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Abstract. We consider Riesz decomposition theorem for superbiharmonic functions in

the punctured ball. In fact, we show that under certain growth condition on surface

integrals, superbiharmonic functions are represented as a sum of potentials and

biharmonic functions.

1. Introduction

A function u on an open set WHRn ðnb 2Þ is called biharmonic if

ð�DÞ2u ¼ 0 on W. We say that a locally integrable function u on W is

superbiharmonic in W (in the weak sense) if ð�DÞ2u is a nonnegative measure

on W, that is,ð
W

uðxÞð�DÞ2jðxÞdxb 0 for all nonnegative j A Cy
0 ðWÞ:

We denote by H2ðWÞ and SH2ðWÞ the space of biharmonic functions on W

and the space of superbiharmonic functions on W, respectively. For funda-

mental properties of biharmonic functions, we refer to [1] and [8].

The open ball and the sphere centered at x with radius r are denoted

by Bðx; rÞ and Sðx; rÞ. We write BðrÞ ¼ Bð0; rÞ and SðrÞ ¼ Sð0; rÞ. We also

denote by B and B0 the unit ball Bð1Þ and the punctured unit ball Bnf0g,
respectively.

For a multi-index l ¼ ðl1; l2; . . . ; lnÞ and a point x ¼ ðx1; x2; . . . ; xnÞ, we
set

jlj ¼ l1 þ l2 þ � � � þ ln;

l! ¼ l1!l2! . . . ln!;

xl ¼ xl1
1 xl2

2 . . . xln
n
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and

Dl ¼ q

qx

� �l

¼ q

qx1

� �l1 q

qx2

� �l2

. . .
q

qxn

� �ln

:

Following the book by Hayman-Kennedy [4], we consider the Riesz kernel of

order 2m defined by

R2mðxÞ ¼
jxj2m�n if n is odd or n > 2m;

jxj2m�n logð1=jxjÞ if n is even and na 2m;

(

and the remainder term in the Taylor expansion of R2m, given by

R2m;Lðy; xÞ ¼ R2mðy� xÞ �
X
jljaL

yl

l!
ðDlR2mÞð�xÞ;

where L is a real number. Here note that ð�DÞmR2m ¼ a�1
m d0 and

ð�DÞmR2m;Lð�; xÞ ¼ a�1
m dx

with the Dirac measure dx at x and a constant am 0 0; in fact,

a�1
2 ¼ on

�4 when n ¼ 2;

�2 when n ¼ 3;

4 when n ¼ 4;

2ð4� nÞð2� nÞ when nb 5;

8>>><
>>>:

where on denotes the surface area of Sð1Þ.
For a Borel measurable function u on Rn, we define the average integral

over Sðx; rÞ by

Mðu; x; rÞ ¼ 1

onrn�1

ð
Sðx; rÞ

u dS:

If x is the origin, then we write Mðu; rÞ for Mðu; 0; rÞ.
Let G be a bounded open set in Rn. If u is superbiharmonic in a

neighborhood of G, then Riesz decomposition theorem implies that

uðxÞ ¼ a2

ð
G

R4ðx� yÞdmðyÞ þ hGðxÞ

for almost every x A G, where m ¼ ð�DÞ2u and hG is biharmonic in G. Re-

mark that the function u� defined by the right-hand side is lower semicontinuous

and locally integrable on G; further it satisfies

u�ðxÞ ¼ lim
r!0

Mðu�; x; rÞ ð1Þ
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for every x A G. In what follows, superbiharmonic functions are always as-

sumed to be locally integrable, Borel measurable and satisfy the mean value

property (1).

Our main result in the present note is the following.

Theorem 1. Let u A SH2ð2B0Þ and m ¼ ð�DÞ2u, where 2B0 ¼
Bð0; 2Þnf0g.

(1) If n ¼ 2 and Mðu; r2Þ � 2Mðu; rÞ is bounded above for r A ð0; 1Þ, then

uðxÞ ¼ a2

ð
B0

R4;1ðy; xÞdmðyÞ þ hðxÞ

holds for x A B0, where h A H2ðB0Þ.
(2) If n ¼ 3 and Mðu; r=2Þ � 2Mðu; rÞ is bounded above for r A ð0; 1Þ, then

uðxÞ ¼ a2

ð
B0

R4;0ðy; xÞdmðyÞ þ hðxÞ

holds for x A B0, where h A H2ðB0Þ.
(3) If n ¼ 4 and Mðu; r=2Þ � 4Mðu; rÞaOðlogð1=rÞÞ for r A ð0; 1=2Þ,

then

uðxÞ ¼ a2

ð
B0

R4ðy� xÞdmðyÞ þ hðxÞ

holds for x A B0, where h A H2ðB0Þ.
(4) If nb 5 and Mðu; r=2Þ � 2n�2Mðu; rÞaOðr4�nÞ for r A ð0; 1Þ, then

uðxÞ ¼ a2

ð
B0

R4ðy� xÞdmðyÞ þ hðxÞ

holds for x A B0, where h A H2ðB0Þ.

When u is superbiharmonic in Rn, a global representation theorem was

given by Kitaura-Mizuta [5], which is an extension of a result by Premalatha

[9].

Remark 2. If u A SH2ð2B0Þ and m ¼ ð�DÞ2u, then, as in the book of

Hayman-Kennedy [4], Futamura-Kishi-Mizuta [2] and Futamura-Mizuta [3], u

can be represented as

uðxÞ ¼ a2

ð
B0

R4;LðjyjÞðy; xÞdmðyÞ þ hðxÞ;

for x A B0, where h A H2ðB0Þ and LðrÞ is a nonincreasing positive function on

ð0; 1� such that LðrÞb 4� n.
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2. Spherical means for superbiharmonic functions

We write DkR2mðtÞ ¼ DkR2mðxÞ when t ¼ jxj. First, in view of Lemma 1

in [2], we note the following result.

Lemma 3. If u A H2ðB0Þ, then

Mðu; rÞ ¼ aþ br2 þ cR4ðrÞ þ dR2ðrÞ

for 0 < r < 1, where a, b, c, d are constants independent of r.

Corollary 4. If u A H2ðB0Þ, then:
(1) in case n ¼ 2, Mðu; r2Þ � 2Mðu; rÞ ¼ Oð1Þ as r ! 0þ;

(2) in case n ¼ 3, Mðu; r=2Þ � 2Mðu; rÞ ¼ Oð1Þ as r ! 0þ;

(3) in case n ¼ 4, Mðu; r=2Þ � 4Mðu; rÞ ¼ Oðlogð1=rÞÞ as r ! 0þ;

(4) in case nb 5, Mðu; r=2Þ � 2n�2Mðu; rÞ ¼ Oðr4�nÞ as r ! 0þ.

For t > 0 and r > 0, set

Gðt; rÞ ¼ R4ðtÞ �R4ðrÞ þ
1

2n
ðr2DR4ðtÞ � t2DR4ðrÞÞ;

that is,

Gðt; rÞ

¼

t2 logð1=tÞ � r2 logð1=rÞ þ r2ðlogð1=tÞ � 1Þ � t2ðlogð1=rÞ � 1Þ if n ¼ 2;

logð1=tÞ � logð1=rÞ � 1

4
ðr2=t2 � t2=r2Þ if n ¼ 4;

t4�n � r4�n þ 4� n

n
ðr2t2�n � t2r2�nÞ otherwise:

8>>>>><
>>>>>:

We know that Gðt; rÞ is strictly monotone as a function of t (see [3, Lemma

4.4]).

Lemma 5. Let u A SH2ð2B0Þ and m ¼ ð�DÞ2u. Then for 0 < r < 1,

Mðu; rÞ ¼ a2

ð
fy:r<jyj<1g

Gðjyj; rÞdmðyÞ þ aþ br2 þ cR4ðrÞ þ dR2ðrÞ;

where a, b, c, d are constants independent of r.

Proof. For fixed 0 < r0 < 1, we write

uðxÞ ¼ a2

ð
Aðr0Þ

R4;2ðy; xÞdmðyÞ þ h0ðxÞ
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for x A Aðr0Þ ¼ fx : r0 < jxj < 1g, where h0 is biharmonic in Aðr0Þ. Then, as

in the proof of Lemma 3 (see [2] and Ligocka [6]), we see that

Mðh0; rÞ ¼ a0 þ b0r
2 þ c0R4ðrÞ þ d0R2ðrÞ

for r0 < r < 1. Further, using Lemma 4.3 in [3], we find

Mðu� h0; rÞ ¼ a2

ð
AðrÞ

Gðjyj; rÞdmðyÞ;

so that

Mðu; rÞ ¼ a2

ð
AðrÞ

Gðjyj; rÞdmðyÞ þ a0 þ b0r
2 þ c0R4ðrÞ þ d0R2ðrÞ

for r0 < r < 1. This implies that the constants a0, b0, c0, d0 are determined

independently of r0. r

Noting that jR4;Lðy; xÞjaCjyjLþ1 as y ! 0 for fixed x A B0, Lb�1 and

some constant C > 0, we have the following result (cf. [7, Theorem 1]).

Lemma 6. Let m be a nonnegative measure on B0 such thatð
B0

jyjLþ1
dmðyÞ < y ð2Þ

for Lb�1. Then ð
B0

jR4;Lðy; xÞjdmðyÞDy on B0;

so that uðxÞ ¼ a2
Ð
B0

R4;Lðy; xÞdmðyÞ is superbiharmonic in B0.

3. Proof of Theorem 1 in case n ¼ 2

By Corollary 4 and Lemma 5, we have

Mðu; r2Þ � 2Mðu; rÞ ¼ a2

ð
fy:r2<jyj<rg

Gðjyj; r2ÞdmðyÞ

þ a2

ð
fy:rajyj<1g

fGðjyj; r2Þ � 2Gðjyj; rÞgdmðyÞ þOð1Þ:

Here we see that

Gðt; rÞ < 0 for 0 < r < t < 1

and
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Gðt; r2Þ � 2Gðt; rÞ ¼ �t2 logð1=tÞ � t2 þ ðr4 � 2r2Þ logð1=tÞ � 2r4 logð1=rÞ

þ 2r2 logð1=rÞ � r4 þ 2r2

¼ r2fðs2 � r2 þ 2Þ log s� ðs2 þ r2Þ logð1=rÞ � s2 � r2 þ 2g

for t ¼ rs. If r > 0 is so small that �ð2�1 þ r2Þ logð1=rÞ þ 1� r2 < 0, then

Gðt; r2Þ � 2Gðt; rÞ < � 1

2
t2 logð1=tÞ

for ra t < 1. (To show the last inequality, by change of variable s2 ¼ x,

consider

F ðxÞ ¼ ðx=2� r2 þ 2Þðlog xÞ=2� ðx=2þ r2Þ logð1=rÞ � x� r2 þ 2;

then F ð1Þ ¼ �ð2�1 þ r2Þ logð1=rÞ þ 1� r2 < 0 by our assumption. We see that

F 0ð1Þ < 0, F 0ð1=r2Þ < 0 and F 00ðxÞ ¼ fx� 2ð2� r2Þg=4x2 for 1 < x < 1=r2, so

that F 0ðxÞ < 0 and thus FðxÞ < 0 for 1 < x < 1=r2.)

Suppose Mðu; r2Þ � 2Mðu; rÞ is bounded above. Then we see thatð
fy:rajyj<1g

fGðjyj; r2Þ � 2Gðjyj; rÞgdmðyÞ is bounded;

which implies that ð
B0

jyj2 logð1=jyjÞdmðyÞ < y:

In view of Lemma 6, vðxÞ ¼ a2
Ð
B0

R4;1ðy; xÞdmðyÞ is superbiharmonic in B0, so

that hðxÞ ¼ uðxÞ � a2
Ð
B0

R4;1ðy; xÞdmðyÞ is biharmonic in B0, as required. r

Remark 7. Let u A SH2ð2B0Þ and m ¼ ð�DÞ2u, as before. If n ¼ 2 and

Mðu; rÞ ¼ Oðlogð1=rÞÞ for r A ð0; 1=2Þ, then the above proof shows thatð
B0

jyj2dmðyÞ < y;

so that u is represented as

uðxÞ ¼ a2

ð
B0

R4;1ðy; xÞdmðyÞ þ hðxÞ

on B0, where h A H2ðB0Þ (cf. [3, Theorem 1.3]). Further, if Mðjuj; rÞ ¼
Oðlogð1=rÞÞ for r A ð0; 1=2Þ, then [3, Theorem 1.4] implies thatð

B0

jyj2dmðyÞ < y
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and

uðxÞ ¼ a2

ð
B0

R4;1ðy; xÞdmðyÞ þ hðxÞ þ
X
jlja2

CðlÞDlR4ðxÞ

on B0, where h A H2ðBÞ and CðlÞ are constants.

4. Proof of Theorem 1 in case n ¼ 3

By Lemma 5, we have

Mðu; r=2Þ � 2Mðu; rÞ ¼ a2

ð
fy:r=2<jyj<rg

Gðjyj; r=2ÞdmðyÞ

þ a2

ð
fy:rajyj<1g

fGðjyj; r=2Þ � 2Gðjyj; rÞgdmðyÞ þOð1Þ:

We see that

Gðt; rÞ < 0 for r < t < 1

and

Gðt; r=2Þ � 2Gðt; rÞ ¼ �tþ 3r=2� 7r2=ð12tÞa�t=28 < 0:

Suppose Mðu; r=2Þ � 2Mðu; rÞ is bounded above. Then we see thatð
fy:rajyj<1g

fGðjyj; r=2Þ � 2Gðjyj; rÞgdmðyÞ is bounded;

which implies that ð
B0

jyjdmðyÞ < y:

In view of Lemma 6, vðxÞ ¼ a2
Ð
B0

R4;0ðy; xÞdmðyÞ is superbiharmonic in B0, so

that hðxÞ ¼ uðxÞ � a2
Ð
B0

R4;0ðy; xÞdmðyÞ is biharmonic in B0, as required.

Remark 8. Let u A SH2ð2B0Þ and m ¼ ð�DÞ2u, as before. If n ¼ 3 and

Mðu; rÞ ¼ Oð1=rÞ for r A ð0; 1Þ, then the above proof shows thatð
B0

jyj2dmðyÞ < y;

so that u is represented as

uðxÞ ¼ a2

ð
B0

R4;1ðy; xÞdmðyÞ þ hðxÞ

on B0, where h A H2ðB0Þ (cf. [3, Theorem 1.3]).
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5. Proof of Theorem 1 in case n ¼ 4

By Lemma 5, we have

Mðu; r=2Þ � 4Mðu; rÞ ¼ a2

ð
fy:r=2<jyj<rg

Gðjyj; r=2ÞdmðyÞ

þ a2

ð
fy:rajyj<1g

fGðjyj; r=2Þ � 4Gðjyj; rÞgdmðyÞ

þOðlogð1=rÞÞ:

We see that

Gðt; rÞ > 0 for t > r

and

Gðt; r=2Þ � 4Gðt; rÞ ¼ 3 log
t

r
þ 15

16

r

t

� �2

� log 2b log
t

r
þ 15

16
� log 2 > 0

for ra t < 1. Suppose fMðu; r=2Þ � 4Mðu; rÞg=logð1=rÞ is bounded above.

Then ð
fy:rajyj<1g

fGðjyj; r=2Þ � 4Gðjyj; rÞgdmðyÞ ¼ Oðlogð1=rÞÞ:

Hence it follows thatð
fy:rajyj<1g

logðjyj=rÞdmðyÞ ¼ Oðlogð1=rÞÞ;

which implies that mðB0Þ < y. Consequently, vðxÞ ¼ a2
Ð
B0

R4ðx� yÞdmðyÞ is

superbiharmonic in B0, so that we see that hðxÞ ¼ uðxÞ � a2
Ð
B0

R4ðx� yÞdmðyÞ
is biharmonic in B0, as required.

Remark 9. Let u A SH2ð2B0Þ and m ¼ ð�DÞ2u, as before. If n ¼ 4 and

Mðu; rÞ ¼ Oðr�2Þ for r A ð0; 1Þ, then the above proof shows thatð
B0

jyj2dmðyÞ < y;

so that u is represented as

uðxÞ ¼ a2

ð
B0

R4;1ðy; xÞdmðyÞ þ hðxÞ

on B0, where h A H2ðB0Þ (cf. [3, Theorem 1.3]).
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6. Proof of Theorem 1 in case nb 5

By Lemma 5, we have

Mðu; r=2Þ � 2n�2Mðu; rÞ ¼ a2

ð
fy:r=2<jyj<rg

Gðjyj; r=2ÞdmðyÞ

þ a2

ð
fy:rajyj<1g

fGðjyj; r=2Þ � 2n�2Gðjyj; rÞgdmðyÞ

þOðr4�nÞ:

We see that

Gðt; rÞ > 0 for t > r

and

Gðt; r=2Þ � 2n�2Gðt; rÞ

¼ �ð2n�2 � 1Þt4�n þ ð2n�2 � 2n�4Þr4�n þ ððn� 4Þ=4nÞð2n � 1Þr2t2�n

¼ r4�nf�ð2n�2 � 1Þðr=tÞn�4 þ 3 � 2n�4 þ ððn� 4Þ=4nÞð2n � 1Þðr=tÞn�2g

b r4�nf2n�2ð3n� 16Þ þ 3nþ 4g=ð4nÞ > 0

for ra t < 1.

Suppose fMðu; r=2Þ � 2n�2Mðu; rÞg=r4�n is bounded above. Thenð
f y:rajyj<1g

fGðjyj; r=2Þ � 2n�2Gðjyj; rÞgdmðyÞ ¼ Oðr4�nÞ:

Hence it follows that mðB0Þ < y, so that hðxÞ ¼ uðxÞ � a2
Ð
B0

R4ðx� yÞdmðyÞ is
biharmonic in B0, as required.

Remark 10. Let u A SH2ð2B0Þ and m ¼ ð�DÞ2u, as before. If nb 5

and Mðu; rÞ ¼ Oðr2�nÞ for r A ð0; 1Þ, then the above proof shows thatð
B0

jyj2dmðyÞ < y;

so that u is represented as

uðxÞ ¼ a2

ð
B0

R4;1ðy; xÞdmðyÞ þ hðxÞ

on B0, where h A H2ðB0Þ (cf. [3, Theorem 1.3]).

7. The harmonic case

Let n ¼ 2 and suppose u A SHð2B0Þ. If we set n ¼ ð�DÞu, then
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Mðu; rÞ ¼ 1

2p

ð
AðrÞ

logðr=jyjÞdnðyÞ þ aþ b logð1=rÞ

for 0 < r < 1, where a and b are constants. Hence we have the following:

(1) If Mðu; rÞ ¼ Oðlogð1=rÞÞ for r A ð0; 1=2Þ, then we can show that

nðB0Þ < y and

uðxÞ ¼ 1

2p

ð
B0

logð1=jx� yjÞdnðyÞ þ hðxÞ

on B0, where h is harmonic in B0 (see also [3, Theorem 1.3]). Fur-

ther, if Mðjuj; rÞ ¼ Oðlogð1=rÞÞ for r A ð0; 1=2Þ, then, in view of [2,

Theorem 1] and [3, Theorem 1.4], we can show that nðB0Þ < y and

uðxÞ ¼ 1

2p

ð
B0

logð1=jx� yjÞdnðyÞ þ hðxÞ þ a logð1=jxjÞ

on B0, where h is harmonic in B and a is a constant.

(2) If Mðu; r2Þ � 2Mðu; rÞbOðlogð1=rÞÞ for r A ð0; 1=2Þ, then we can

show that

uðxÞ ¼ 1

2p

ð
B0

ðlogð1=jx� yjÞ � logð1=jxjÞÞdnðyÞ þ hðxÞ

on B0, where h is harmonic in B0 (cf. Premalatha [9]).

Let nb 3 and suppose u A SHð2B0Þ. If we set n ¼ ð�DÞu, then

Mðu; rÞ ¼ a1

ð
AðrÞ

ðr2�n � jyj2�nÞdnðyÞ þ aþ br2�n

for 0 < r < 1, where a1 ¼ �1=ððn� 2ÞonÞ, a and b are constants. Hence we

have the following:

(1) If Mðu; rÞ ¼ Oðr2�nÞ for r A ð0; 1Þ, then nðB0Þ < y and

uðxÞ ¼ �a1

ð
B0

jx� yj2�n
dnðyÞ þ hðxÞ

on B0, where h is harmonic in B0 (see also [3, Theorem 1.3]). Fur-

ther, if Mðjuj; rÞ ¼ Oðr2�nÞ for r A ð0; 1Þ, then [2, Theorem 1] or [3,

Theorem 1.4] implies that nðB0Þ < y and

uðxÞ ¼ �a1

ð
B0

jx� yj2�n
dnðyÞ þ hðxÞ þ ajxj2�n

on B0, where h is harmonic in B and a is a constant.

(2) If Mðu; r=2Þ � 2n�2Mðu; rÞbOðr2�nÞ for r A ð0; 1Þ, then we can show

that
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uðxÞ ¼ �a1

ð
B0

ðjx� yj2�n � jxj2�nÞdnðyÞ þ hðxÞ

on B0, where h is harmonic in B0.
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