (n— 1)-dimensional man-
ifold in R" and e is a certain direction. Then the maximum section with respect
to e can be obtained from the necessary constraint

0T (x)
Oe

=0.

If the necessary constraint holds, the sufficient condition for the existence of (not
necessarily single) maximum section would be the simultaneous fulfilment of the
constraints below at any given point P on the section’s boundary.

(1) T =c

2) &*T(x)/de* >0,

(3) minimum of T(x) on the line x = P+ et is global with respect to t.

PrROOF. Necessity. From Definition 1 it follows that the maximum
section is defined by the points on the intersection of the projected set with
the family of projecting lines, which are aligned with a directing vector e. To
obtain the boundary of the maximum section Q it is necessary to extract those
lines of the family that intersect the set only in boundary points. Knowing
that each such line has the form x = xy + et we can set the task in terms of the
minimization of 7,(x) on the line.

It is known that the directional derivative at a point P can be calculated as
per the formula

Oe ot —0

where x() is any parameterized space curve that is expressed in the following
form in the vicinity of a point P = x(0)

x(t) = x(0) + et + o(1).

Obviously, for any point on the surface S there exists a corresponding projective
line. Since as stipulated above such a line will intersect the set only on its
boundary, in the vicinity of P on the line it holds that 7(x) > ¢. Therefore,
the function T'(x(0) + et) reaches its minimum when ¢ = 0 (not necessarily strict
minimum). Hence,

_dT(x(1)

0
dt

0T (x(1) _dxi(t) 0T (x)
72 0x; “Tdr T de

t=0 i=1
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Sufficiency. The fulfillment of the first condition is obvious. The second
condition, together with the necessary one, becomes sufficient for the existence
of a local minimum of the function T(x(0)+ ef). Indeed, by direct calcu-
lations we get

d>T(x(1))
dr?

B °T(x)
-0 Oe?

x=x(0)
If, in addition to the aforesaid, at the point P the third condition holds, then

the corresponding projective line touches S not only in the infinitesimal vicinity
of P, but also globally, i.e. the point belongs to the maximum section.

LEMMA 5. In the space R the set
Ti(x)=c (10)
is an (r — 1)-dimensional manifold (surface) of class C®.

Proor. The idea of the proof is due to Zh. Assylbekov. The function
T,(x) is defined on the set:

QZ{x:xj>—\/ﬁpj,jzl,_r,x1—|—--~—|—x,,<\/ﬁpr+1}, (11)

which is infinitely increasing when n approaches infinity. Coupled with the
boundedness of B*, we obtain that beginning with some fixed N the set (11)
fully incorporates the surface (10). Further, we know that the function T;(x)
is infinitely differentiable as a superposition of infinitely differentiable func-
tions. Let us show that the gradient of this function does not equal zero
everywhere on the surface (10). Assume there exists a point x° on (10) such
that

o(T —
grad[T;(x*)] =0 = (%) (x% =0, j=1r
5Xj
PR AN L S
\/ﬁl?j N2 ’ o
We can rewrite the last r equations in the form:
Vi 'x’ =0,
where Q7! is the inverse for the covariance matrix Q. The inverse exists due
to Remark 5. Consequently, only the vector x* = (0,...,0)" can serve as a
solution. But, on the other hand, this point does not belong to the surface
since 7;(x%) = T;(0,...,0) =0 < ¢. Summarizing we have

grad[T; (x)] #0

on the whole surface (10).
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Applying Theorem 4 to the map 7, we obtain the statement of the current
lemma.

Now let us define the maximum section of the set B* in the direction of
the axis Ox; from the condition 67;/0x; =0. It determines a plane in an
r-dimensional space. We have for Tj(x):

Tx2 (e x,,)2 0T, 2x 2
T A Ty
= Di Prit Ox1 p1 Pre

(x1+~--+x,):0.

Similarly for 7;(x):

2n a x V! x4 x )\
Ti(x) = —" [ -1 (1 P L )
%) MA+U< +§;“< ) () )

A 2
0T(x) _ 2y/n <1+ Al ) —(1—’”4r +x"> —0,
0x1 A Vnp Vnpri
from whence we obtain a condition
<1 +Xl>* _ <1 _MY
Vnp VIpri ’

which, accounting for the non-negativeness of the expressions in the power
base, gives

Xy, X1+t X

Rl —0, 12
D1 Pr+1 ( )

i.e. the same plane as in the case of the chi-squared statistic.

REMARK 9. When A =0 or —1, this plane is obtained via proceeding to the
limit with regard to A.

Since 9*T'(x)/0x} > 0 holds everywhere, from Lemma 4 at the intersection
of plane (12) with the manifold 0B* we have a single maximum section. We
now find the intersection of this plane with the prelimiting and limiting
sets. For B' we get

D1

——  (x +...+xr7
P1+Pr+1(2 )

1 ) rX-z
(ot )3

R =c.
D1+ Prid = D
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For the set B* the projection of the maximum section to the plane x; = 0,
in accordance with the aforesaid, can be expressed in the form

cA(A+1) ! ( X; >)“+l ( X4 X, )”]
) A N B +pi(1- 2
2n ,;p Vip P Vi(p1+ prit)

A+l
+P+1<1—x2+m+x’_mf;m1(X2+'..+xr>)
I .

\/ﬁp r+1

Interestingly, we could express the fourth item in the right-hand side of the last
equality in the same form as the third, and then add the two. We thus obtain
the following for the prelimiting set:

)/l+1

M:_1+Zpi<l+
i=2
Xt x )
)

2n
\/ﬁ(Pl + Dr+1

Xi
\/;lpi

+(m +Pr+1)<1 - (13)

It luminously holds that

COROLLARY 2. The equation (13) can be expressed in the form T;(x') = c,
where x' = (Xa,...,X:), py = p2,...Py = Pr, Pyoy = P1 + Pri1. The correspond-
ing limiting equation will obviously be T\(xa,...,x,) = c, with the same set of
probabilities as above.

This corollary means that the projection of the maximum section of the set
B* to the (r — 1)-dimensional space of variables is the same set B*, but which
has a different set of probabilities and independent variables, as well as is one
point ““less dimensional”.

Now we introduce a complementary notation

Bl

) X2 a
X2+ -+ X, +E L <ce——
! ( 2 = Di \/’T

. P1+ Pry1

where @ is a constant. Analogously, we define B,l, [=2.

LEMMA 6.

1
Ve =V =g Vs T O ()

Proor. Obviously, the mapping y; = /¢/(c — a/\/n)x;, i = 2,r, converts

the set B! into the following set




144 Vladimir V. ULyaNov and Vasily N. ZuBov

r 2
LA )
i=2 pi p1+pr+1

< c.

And for Jacobian J of the map we get

(o) of)

Now what the lemma states follows from the representation of volume as an
integral with regard to variables (x,,...,x,) and the rule of the change of
variables in an integral.

LEmMmA 7.

VBI;. = VBll [1 + 0(1’!71)]

Proor. In [8] it is shown that

c

(1258 — 3k —
1+24(k+1)n(()v 1)2[58 — 3k* — 6k + 4]

VB/”, == VBI .

3 =D =2)[S=2k+1]))|+0m>?)  with S:ipfl-
j=1

Then Lemma follows from Corollary 2.

LemmA 8. There exists such a constant a = a(A,p,c), that beginning with
some ny

. ; N a(r—1) 1
Bl =B} and  V(B{\B|)= N Ve +0(~
PrOOF. We choose the constant a in the way that the set B} is a subset of
B}. Let (xa,...,x,) belong to B!, and p’ = (p2,p3,---, Prsp1 + pri1). Then

TP (x5,...,%) < ¢ —a/v/n, (14)

where 77 " is the statistic T, taken for the set of probabilities p’ and variables
(x2,...,x;). On the other hand,

?' ' (4 - 1)x} -1
T7 (x2,...,x:) = T} (xz,...,x,)+ZW+0(n ).
i=2 i

Since all x; are uniformly bounded, substituting inequality (14) we get

/

TP (x2,...,x,) <c¢  for all n>=N(4,p,c)
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So we can assert that B} < B{. Then by Lemmas 6 and 7

- a(r—1) 1

Now let us estimate the number of lattice points in the difference of these
sets (in the space of dimensionality r — 1).

Npngr = nr=072. (Vi = V1) + o = o272y 4 o(n"=2/2).
The last relation is proven in the following lemma

LEMMA 9.

o, = o(n(r72)/2)

Proor. For r=3 the estimate of the error o, follows from Huxley’s
theorem, and for greater r it follows from Hlawka’s theorem. Indeed, the
applicability of these theorems to B; is obvious, and for B* it follows

(1) from [11] (when r = 3), and

o = O(n™'7) = o(v/n);

(2) from Lemma 22 proven in the second part of the present paper (for
any r > 3), and

o 0(n(1‘72)/271/2+1/r).
In view of the aforesaid, we obtain a summary lemma
Lemma 10.
e — (=2)/2
NB{‘\BS =O(n ) (15)
2.3. The transformation of the initial J, representation into a simplified form.

We will prove theorem 3, if we express J» in the form (9). Consider one item
of the embracing sum with respect to / in representation (4).

~(r=1+1)/2
n ZXM el Zx,veLr
x U .. J 2 () [S1 (Vs + mpp) ()| (5, do (16)
Having expanded the indicator function into a sum of indicator functions

XpinB! T Xpi\B» WE will split it into two parts. Three cases are possible for the
part that comprises the indicator over the difference of sets.
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I =1. The expression (16) consists only of the following sums:

n " 0y (x*
ST ta s RS (Vaxs + mp)g ()]

x2€ly x €L,

It has the order O(1/n) because the number of lattice points in the
difference B{\B!, according to lemma 10, has the order O(n"~2/2).
I =r. The integration is carried out over the set B/\B! with the
Lebesgue measure O(n~'/?), which, together with the coefficient
n~(=HD/2 results in the final order of O(1/n).
General case: /=1t 1 <t<r. Here not only summation but also
integration has to be carried out. After the integration with respect
to variables xi,...,x; follows the summation of the value O(1) over
the lattice with respect to coordinates x,.i,...,x,. In this sum-
mation only those points of the lattice are taken that belong to
;i \B _x- Due to the property of self-similarity (see Lemma
2), we can sequentially fix the coordinates xi,...,x, and prove that
the two obtained sets have the same structure as their predecessors.
Consequently, in line with lemma 10 the number of points of a
corresponding lattice of dimension r — ¢ in the difference set equals
O(n"==1/2). Providing for the coefficient before the item we obtain
a part in J, of the order O(1/n).

Let us now address to the other item. In order to deal with the expression

we need

(S (v/xt + npr) p(x))710) (17)

the following theorem.

THEOREM 5. Expression (17) will take the form

d[Sl(\/Eel(X*) + lez) - Sl(\/ﬁl](x*) + npl)] + O(nfl/z).

Proor. We write

(S (vmx + np) ()55 = dISi(/ro,(x") + npi) — Si(v/ns(x") + np1)]

where 6(x
d=¢(0(x

+ 81 (Vi (x7) + np) ($(01(x7), x7) — $(0(x7), x7))
= S1(Vnai(x") + npr)($(2(x7), x7)
— $(A(x7), %)), (18)

*) and A(x*) are analogues of 0;(x*) and /;(x*) for B'. At that
) x7) = g(A(x7), x7).

Now we prove that two last terms in (18) have order O(n~'/?).
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By Lipschitz property of the exponential function we get
|#(01(x7), x7) — $(O(x7), x7)]

: i _— ‘e—(l/2)(Q’]x,x)\x:w[(x*)”‘,*)T . e7<1/2)(‘971x’x)lJf:(ﬁ(Y*)-«\’*)T|
(2m)"*12]"

< L|(Q7'x, x)'x:((),(x*).x*)T —(Q'x, x)|x:(0( *>,x*)r\ = 0o(n1?).

X
We get the last expression from the fact that coordinates are uniformly bounded
in n according Lemma 2. We use as well as the equalities of Lemma 3:

@7 x) gy =6 (7 (1,0)%,%)| g0y ) =

-1 -1 _ -1/2
Q;'(n,x) — ;' = O(n™'/?).

X*),x*

To do this it is sufficient to substitute (27'(n, x)x, X)|c—(g(x),+)7 instead of
(Q7'x, x)|x:(0<x*>’x*)r and subtract correspondent items of the two quadratic
forms.

Applying the same arguments we get

|P(2a(x"), x7) = P(A(x*), x*)| = O(m™'12).

If we summate the error obtained through the theorem over the lattice
points in the set Bf HE} (integrate in the appropriate case) and multiply by a
corresponding coefficient, we will obtain O(n~!) in the aggregate representation
for Jz.

Now it can be seen that the principal part of J, is a sum-integral of the
form

—(r—1+1)/2
n ZXprl el ZX,EL,,
X |:J e J}{BI/ ﬂ)(B} (x)[d - S (\/EXJ + npl)]f:é:;d)(f], ... ,dxl_1:|

Rewriting it as a difference through the use of indicators X8} and XBA\B! and
attributing the sum-integral over the difference of sets to the error, we have

—(r=1+1)/2
n Zle el Zx,.eL,.
x U . J,«(sz (X)[d - S1(Vnx; + )| ,dxll] +omn™)
Finally, we apply the reasoning on p. 1571-1572, [1] for the chi-squared

statistic to the principal part of the last expression and obtain the item J; in the
form
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Jy = (N*—n'"? V’l)efc/z/<(27m)r Hle p_,-)

v +0mn™). (19)

Thus, we obtain the simplified version of J,. End of the first part.

3. Applicability of Hlawka’s theorem to the sequence of sets B’(n)

On the next step we aim at the estimation of N* —n'/2V*, taken from
(19). To do this we investigate geometric properties of the set B’.
3.1. Convexity of B*.

LemMa 11. Let a function f(x) be defined and have two derivatives on a
convex set Q. Then the function is strictly convex on Q if the second differential
d*f of this function at all points Q is a positively defined quadratic form.

Proor. See [6], Ch. 14, §7, Lemma 2.

LEmMA 12.  The function T)(x) defined by formula (2) is strictly convex on
the set

O={x:x>—Vnp;,j=1Lr,x;+ - +x <Vnp1}.

Proor. The idea of the proof is due to Zh. Assylbekov. The set Q is
convex since it is an open r-dimensional pyramid. We compute second-order
partial derivatives of the function T)(x):

2 ) A—1 A—1 L
5(va):2<1+ x’) 42 (1—’”+ +x’) =T (20)

ax,'z ; \/ﬁpi Pr+1 \/ﬁp,.+ 1
T _ 2 <1_x1+~--+x,~>“ oy 1)
0xi0X;  Pry1 VIpri ’ .

All the above-mentioned derivatives are continuous on (, that’s why the
function T,(x) is two times differentiable on Q. Due to Lemma 11 the
statement of the current lemma will be proven if we show that d*(T;) is a
positively defined quadratic form. To do this it is sufficient to prove that
leading principal minors 4;, /= 1,7 of the matrix 4 = (6*(T};)/0x;0x;) are
positive and use Sylvester’s criterion. We then make use of induction with
respect to /:
() I=1.

due to (20) and (11).
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(2) Let 4,-; >0. We denote

2O+ M)Al =1,r

a; = — ) 1= 1,r,

pi Vpi

L2 (I_XI+---+x,.>“.
Dr+1 \/ﬁpr+l

Observe that a; > 0, » > 0 due to (11). It follows from (20), (21) and
properties of the determinants that

a+b b <o b a+b b <o b
b a+b - b b aw+b - b
A=\ . . . N ) e (22)
0 0 o b b i b
Ap B

Conducting the decomposition of the determinant A4; with respect to
the last row, we obtain:

A=A 141> 0 (23)

due to the induction assumption. Subtracting from the first (/ — 1)
rows the /th row, we obtain in the determinant B;:

B =aiay...a;_1b > 0. (24)
From (22), (23), and (24) we get 4; > 0.
LemMA 13. The set B* is strictly convex.

Proor. See the proof of Lemma 5 in [11].

3.2. Sufficient conditions for the applicability of Hlawka’s theorem. Recall
that N/ is the number of lattice points in L that fall into the set B*. Since the
lattice L has a step equal to n~'/?, we can regard N* as the number of integer
points in the set derived from the set B* by a linear extension with the factor
v/n. Thus, in terms of Theorem 1 we can consider the linear factor M = /n.

For a start we will show that the condition on the canonical mapping can
be excluded from those conditions of Theorem 1 that require our consider-
ation. The mapping is from R” to R’, and it maps each vector u on the unit
sphere to a vector x(u) € B*(n) such that the unit normal to the surface at this
point equals u. Obviously, the vector x(u) defined in such a way is equal to
the support vector of the set B*(c) in the direction u. We can assume that all
the set is parameterized by points of a unit sphere. At that the mapping
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inverse to the canonical mapping moves the radius-vector of any point on the
surface into the normal vector to the surface at this point.

Since B*(c) is a strictly convex set (Lemma 11), the canonical mapping is
one-to-one. Moreover, the set B*(c) is implicitly defined by a function of class
C* and, consequently, can be regarded as a level surface. Hence, it is possible
to define a normal at a point on the surface via a normalized gradient of the
function 7*(x), which in accordance with the aforesaid does not equal zero and
is infinitely smooth. As a result the inverse and initial canonical mappings are
infinitely differentiable in our case.

The following lemma states the requirements that should be satisfied in
order to get rid of the dependence on n in the result of Theorem 1.

LemMA 14, Assume that the conditions of Theorem 1 are satisfied for B(n),
and, moreover,
(1) at every point of the boundary of the set its Gaussian curvature K,(u) is
located within limits that are independent from n, u and uniformly
separated from zero with regard to these parameters:

0< Ky < Kn(u) < K,

(2) for any u on the unit sphere the support function H,(u) of the set B(n)
is uniformly bounded with respect to n and uniformly separated from 0,
ie.

H1>H,,(u)>H0>O, |u|:1.

(3) Partial derivatives of H,(u) of any order have a uniform upper bound
with respect to n.
Then

|N _ I’l"/z V‘ <ec- nr/271+1/(r+1)7 (25)
where the constant ¢ does not depend on n.

ProoF. The proof almost verbatim reiterates the reasoning in the proof of
proposition 9 of [12]. However, we have to ensure that residual constants will
be bounded uniformly in n. To achieve it we consistently trace estimates in
Satz 1-9. Some short remarks on this process are given below.

Satz 1. Does not involve any residual terms.

Satz 2 (Hilfssatz 1). In the proof of Satz 2 Hlawka introduces additional
parametrization of the unit sphere E,, by points of another unit sphere E,,_:

a =1, x=x(v).

J

m
Uy =cos v, uj = sin v - a;(j = 2),
=2

J
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At that all the derivatives of functions u; with respect to v are bounded. In
place of functions " and g being used in Hilfssatz 1 the functions f,(v) = x;(v),
gu(v) = K, (v) -sin" 2 v-cosv, a=0, b=n are taken. From estimates (14)—
(17) in Satz 2 and the reasoning that immediately follows we can conclude that
the estimates

Sl(a) < —p; <0, 1 (b) = p; >0,
min ]|f;1,(x)| =C >0, max 15" ()| = Ca(n) < G

latcy,b—c

are uniform in n. Let us go on to Hilfssatz 1. First, note the constant C
from Hillfsatz 1 can be regarded as uniformly bounded. Moreover, since
K, (u) is the sum of all m — 1-dimensional minors of the Hessian of the support
function H,(u), this curvature, together with its derivatives of all orders, will be
uniformly bounded in n. Consequently, the same will hold for g,(v). That’s
why O(&7) in (6), Hilfssatz 1 can be deemed independent from n. Tracing the
whole proof throughout Hilfssatz 1 makes sure that the order of errors is
nowhere dependent on n. Then we trace the order of errors in Satz 2 in the
same way.

Satz 3, Satz 4. All the errors can be regarded as independent from n
providing the requirements of the theorem are fulfilled.

Satz 5. 1In equality (3) constants C; and C, are uniformly bounded in 7.

Satz 6-Satz 8. These sections prepare the ground for conclusions nar-
rated in Satz 9. We just continue to trace the order of errors.

Satz 9. Hlawka uses the results of previous sections of his paper. He
manipulates with the residuals, which as proven before are not dependent on 7.
As a result we obtain inequalities (9), which are translated into the following
equality

@(y’ [) _ Vtm/z + O(Im(mfl)/Z(erl))7 (26)

where V' is the m-dimensional volume of the set B(n), /7 is the order of linear
expansion (M = \/n), y is the transition vector of the set with respect to the
origin, @(y,)—the number of integer points in the set obtained by the linear
expansion and the transition. Putting m = r, t = n we obtain the sought after
equality (25).

3.3. Fulfillment of sufficient conditions for the sets B*(n). We investigate the
fulfillment of Lemma-14 requirements for the sets B*(n). First, we look at B!
as the limit of the above-mentioned sets and at the same time the simplest
member of the family B*(n).
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LemMA 15. The Gaussian curvature of a unit sphere in a multidimensional
space equals one at each point of its surface.

Proor. It follows from straightforward calculations. See also [13].

LEMMA 16. The Gaussian curvature of the set B' is uniformly separated
from Q.

Proor. The proof is predicated on the fact that B; is an image of the
orthogonal transformation (rotation) of an ellipsoid. For the Gaussian cur-
vature is not changed under orthogonal transformations of the surface, it is
sufficient to prove that the curvature is uniformly separated from 0 for a
standard ellipsoid

2 2 2
X X X

1 2 i
Sttt a=1
a;  aj a;

Note that such an ellipsoid can be obtained via a linear transformation of the
unit sphere. The transformation matrix

A =diag(ay,ay, . .., a), y=Ax, x e S1(0),
is obviously non-degenerate. Then we apply straightforward calculations.

LeEMMA 17. Assume that the manifold B has an unequivocal smooth para-
metrization in the spherical m-dimensional system of coordinates

x=r(0)=(r(0),01,...,0,).

Then its first form can be written in the following way

2 %r or or ar _or
T R 05 Wy
oro o G2 & . or _or
I=| wa Tt 00; W0, (27)
or__ Or o or ... 72 o*r
aﬁm—l 581 89/11—1 592 592

ProoF. This lemma can be proven by calculating vectors 0r/d6; in the
multidimensional spherical system of coordinates and then calculating their
pair-wise scalar products.

LEMMA 18. The sets B*(n) have an unequivocal smooth parametrization in
the space R'.

Proor. The proof is grounded on the implicit function theorem and the
fact that there exists a constant s independent from n such that the derivative of
T, with respect to the polar radius fulfills the inequality
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oT,(x(0
(x(0) _
or

The inequality can be proved by expressing the statistic 7); in the spherical
coordinate system.

Denote the scalar radius-vector of B* by r,(#), and the radius-vector of B!
by r(0).

LeEMMA 19.  There exists a uniform (in 8) convergence r,(0) 3 r(8) and an
analogous uniform convergence for partial derivatives of any order.

Proor. Without loss of generality we discuss only the three-dimensional
case when r =2. In this case instead of the vector of parameters # we have
only one parameter to be named ¢. The proof for higher dimensions mirrors
the one below.

Let r,(¢) be the polar radius of the set B*, and r(¢) be the polar radius of
the set B'. Then it can be proven that

Ira(2) = r(1)] < Cn'72 (28)
Indeed, we have
Ti(ra(0),0) = ¢ = Ty (r(2), 1),  Ti(r,t) = Ti(r,2) + O(n~/?)

At that the error in the second equality is uniform in n due to the limitedness of
the domain of coordinates. Hence, we can obtain a uniform estimate of the
form:

| T2 (ra(0), 2) = Ta(r(2), O] = [T1(ra(0), 0) = T (ra(2), 1) < Cn™' 12

On the other hand,

00 = T1(r0).0) = [oos? o 1) sin? o L+ L)

From the previous lemma we know that the first multiplier is uniformly
lower-bounded (let us denote this multiplier by £ and the corresponding lower
bound by E;). We have

i _ i _C
E(ry(t) +r(t) ~ Eo-r(t) ~ n'

The last transition follows from the trivial non-negativeness of r,(f) and the
existence of a uniform lower bound for r(¢).

[ra(2) = ()] <
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We know that the derivatives of solutions r,(z), (f) are expressed in terms
of the derivatives of an implicit function with respect to its arguments ¢ and
r(¢). At that in the denominator we will notice the first derivative with respect
to r of the functionals T)(r,t), Ti(r,t) to some power, for instance,

o) =~ ODlm0, /ot L,y 0T(rD), /0t
T AT(ra(n), 1) for’ T AT (r(0), 1)) or

From what was proven in the previous lemma

3N:Vn>NM>s>o, 0T (r(1),1)

> .
or or zs>0

In that very lemma it was virtually shown that

Ty (r(t),t)  0Ty(r(1),1) ( 1 )
= +0

or or Vi)

Similarly, we can obtain the same for the derivatives with respect to ¢

oT;(r(t), 1) 0Ty(r(1),1) < 1 )
= +0

ot ot NA

So it can be easily seen that
oT;(r(¢),t)/ot _ 0T\(r(2),1)/0t 1
e o~ o °(55)
Let us work out the difference »'(¢) — r)(?):
oT;(ra(1),1)/0t 0T\ (r(2),1)/0t
OT,(ru(t),t)/0r 0T\ (r(2),t)/0r

_ <6Tg(rn(t),t)/61_ 6Ti(r(t),t)/0t) N (éTi(
AT (ra(t),0)/0r  0Ty(r(1), 1)/ r 0T

(0),1)/ot  OTu(r(), t)/at)
(1),t)/or  T\(r(1),1)/0r

Adding up the smoothness of the functions T)(r, ), Ti(r,) with respect to the
combination of their arguments, the boundedness of the domain for (r, ), and
Lagrange’s theorem, we reach the inequality

r
r

I\ (1) = (6] < M - |ra(1) — #(0)| + O(n™ /),

n

which entails the uniform convergence of the first derivatives of the polar
radius. We can prove the uniform convergence for higher-order derivatives in
absolutely the same way.

COROLLARY 3. There exists a uniform convergence in 0 of the Gaussian
curvature of B* to the Gaussian curvature of B'.
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ProoF. The statement follows from (27), formulae for first- and second-
form coefficients and the fact that a determinant is a sum of products of its
elements. The structure of the Gaussian curvature in terms of the spherical
system of coordinates preserves the uniform convergence originating from the
uniform convergence of corresponding radius-vectors.

COROLLARY 4. The Gaussian curvature of the sequence B*(n) is uniformly
bounded and uniformly separated from zero mirroring the behavior of the
Gaussian curvature of the limiting ellipsoid B'.

In what follows we utilize the Hausdorff metric that measures the distance
between two sets 4 and B. Recall the definition:

A = B+ 5,(0),

A,B) =
haus(A, B) H:){BCA—&—Sr(O).

LemmA 20. The support functions H,(y) of the manifolds B*(n) are
uniformly bounded and uniformly separated from 0 on a unit sphere Y| = 1.

Proor. The proof consists of proving two substatements.

(1) The sequence B*(n) converges in the Hausdorff metric to the limiting
ellipsoid B', and there exists a positive constant d such that
haus(B*(n), B') < d/\/n.

(2) For the support function H of the manifold B' it holds that

H1>H(l//)>H()>O, |lﬁ|=1

Providing these substatements are proven, we can take advantage of the
inequality widely known in optimal control theory

[Ha() — Hp()| < [ x haus(4, B).

We will thereby obtain the uniform in n estimate for the difference of the
support functions as needed.

The statement of point 2 becomes obvious if we take into account that the
ellipsoid B! includes 0 as its inner point. In this case we are able to find a ball
S,(0) fully incorporated into B!. That is,

H() = Hg o)) =rlp| =r>0

on a unit sphere. On the other hand, the upper estimate follows from the
boundedness of the ellipsoid, i.e. the possibility to insert it into a ball of some
fixed radius.

Let us prove point 1. Conducting the reasoning similar to the one in
lemma 8 we obtain that there exist such constants a; and a, independent from
n that the sets
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)2 ' 2
polur o dx)t
pi‘+1 i=1 pi \/ﬁ

2 r 2
A X e+ X X; a
Bl:(lJr +:) +Z_,<c+_2
Dr+1 — Di NG

are in the following relationships with each other
B' < B = B'.
On the other hand, there exist such d > 0 that
B' < B'+5, 40), B'<B'+5,;0). (29)

Consider, for instance, the first of these relationships. In the sequel we use the
following matrix rule for sets: AB={y = Ax|xe B}. We have

B' = \/1 + @/(c/n)EB' = B' + %ﬁm1 +0(n")EB',

where E denotes the identity matrix. Since B! is bounded, there exists such
b >0 that

azb

2¢v/n

It remains to require the fulfillment of the inequality on d:

ﬁchl+

S$1(0). (30)

d , wb
Vi~ 2ev/n’
Under this requirement the right part (30) will be embedded into the right part

of (29), which is what we strive to prove.
In summary for some constant d simultaneously

B* < B' < B'+8,,40), B'<B' <B +S, ;0.

We have ascertained the first two requirements of Lemma 14. Now let us
check the requirement regarding partial derivatives of the support function

H, ().

LemMA 21.  All partial derivatives of the function H,(\) are uniformly in n
upper bounded.

Proor. The uniform boundedness of first-order partial derivatives follows
from the boundedness of the set B”(c) and the equalities
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0H, ()
oy

=xi(¥)

where x;(i) is the i-th component of the image of the special mapping from a
unit sphere to B*(c) suggested above. The equalities hold due to general
convex body theory and are proven, for instance, in [13], p. 58.

Derivatives of second and higher orders of the function H,(y¥) can be
therefore considered derivatives of the components of the vector x. From
optimal control theory it is known that the vector x(i) represents a solution of
the following optimization problem: to find maximum of > ., x4y, provided
that T,(x) = c.

We use Lagrange’s method to seek conditional extrema with fixed y and
A. Everywhere in what follows we will assume that 2 # 0. For the case 1 =0
the reasoning is similar. We have

L=+ BT, — o),
i=1

oL oT,, oL
a_xi_!//i—i_ﬂ.ax,‘_()’ %_TA_L_O

Hence we obtain a system of r+ 1 non-linear equations with respect to the

dependent variables xi,...,x,, f and independent variables v ,...,,.
Fl(xly"'axl‘7ﬁ7lp]7--.alpr) :07
F2(x1;---axrvﬂvlp])"wlpr) :07
. (31)
E‘(xl7--~axr‘aﬁalpla"'vlpr) :0’
T,(x1,...,x,)—c=0
Herein
) A ]
X R A
Fi=(1+ )—O— )+ —=. 32
( Vp; VIpria 2B\/n 32)

It is clearly seen that all functions of the system, together with all their partial
derivatives, are infinitely differentiable on the set B*(c). Without loss of
generality we consider partial derivatives of the dependent variables with
respect to ;. To obtain them we differentiate all equations of the system
with respect to ¥, and in what follows we will use these equations to simplify
the reasoning and summary results. Denoting
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1 e\ 1 o\
a = <1_x1+xz+ +x> ’ b,-——(l+ X > 7 =TT
Prel VP i Vnp;

2 2
ci<1+ )(1’“‘”2+ ”"), I (33)

\/ﬁp r+1
taking into account

Xi
Vnpi

Wil
N

and cancelling the common multiplier —¢1//n out of the last (differentiated)
equation, we obtain a system of linear equations over

(Qﬁ_ézz 951_91>T
IR

¢ = i=1,r,

of the following form

a+ b a a ¥ [0x1/ 0y, ] —t
a a+by --- a W, 0x2/ 0y 0
................................. = : (34)
a a - a+be Y, ox, /0, 0
¥y Yy Y, 0 | ot/oy, | 0

Each component of a solution to this system is a quotient of the determinant of
the matrix that is derived by substituting the right column into columns of the
coefficient matrix and the coefficient matrix determinant (name them J' and
J respectively). Higher-order partial derivative components are obtained by
differentiating the equations of system (34). Final formulae would be more
complex, but similar in structure to the simplest case of the ratio J'/J.
Namely, we get a fraction with a polynomial over J, J' and their derivatives in
the numerator and with a power of J in the denominator.

The determinant of the coefficient matrix can be calculated by decom-
posing it into recurrent relationship

r r _ ‘2
—J(I,Z,...m):—<b1J(2,3,...,r)+aHb,-<%%+27(l/jl b"/"’) ))
i=2 J

J=2

a+b, —y,

=1

We get
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r

—J(12, =Y W [be+a D =) [ o

i=1 k#i 1<l<m<r k#l
k#m

We know that

noowo 1 nooo 1 g 2
a—— s bi —_— —, lﬁi =1. 35
Pr+1 Di ; ( )

Consequently, |J| is uniformly in n separated from 0.
The determinant J’ can in turn be expressed in the form (the right part is
inserted into the j-th column):

a a+b a a a ¥,

a a a+ bz a a I/
J = (—Z)( 1)1+J .......................................

a a a a a+b Y,

W, e Vit Vi o W 0

Note that due to (35) the determinant in the right part of the last equality is
uniformly bounded in n and w.

To finalize the proof of the uniform boundedness of the partial derivatives
we equate functions F; from (32) to zero according to system (31):

_ne
Ay

Further, we slice the compact set K: )| lp,? =1 in the way described
below. Consider some infinitesimal ¢ >0 and the vicinity U(e,w) =
{weK||y,|<ea}. Put S;=UC@,y). Within the set S& = U(er,p) we
consider another vicinity U(e,w) = {w € K| |},| <&} and denote by S, the
intersection SIC NUC(ey, ). Continuing this process we can construct the sets
S1,85,...,S,, the process being finite because at least one component of the
vector y is not close to zero. Since the union of all S; covers the unit sphere
K, it is sufficient to validate the uniform boundedness of the partial derivatives
on each §;, and then unite the results.

Since on S; the inequality |/;| = ¢ holds uniformly in n, we are able to
make use of the i-th equality in (36) and formula (33) in order to obtain

t= Vi=1,r (36)

From this and the inequality |J| = C; > 0, proved above follows the statement
of the lemma.
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From what was proven above we can formulate the following summary
statement.

Lemma 22.  All the conditions of Lemma 14 are fulfilled for the sequence of
sets B*(n).

This is to wrap up the second part of the current paper. We now can go
on to proving the main result encapsulated in Theorem 2.

4. Summarizing the point

From Corollary 4 to Lemma 19 and Lemmas 20, 21 and 22 it follows
that we can apply Lemma 14 to the sets B*(n). Substituting (25) into (19) we
obtain estimate (8).
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