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Abstract. We prove Singer’s formulas and unstable acyclic relations for the mod 2

Steenrod algebra, which are important tools for the computations of products. These

are given by analogy of the corresponding dual results for the lambda algebra.

1. Introduction

Singer’s formulas [3] are important and basic for the lambda algebra

L. In fact, by using Singer’s formulas, Richter [2] reproved many fundamental

results and the author [1] proved some acyclic relations. We refer to [2] for

Singer’s formulas. On the other hand, the mod 2 Steenrod algebra A, which is

the algebra of the cohomology operations, is crucial for the algebrac top-

ology. In this paper, we shall prove Singer’s formulas and acyclic relations for

A, which are important tools for the computations of products in A.

A monomial Sqas . . .Sqa1 is called admissible if aiþ1 b 2ai. Consider

the submodule As; t½n�HA ðnb 0Þ spanned by the admissible monomials

Sqas . . .Sqa1 ðt ¼
Ps

i¼1 aiÞ with a1 > n, and let A½n� ¼ 6
tb1

0
sb1

As; t½n�.
Our first Singer’s formula is the following.

Theorem 1.

A½nþ t� s�As; t½n�HA½n�:

Examples

(1) We see Sq6 A A1;6½5�HA1;6½0�, and so Sq6Sq6 A A½5�A1;6½0�HA½0�.
In fact, Sq6Sq6 ¼ Sq11Sq1 þ Sq10Sq2 þ Sq9Sq3.

(2) We see Sq8 A A½7�, Sq6 A A1;6½2�, and so Sq8Sq6 A A½2�. In fact,

Sq8Sq6 ¼ Sq11Sq3 þ Sq10Sq4.

(3) We see Sq8Sq4 A A½3�, Sq4Sq1 A A2;5½0�, and so Sq8Sq4Sq4Sq1 A A½0�.
(4) We see Sq15Sq6 þ Sq14Sq7 A A½5�, Sq6Sq1 þ Sq5Sq2 A A2;7½0�, and so

ðSq15Sq6 þ Sq14Sq7ÞðSq6Sq1 þ Sq5Sq2Þ A A½0�:
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Theorem 1 induces a unstable composition product a ^ b ¼ ab A A½n� for
a A A½nþ t� s�, b A As; t½n�.

Now we define a map (Hopf invariant)

H : As; t½n� 1� ! As�1; t�n½2n� 1�

by HðSqISqnÞ ¼ SqI , HðSqISqiÞ ¼ 0 for admissible sequences ðI ; nÞ, ðI ; iÞ with

i > n, where SqI ¼ Sqis�1 . . .Sqi1 for I ¼ ðis�1; . . . ; i1Þ, and a map (suspension)

E : As; t½n� ! As; t½n� 1�

which is a natural inclusion. We notice that HE ¼ 0. Moreover there is a

map

y : As; t½n� ! As;2t�s½2n�

defined by yðSqI Þ ¼ yðSqis . . .Sqi1Þ ¼ Sq2is�1 . . .Sq2i1�1 for admissible sequences

I . By using these maps, we have the second Singer’s formula for the Hopf

invariant.

Theorem 2. For a A A½nþ t� s�, b A As; t½n�

EHða ^ bÞ ¼ a ^ EHðbÞ þ EHðaÞ ^ yðbÞ:

We notice that

Hða ^ bÞ A A½2nþ 1�; a ^ EHðbÞ; EHðaÞ ^ yðbÞ A A½2n�:

Hence an implication of Theorem 2 is

a ^ EHðbÞ þ EHðaÞ ^ yðbÞ A A½2nþ 1�:

Corollary 1. Let a A A½m�, b A As; t½n�.
i) If m > nþ t� s, then

a A A½nþ t� s�; HðaÞ ¼ 0; EHða ^ bÞ ¼ a ^ EHðbÞ:

ii) If t� sam < nþ t� s, then

b A As; t½m� tþ s�; HðbÞ ¼ 0; EHða ^ bÞ ¼ EHðaÞ ^ yðbÞ:

Examples

(1) Let a ¼ Sq6 A A½5�, b ¼ Sq6 A A1;6½0�. Then ab A A½0�, HðbÞ ¼ 0 and

HðabÞ ¼ HðaÞyðbÞ ¼ Sq11. This implies ab ¼ Sq11Sq1 þ g for some g A A½1�.
In fact

Sq6Sq6 ¼ Sq11Sq1 þ Sq10Sq2 þ Sq9Sq3:

(2) We see a ¼ Sq8 A A½7�, b ¼ Sq6 A A1;6½2�. Then ab A A½2�, HðbÞ ¼ 0

and HðabÞ ¼ HðaÞyðbÞ ¼ Sq11. This implies ab ¼ Sq11Sq3 þ g for some

g A A½3�. In fact, Sq8Sq6 ¼ Sq11Sq3 þ Sq10Sq4.
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(3) Let a ¼ Sq8Sq4 A A½3�, b ¼ Sq4Sq1 A A2;5½0�. Then ab A A½0�.
Moreover

HðabÞ ¼ aHðbÞ þHðaÞyðbÞ ¼ Sq8Sq4Sq4 þ Sq8Sq7Sq1 ¼ Sq10Sq4Sq2:

Hence ab ¼ Sq10Sq4Sq2Sq1 þ g for some g A A½1�. In fact Sq8Sq4Sq4Sq1 ¼
Sq10Sq4Sq2Sq1.

(4) Let a ¼ Sq15Sq6 þ Sq14Sq7 A A½5�, b ¼ Sq6Sq1 þ Sq5Sq2 A A2;7½0�.
Then ab A A½0�. Moreover

HðabÞ ¼ aHðbÞ þHðaÞyðbÞ

¼ ðSq15Sq6 þ Sq14Sq7ÞSq6 þ Sq15ðSq11Sq1 þ Sq9Sq3Þ

¼ Sq15Sq10Sq2 þ Sq14Sq11Sq2

¼ Sq19Sq6Sq2 þ Sq21Sq4Sq2 þ Sq20Sq5Sq2 þ Sq18Sq7Sq2:

Hence

ab ¼ ðSq15Sq10Sq2 þ Sq14Sq11Sq2ÞSq1 þ g

¼ ðSq19Sq6 þ Sq21Sq4 þ Sq20Sq5 þ Sq18Sq7ÞSq2Sq1 þ g

for some g A A½1�. In fact

ðSq15Sq6 þ Sq14Sq7ÞðSq6Sq1 þ Sq5Sq2Þ

¼ Sq15Sq10Sq2Sq1 þ Sq14Sq11Sq2Sq1

¼ ðSq19Sq6 þ Sq21Sq4 þ Sq20Sq5 þ Sq18Sq7ÞSq2Sq1:

The proof of these theorems is given by analogy to that of Singer’s

formulas for the lambda algebra. The same approach gives us some acyclic

relations.

Theorem 3. For 2a� 1b nb ab 1, the following is exact:

A½nþ 2a� 3� ����!^Sq2a�1

A½n� 1� ����!^Sqa

A½n� a�:

Examples

(1) For a ¼ Sq9Sq4Sq2 A A½1�, we see aSq2 ¼ 0, and so a ¼ bSq3 for

some b A A½3�. In fact, for b ¼ Sq8Sq4, we have

bSq3 ¼ Sq8Sq4Sq3 ¼ Sq9Sq4Sq2 ¼ a:

(2) For a ¼ Sq33Sq15Sq6Sq3 þ Sq33Sq14Sq7Sq3 þ Sq32Sq15Sq7Sq3 A A½2�,
we see aSq3 ¼ 0, and so a ¼ bSq5 for some b A A½6�. In fact, for b ¼
Sq31Sq14Sq7 þ Sq30Sq15Sq7, we have
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bSq5 ¼ ðSq31Sq14Sq7 þ Sq30Sq15Sq7ÞSq5

¼ Sq33Sq15Sq6Sq3 þ Sq33Sq14Sq7Sq3 þ Sq32Sq15Sq7Sq3

¼ a:

Theorem 3 is a special case of the unstable version of the following

conjecture: Consider the 2-adic expasion of an integer a ¼
Pk

i¼1 2
ti for t1 <

t2 < � � � < tk. We write að jÞ ¼
P j

i¼1 2
ti , and in particular aðkÞ ¼ a.

Conjecture. The following sequence is exact.

0k

j¼1
A ��!f A ��!�Sqa

A;

where f ða1; . . . ; akÞ ¼
Pk

j¼1 ajSq
2að jÞ�1 and ð�SqaÞðaÞ ¼ aSqa.

In case a ¼ 2 t, this reduces to a conjecture stated in [1]: The following

sequence is exact.

A ����!�Sq2 tþ1�1

A ����!�Sq2 t
A:

This paper gives a part of unstable acyclic relations for the Steenrod

algebra suggested by W. Richter. I would like to thank him for his invaluable

comments about the Steenrod and lambda algebras.

2. Singer’s formulas

We refer to [4] for the Steenrod algebra A. The mod 2 Steenrod algebra

is generated by Sqa with Adem relations

SqaSqb ¼
X½a=2�
j¼0

b� 1� j

a� 2j

� �
Sqaþb�jSq j a < 2b: ð1Þ

If b� 1a a < 2b, then b� 1� j < a� 2j for j < a� bþ 1. Hence, for

a ¼ 2b� 1, SqaSqb ¼ 0. For b� 1a a < 2b� 1,

SqaSqb ¼ Sq2b�1Sqa�bþ1 þ R; ð2Þ

R ¼
X½a=2�

j¼a�bþ2

b� 1� j

a� 2j

� �
Sqaþb� jSq j A A2;aþb½a� bþ 1�:

Especially, Sqb�1Sqb ¼ Sq2b�1 þ R. Thus we have

SqaSqb A A2;aþb½a� b� for 1a ba a < 2b� 1: ð3Þ

By [4, Lemma 2.6], if a ¼
P

ai2
i, b ¼

P
bi2

i ð0a ai; bi < 2Þ, then
b
a

� �
1

Q
bi
ai

� �
ðmod 2Þ. By this formula,
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n

m

� �
1

2nþ 1

2mþ 1

� �
1

2nþ 1

2m

� �
1

2n

2m

� �
;

2n

2mþ 1

� �
1 0: ð4Þ

If a < 2b� 1, we see by the Adem relations that

yðSqaÞyðSqbÞ ¼ Sq2a�1Sq2b�1

¼
Xa�1

j¼0

2b� 2� j

2a� 1� 2j

� �
Sq2aþ2b�2�jSq j

¼
X½a=2�
j 0¼1

b� 1� j 0

a� 2j 0

� �
Sq2ðaþb�j 0Þ�1Sq2j

0�1; ð5Þ

since

2b� 2� j

2a� 1� 2j

� �
1 0 for j ¼ 2j 0; 1

b� 1� j 0

a� 2j 0

� �
for j ¼ 2j 0 � 1

by (4). We notice that y is defined primarily only on admissible elements. By

the Adem relations and (5), for a < 2b,

yðSqaSqbÞ ¼ b� 1

a

� �
yðSqaþbÞ þ

X½a=2�
j¼1

b� 1� j

a� 2j

� �
yðSqaþb�jSq jÞ

¼ b� 1

a

� �
Sq2ðaþbÞ�1 þ

X½a=2�
j¼1

b� 1� j

a� 2j

� �
Sq2ðaþb�jÞ�1Sq2j�1

¼ b� 1

a

� �
Sq2ðaþbÞ�1 þ yðSqaÞyðSqbÞ:

Hence

yðSqaÞyðSqbÞ ¼ yðSqaSqbÞ if
b� 1

a

� �
1 0 ð6Þ

for a < 2b. If ba a < 2b� 1, then b�1
a

� �
1 0 in the Adem relations, and so

this equation (6) holds for ba a < 2b� 1.

Now we prove Theorems 1 and 2 by analogy dual to [2]. The following is

a condition for SqI ¼ Sqas . . .Sqa1 A As½n�, where As½n� is a submodule spanned

by the admissible monomials Sqas . . .Sqa1 with a1 > n.

Definition 1. A monomial Sqas . . .Sqa1 is called n-pseudo-admissible if

ai > n� i þ 1þ
P

1aj<i aj for all 1a ia s.

Lemma 1. If SqI is admissible and a1 > n, then it is n-pseudo-admissible.
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Proof. We show by induction on i that ai > n� i þ 1þ
P

1aj<i aj. This

equality obviously holds for i ¼ 1. Assuming it is true for i, we have

aiþ1 b 2ai > n� i þ 1þ
X
1aj<i

aj þ ai > n� i þ
X

1aj<iþ1

aj :

Hence SqI is n-pseudo-admissible.

Lemma 2. If SqI is n-pseudo-admissible for nb 0 and a1 > 0, then

SqI A As½n�.

Proof. We shall show that Adem relations preserve n-pseudo-

admissibility. For this purpose, we verify inductively ai b 1 and aiþ1 > ai � 1.

In fact,

aiþ1 > n� i þ
X

1aj<iþ1

aj b n� i þ ði � 1Þ þ ai b ai � 1b 0:

Suppose for some i that Sqaiþ1Sqai is inadmissible. By using the Adem

relations (2) we write Sqaiþ1Sqai as a sum of admissibles SqaSqb, where

each bb aiþ1 � ai þ 1. We shall show that all these monomials are n-

pseudo-admissible:

SqJ ¼ Sqas . . .Sqaiþ2SqaSqbSqai�1 . . .Sqa1 : ð7Þ

Since SqI is n-pseudo-admissible,

bb aiþ1 � ai þ 1 > n� i þ
X

1aj<iþ1

aj � ai þ 1 ¼ n� i þ 1þ
X
1aj<i

aj:

Now SqaSqb is admissible, and so

ab 2b ¼ bþ b > n� i þ
X
1aj<i

aj þ b:

Since aþ b ¼ ai þ aiþ1, we see that SqJ is n-pseudo-admissible.

So Adem relations preserve n-pseudo-admissibility. Eventually we shall

reach admissible form of which all terms are both admissible and n-pseudo-

admissible. Hence all terms belong to As½n�.

Let yðIÞ ¼ ð2is � 1; . . . ; 2i1 � 1Þ for any sequence I ¼ ðis; . . . ; i1Þ. Then

y : As; t½n� ! As;2t�s½2n� is defined by taking yðSqI Þ ¼ SqyðIÞ for any admissible

sequence I . The equation (6) implies yðSqaSqbÞ ¼ Sqyða;bÞ for ba a. In the

proof above, SqI ¼
P

SqJ ¼ � � � ¼
P

SqK , where each K is admissible. By

definition, yðSqKÞ ¼ SqyðKÞ. By induction, we assume yðSqJÞ ¼ SqyðJÞ. Since

Sqðaiþ1;aiÞ ¼
P

Sqða;bÞ, Sqyðaiþ1;aiÞ ¼
P

Sqyða;bÞ by the equation (5) and ai a

aiþ1 < 2ai � 1. Hence
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yðSqI Þ ¼
X

yðSqJÞ ¼
X

SqyðJÞ ¼ SqyðIÞ:

This implies the folowing:

Lemma 3. If SqI is n-pseudo-admissible, then yðSqI Þ ¼ SqyðIÞ.

Now we are in a position to prove Theorem 1.

Proof of Theorem 1. Take admissible monomials

SqJ ¼ Sqbr . . .Sqb1 A A½nþ t� s�; SqI ¼ Sqas . . .Sqa1 A As; t½n�:

By Lemma 1, SqJ and SqI are ðnþ t� sÞ- and n-pseudo-admissible, respec-

tively. Then

bi > nþ t� s� i þ 1þ
X
1aj<i

bj

¼ n� ðsþ iÞ þ 1þ
X

1aja s

aj þ
X
1aj<i

bj

since t ¼
Ps

j¼1 aj. Hence SqJSqI is n-pseudo-admissible, and so SqJSqI A A½n�
by Lemma 2.

By this proof, SqJSqI is n-pseudo-admissible if SqJ and SqI are

ðnþ t� sÞ- and n-pseudo-admissible, respectively. By Lemma 3,

yðSqJSqI Þ ¼ SqyðJÞSqyðIÞ ¼ yðSqJÞyðSqI Þ: ð8Þ

For a A A½n�, we sometimes will desuspend a without mentioning it to give

a smaller n. For instance, in Lemma 4 below, Sqt A A1; t½n� and Sq2t�1 A
A1;2t�1½2nþ 1� for n < t� 1.

We shall prove Theorem 2 after investigating the special case s ¼ 1 in

Lemma 4.

Lemma 4. For a A A½nþ t� 1�,

EHða ^ SqtÞ ¼ a ^ EHðSqtÞ þ EHðaÞ ^ yðSqtÞ

¼ aþ EHðaÞ ^ Sq2t�1 for n ¼ t� 1b 0

EHðaÞ ^ Sq2t�1 for 0a n < t� 1:

�

Proof. Let a ¼ xSqnþt þ y, x A A½2nþ 2t� 1�, y A A½nþ t�. Then

HðaÞ ¼ x. For n ¼ t� 1, aSqt ¼ ySqt is admissible and HðaSqtÞ ¼ y ¼
aþHðaÞSq2t�1. For 0a n < t� 1, by the equation (2),

aSqt ¼ xSqnþtSqt þ ySqt ¼ xSq2t�1Sqnþ1 þ xRþ ySqt;

where R A A2;2tþn½nþ 1�. Now xSq2t�1 A A½2nþ 1�, xR A A½nþ 1�, ySqt A
A½nþ 1�, and so HðaSqtÞ ¼ xSq2t�1 ¼ HðaÞSq2t�1.
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If a and b A As; t are ðnþ t� sÞ- and n-pseudo-admissible, respectively, then

a ^ b is n-pseudo-admissible, and so

yða ^ bÞ ¼ yðaÞ ^ yðbÞ

by the equation (8). Next we can check easily that

a ^ ðb ^ gÞ ¼ ða ^ bÞ ^ g:

Now we prove Theorem 2.

Proof of Theorem 2. We shall prove by induction on s. The s ¼ 1 case

is Lemma 4.

Let b ¼ b 0Sqb for b > n and admissible b 0 A As�1; t�b½2b� 1�H
As�1; t�b½nþ b� 1�. Then a ^ b 0 A A½nþ b� 1�. By induction and Lemma 4,

EHða ^ bÞ ¼ EHða ^ ðb 0 ^ SqbÞÞ

¼ EHðða ^ b 0Þ ^ SqbÞ

¼ ða ^ b 0Þ ^ EHðSqbÞ þ EHða ^ b 0Þ ^ yðSqbÞ

¼ a ^ ðb 0 ^ EHðSqbÞÞ

þ fa ^ EHðb 0Þ þ EHðaÞ ^ yðb 0Þg ^ yðSqbÞ

¼ a ^ fb 0 ^ EHðSqbÞ þ EHðb 0Þ ^ yðSqbÞg

þ EHðaÞ ^ ðyðb 0Þ ^ yðSqbÞÞ

¼ a ^ EHðbÞ þ EHðaÞ ^ yðbÞ:

3. Acyclic relations

For the lambda algebra L, the acyclic relations are equivalent to the

exactness of the following sequence for pb 2nþ 1:

Lðpþ 2nþ 3Þ ���!l2nþ1^
Lðpþ 1Þ ���!ln^

Lðp� nÞ:

Singer’s formulas are crucial to the proof. Now we have Singer’s formulas

(Theorems 1 and 2) and can prove the acyclic relations for the Steenrod algebra

A.

Proof of Theorem 3. By the Adem relation,

ð^SqaÞ � ð^Sq2a�1Þ ¼ 0:

Consider an element a A As; t½n� 1� with a ^ Sqa ¼ 0. For nb 2a, aSqa

is admissible, and so a ¼ 0.
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For n ¼ 2a� 1, a ¼ xSq2a�1 þ y A A½2a� 2�, where x ¼ HðaÞ A A½4a� 3�
and y A A½2a� 1�. So a ^ Sqa ¼ ySqa, and so y ¼ 0 by the case nb 2a

above. Thus a ¼ HðaÞ ^ Sq2a�1.

For n < 2a� 1, we have the following commutative diagram by Cor-

ollary 1:

As�1½nþ 2a� 3� ����!^Sq2a�1

As½n� 1� ����!^Sqa

Asþ1½n� a�???yH

???yH

???yH

As�2½2nþ 4a� 5� ����!^Sq4a�3

As�1½2n� 1� ����!^Sq2a�1

As½2n� 2aþ 1�

Then 0 ¼ Hða ^ SqaÞ ¼ HðaÞ ^ Sq2a�1. For s ¼ 1 we see a ¼ 1 ^ Sq2a�1 if

a is non-trivial. When s ¼ 2, we may assume that HðaÞ ¼ g ^ Sq4a�3 for

some g A A½2nþ 4a� 5�. Since H is surjective, we have an element f A
A½nþ 2a� 3� with Hð f Þ ¼ g. Then Hð f ^ Sq2a�1Þ ¼ Hð f Þ ^ Sq4a�3 ¼
g ^ Sq4a�3 ¼ HðaÞ. Hence a 0 ¼ aþ f ^ Sq2a�1 A A½n� 1� has Hða 0Þ ¼ 0,

and so a 0 A A½n� and a 0 ^ Sqa ¼ 0. By reverse-directed induction on n,

a 0 ¼ b 0 ^ Sq2a�1 for some b 0 A A½nþ 2a� 2�. Thus a ¼ b ^ Sq2a�1 for b ¼
f þ b 0 A A½nþ 2a� 3�.

Here, to prove the exactness of the upper sequence by the exactness of

the lower sequence we use the fact that 2n� 1 > n� 1 which comes from the

condition nb ab 1. We proceed by induction on s and we complete the

proof of Theorem 3.
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