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Abstract. We give two kinds of direct sum decompositions of the class of infinitely

di¤erentiabe functions. They are related to the kernel of the higher order partial

derivative operator and the polynomial space.

1. Introduction

Let Rn be the n-dimensional Euclidean space. The points of Rn are

ordered n-tuples x ¼ ðx1; . . . ; xnÞ where each xj is a real number. If a ¼
ða1; . . . ; anÞ is an n-tuple of nonnegative integers, then a is called a multi-

index. We let jaj ¼ a1 þ � � � þ an and a! ¼ a1! . . . an!. For a multi-index a ¼
ða1; . . . ; anÞ the higher partial derivative Da is defined by

Da ¼ Da1
1 . . .Dan

n ;

where Dj ¼ q=qxj ð j ¼ 1; . . . ; nÞ. For multi-indices a and b, the notation

ab b stands for aj b bj for 1a ja n. Further, a > b means that ab b

and aj > bj for some j.

The following problem has been studied by several authors. For a

function space H and a di¤erential operator T on H, the kernel of T in

H is denoted by

Ker T jH ¼ fu A H : Tu ¼ 0g:

For a subspace V of H, if a subspace W of H satisfies the condition

H ¼ V lW ;

then W is called a complementary space of V in H where the symbol l means
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a direct sum. We write W ¼ V cpjH. The problem is to describe a comple-

mentary space of Ker T jH in H.

In L2-spaces, complementary spaces of the kernels of the iterated Laplace

operator and the iterated Cauchy-Riemann operator are studied in [1], [2] and

[4]. In Lp-spaces, a complementary space of the kernel of the divergence

operator is treated in [6]. Moreover, the articles [3] and [5] deal with

complementary spaces of the kernels of the Laplace operator and the diver-

gence operator in Sobolev spaces.

In this paper we are concerned with the case H ¼ CyðRnÞ (the class

of infinitely di¤erentiable functions on Rn) and T ¼ Da. We investigate

Ker Da jCyðRnÞ and a complementary space of Ker Da jCyðRnÞ in CyðRnÞ.
For a positive integer l, it is clear that

7jaj¼l
Ker Da jCyðRnÞ ¼ PlðRnÞ;

where PlðRnÞ is the class of polynomials on Rn of order l� 1. We also study

a complementary space of PlðRnÞ in CyðRnÞ. In one dimensional case we

note the following fact. For a positive integer l, Dl denotes the derivative of

order l, and for f A CyðR1Þ we put

K lf ðxÞ ¼
ð x
0

ðx� tÞl�1

ðl� 1Þ! f ðtÞdt:

By the integral remainder formula for Taylor’s theorem we obtain

ðKer Dl jCyðR1ÞÞcp jCyðR1Þ ¼ ðPlðR1ÞÞcp jCyðR1Þ ¼ fK lf : f A CyðR1Þg:

In section 2 for a nonzero multi-index a and a positive integer p with

1a paaðMaÞ (see § 2), we introduce quasi-polynomials of order ða; pÞ, and

give a necessary and su‰cient condition that a quasi-polynomial of order ða; 1Þ
vanishes (Theorem 2.3). Moreover we prove that Ker Da jCyðRnÞ is the class

Pa;1ðRnÞ of quasi-polynomials of order ða; 1Þ (Theorem 2.5). In section 3 for

a nonzero multi-index a we define the class KaðRnÞ of partial primitives of

order a, and give the direct sum decomposition of CyðRnÞ by Pa;1ðRnÞ and

KaðRnÞ (Theorem 3.5). Hence we obtain that ðKer Da jCyðRnÞÞcp jCyðRnÞ
¼ KaðRnÞ. In section 4 for a positive integer l we introduce the class

KlðRnÞ of polyprimitives of order l, and give the direct sum decomposition

of CyðRnÞ by the class PlðRnÞ and the class KlðRnÞ (Theorem 4.13). There-

fore we obtain that ðPlðRnÞÞcp jCyðRnÞ ¼ KlðRnÞ.

2. Quasi-polynomials and kernels of higher order partial derivatives

First we introduce quasi-polynomials and study their properties. For a

subset fi1; . . . ; ipgH f1; . . . ; ng and x ¼ ðx1; . . . ; xnÞ, the symbol xðxi1 ; . . . ; xip ;
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t1; . . . ; tpÞ means the replacement of xij by tj ð j ¼ 1; . . . ; pÞ, and the notation

f ðfxi1 ; . . . ; xipg
cÞ stands for a function of the remaining variables of fxi1 ; . . . ;

xipg in the variables x1; . . . ; xn. For example, xðx1; t1Þ ¼ ðt1; x2; . . . ; xnÞ and

f ðfx1gcÞ ¼ f ðx2; . . . ; xnÞ.
For a multi-index a ¼ ða1; . . . ; anÞ, we set

Ma ¼ f j A f1; . . . ; ng : aj 0 0g:

We denote by aðMaÞ the number of elements of Ma.

Let a be a nonzero multi-index and 1a paaðMaÞ. The notation Ma;p

denotes the collection of subsets of Ma which have p elements. If a function

PðxÞ has the following form

PðxÞ ¼
X

fi1;...; ipg AMa; p

Xai1�1

j1¼0

. . .
Xaip�1

jp¼0

vi1;...; ip; j1;...; jpðfxi1 ; . . . ; xipg
cÞx j1

i1
. . . x

jp
ip
;

where vi1;...; ip; j1;...; jp A CyðRn�pÞ, then we call PðxÞ a quasi-polynomial of order

ða; pÞ. We denote by Pa;p the set of all quasi-polynomials of order ða; pÞ.
We note that Pa;p IPa;q for 1a pa qaaðMaÞ.

We put

Rn; j ¼ fðx1; . . . ; xnÞ A Rn : xj ¼ 0g; j ¼ 1; . . . ; n:

For a nonzero multi-index a ¼ ða1; . . . ; anÞ and 1a paaðMaÞ, we say

that a function v satisfies condition Ca;p, if for any fi1; . . . ; ipg A Ma;p and

0a j1 a ai1 � 1; . . . ; 0a jp a aip � 1,

D
j1
i1
. . .D

jp
ip
vðxÞ ¼ 0 for x A 7p

k¼1
Rn; ik :

Lemma 2.1. Let a be a nonzero multi-index with aðMaÞb 2 and 1a

paaðMaÞ � 1. If a quasi-polynomial P of order ða; pÞ satisfies condition Ca;p,

then P is a quasi-polynomial of order ða; pþ 1Þ.

Proof. Let

PðxÞ ¼
X

fi1;...; ipg AMa; p

Xai1�1

j1¼0

. . .
Xaip�1

jp¼0

vi1;...; ip; j1;...; jpðfxi1 ; . . . ; xipg
cÞx j1

i1
. . . x

jp
ip
;ð2:1Þ

where vi1;...; ip; j1;...; jp A CyðRn�pÞ. We show that for each fk1; . . . ; kpg A Ma;p and

0a l1 a ak1 � 1; . . . ; 0a lp a akp � 1, the function vk1;...;kp;l1;...;lpðfxk1 ; . . . ; xkpg
cÞ

becomes the following form:
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vk1;...;kp;l1;...;lpðfxk1 ; . . . ; xkpg
cÞð2:2Þ

¼
X

q AMa�fk1;...;kpg

Xaq�1

jq¼0

v
q; jq
k1;...;kp;l1;...;lp

ðfxk1 ; . . . ; xkp ; xqg
cÞx jq

q ;

where v
q; jq
k1;...;kp;l1;...;lp

A CyðRn�p�1Þ. We fix fk1; . . . ; kpg A Ma;p and 0a l1 a

ak1 � 1; . . . ; 0a lp a akp � 1. We divide PðxÞ as follows:

PðxÞ ¼
Xak1�1

j1¼0

. . .
Xakp�1

jp¼0

vk1;...;kp; j1;...; jpðfxk1 ; . . . ; xkpg
cÞx j1

k1
. . . x

jp
kp

þ
X

fi1;...; ipg0fk1;...;kpg

Xai1�1

j1¼0

. . .
Xaip�1

jp¼0

vi1;...; ip; j1;...; jpðfxi1 ; . . . ; xipg
cÞx j1

i1
. . . x

jp
ip

¼ P1ðxÞ þ P2ðxÞ:

We denote by uðxÞj7 p

j¼1 R
n; kj the restriction of a function uðxÞ on Rn to

7p

j¼1
Rn;kj . Namely, uðxÞj7 p

j¼1 R
n; kj ¼ uðxðxk1 ; . . . ; xkp ; 0; . . . ; 0ÞÞ. By condition

Ca;p we have

0 ¼ Dl1
k1
. . .D

lp
kp
PðxÞj7p

j¼1 R
n; kjð2:3Þ

¼ Dl1
k1
. . .D

lp
kp
P1ðxÞj7 p

j¼1 R
n; kj þDl1

k1
. . .D

lp
kp
P2ðxÞj7 p

j¼1 R
n; kj

¼ I þ J:

For I we see that

I ¼
Xak1�1

j1¼0

. . .
Xakp�1

jp¼0

vk1;...;kp; j1;...; jpðfxk1 ; . . . ; xkpg
cÞð2:4Þ

�Dl1
k1
. . .D

lp
kp
ðx j1

k1
. . . x

jp
kp
Þj7p

j¼1 R
n; kj

¼
Xak1�1

j1¼l1

. . .
Xakp�1

jp¼lp

vk1;...;kp; j1;...; jpðfxk1 ; . . . ; xkpg
cÞ

� ð j1Þl1 . . . ð jpÞlpx
j1�l1
k1

. . . x
jp�lp
kp

j7 p

j¼1 R
n; kj

¼ l1! . . . lp!vk1;...;kp;l1;...;lpðfxk1 ; . . . ; xkpg
cÞ;

where

ð jiÞli ¼ jið ji � 1Þ . . . ð ji � li þ 1Þ; i ¼ 1; . . . ; p:
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For J we have

J ¼
X

fi1;...; ipg0fk1;...;kpg

Xai1�1

j1¼0

. . .
Xaip�1

jp¼0

�Dl1
k1
. . .D

lp
kp
ðvi1;...; ip; j1;...; jpðfxi1 ; . . . ; xipg

cÞx j1
i1
. . . x

jp
ip
Þj7 p

j¼1 R
n; kj

¼
X

fi1;...; ipg0fk1;...;kpg

Xai1�1

j1¼0

. . .
Xaip�1

jp¼0

J
k1;...;kp;l1;...;lp
i1;...; ip; j1;...; jp

:

In order to calculate J
k1;...;kp;l1;...;lp
i1;...; ip; j1;...; jp

, we put t ¼affi1; . . . ; ipgV fk1; . . . ; kpgg.
Since fi1; . . . ; ipg0 fk1; . . . ; kpg, we note that 0a ta p� 1. We may assume

that fi1; . . . ; ipgV fk1; . . . ; kpg ¼ fi1; . . . ; itg and itþ1 < � � � < ip. We note that

since 0a ta p� 1, itþ1 exists and is uniquely determined. Further, let i1 ¼
kn1 ; . . . ; it ¼ knt and f1; . . . ; pg � fn1; . . . ; ntg ¼ fntþ1; . . . ; npg. Then we have

J
k1;...;kp;l1;...;lp
i1;...; ip; j1;...; jp

¼ D
lntþ1

kntþ1
. . .D

lnp
knp

vi1;...; ip; j1;...; jpðfxi1 ; . . . ; xipg
cÞ

�D
ln1
i1

. . .D
lnt
it
ðx j1

i1
. . . x

jp
ip
Þj7p

j¼1 R
n; kj :

If ð j1; . . . ; jtÞ0 ðln1 ; . . . ; lntÞ, then

D
ln1
i1

. . .D
lnt
it
ðx j1

i1
. . . x

jp
ip
Þj7p

j¼1 R
n; kj ¼ 0

and hence

J
k1;...;kp;l1;...;lp
i1;...; ip; j1;...; jp

¼ 0:

When j1 ¼ ln1 ; . . . ; jt ¼ lnt , we have

J
k1;...;kp;l1;...;lp
i1;...; ip;ln1 ;...;lnt ; jtþ1;...; jp

¼ D
lntþ1

kntþ1
. . .D

lnp
knp

vi1;...; ip;ln1 ;...;lnt ; jtþ1;...; jpðfxi1 ; . . . ; xipg
cÞ

� ln1 ! . . . lnt !x
jtþ1

itþ1
. . . x

jp
ip
j7 p

j¼1 R
n; kj :

Since the function

D
lntþ1

kntþ1
. . .D

lnp
knp

vi1;...; ip;ln1 ;...;lnt ; jtþ1;...; jpðfxi1 ; . . . ; xipg
cÞln1 ! . . . lnt !x

jtþ2

itþ2
. . . x

jp
ip
j7p

j¼1 R
n; kj

does not contain xk1 ; . . . ; xkp ; xitþ1
as variables, we can replace it by

w
k1;...;kp;l1;...;lp
i1;...; ip;ln1 ;...;lnt ; jtþ1;...; jp

ðfxk1 ; . . . ; xkp ; xitþ1
gcÞ:

Therefore we have

J ¼
X

fi1;...; ipg0fk1;...;kpg

Xaitþ1
�1

jtþ1¼0

. . .
Xaip�1

jp¼0

w
k1;...;kp;l1;...;lp
i1;...; ip;ln1 ;...;lnt ; jtþ1;...; jp

ðfxk1 ; . . . ; xkp ; xitþ1
gcÞx jtþ1

itþ1
:
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Since itþ1 A Ma � fk1; . . . ; kpg and 0a jtþ1 a aitþ1
� 1, J becomes the following

form:

J ¼
X

q AMa�fk1;...;kpg

Xaq�1

jq¼0

u
q; jq
k1;...;kp;l1;...;lp

ðfxk1 ; . . . ; xkp ; xqg
cÞx jq

q ;ð2:5Þ

where

u
q; jq
k1;...;kp;l1;...;lp

ðfxk1 ; . . . ; xkp ; xqg
cÞ

¼
X

fi1;...; ipg0fk1;...;kpg; itþ1¼q

Xaitþ2�1

jtþ2¼0

. . .
Xaip�1

jp¼0

w
k1;...;kp;l1;...;lp
i1;...; ip;ln1 ;...;lnt ; jq; jtþ2;...; jp

ðfxk1 ; . . . ; xkp ; xitþ1
gcÞ:

By (2.3), (2.4) and (2.5) we have

vk1;...;kp;l1;...;lpðfxk1 ; . . . ; xkpg
cÞ

¼ � 1

l1! . . . lp!

X
q AMa�fk1;...;kpg

Xaq�1

jq¼0

u
q; jq
k1;...;kp;l1;...;lp

ðfxk1 ; . . . ; xkp ; xqg
cÞx jq

q

¼
X

q AMa�fk1;...;kpg

Xaq�1

jq¼0

v
q; jq
k1;...;kp;l1;...;lp

ðfxk1 ; . . . ; xkp ; xqg
cÞx jq

q ;

where we put

v
q; jq
k1;...;kp;l1;...;lp

ðfxk1 ; . . . ; xkp ; xqg
cÞ ¼ � 1

l1! . . . lp!
u
q; jq
k1;...;kp;l1;...;lp

ðfxk1 ; . . . ; xkp ; xqg
cÞ:

Thus we obtain (2.2). We substitute (2.2) into (2.1). Then we have

PðxÞ ¼
X

fi1;...; ipg AMa; p

Xai1�1

j1¼0

. . .
Xaip�1

jp¼0

�
X

q AMa�fi1;...; ipg

Xaq�1

jq¼0

v
q; jq
i1;...; ip; j1;...; jp

ðfxi1 ; . . . ; xip ; xqg
cÞx jq

q

0@ 1Ax
j1
i1
. . . x

jp
ip

¼
X

fi1;...; ipþ1g AMa; pþ1

Xai1�1

j1¼0

. . .
Xaipþ1

�1

jpþ1¼0

vi1;...; ipþ1; j1;...; jpþ1
ðfxi1 ; . . . ; xipþ1

gcÞx j1
i1
. . . x

jpþ1

ipþ1

by putting
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vi1;...; ipþ1; j1;...; jpþ1
ðfxi1 ; . . . ; xipþ1

gcÞ

¼
Xpþ1

k¼1

v
ik ; jk

i1;...;bik ;...; ipþ1; j1;...;bjk ;...; jpþ1

ðfxi1 ; . . . ;cxikxik ; . . . ; xipþ1
; xikg

cÞ;

where the symbol b indicates that the variable underneath is deleted. Since

vi1;...; ipþ1; j1;...; jpþ1
A CyðRn�p�1Þ, we obtain the lemma.

Lemma 2.2. If a quasi-polynomial P of order ða;aðMaÞÞ satisfies condition

Ca;aðMaÞ, then P ¼ 0.

Proof. Let aðMaÞ ¼ m, Ma ¼ fr1; . . . ; rmg and

PðxÞ ¼
Xar1�1

j1¼0

. . .
Xarm�1

jm¼0

vr1;...; rm; j1;...; jmðfxr1 ; . . . ; xrmg
cÞx j1

r1
. . . x jm

rm
:

For each l1; . . . ; lm with 0a l1 a ar1 � 1; . . . ; 0a lm a arm � 1, by condition

Ca;m we have

0 ¼ Dl1
r1
. . .Dlm

rm
PðxÞj7m

j¼1 R
n; rj

¼
Xar1�1

j1¼0

. . .
Xarm�1

jm¼0

vr1;...; rm; j1;...; jmðfxr1 ; . . . ; xrmg
cÞDl1

r1
. . .Dlm

rm
ðx j1

r1
. . . x jm

rm
Þj7m

j¼1 R
n; rj

¼ l1! . . . lm!vr1;...; rm;l1;...;lmðfxr1 ; . . . ; xrmg
cÞ:

This implies that vr1;...; rm;l1;...;lm ¼ 0, and hence P ¼ 0.

By Lemmas 2.1 and 2.2 we see that

Theorem 2.3. Let P be a quasi-polynomial of order ða; 1Þ. Then P ¼ 0 if

and only if P satisfies conditions Ca;p for 1a paaðMaÞ.

Next we determine Ker Da jCyðRnÞ. The symbol ej stands for the multi-

index (or the point of Rn) which has 1 in the jth spot and 0 everywhere else

ð j ¼ 1; . . . ; nÞ. For a positive integer l we denote by C lðRnÞ the class of

di¤erentiable functions on Rn up to the order l and continuous with their

derivatives. For f A CyðRnÞ we set

Ij f ðxÞ ¼
ð xj
0

f ðxðxj; tÞÞdt; j ¼ 1; . . . ; n:

We need the following lemma which is obtained by elementary calculations.

Lemma 2.4. Let f A CyðRnÞ. Then for any positive integer l, Ij f A
C lðRnÞ and for jaj ¼ l
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DaIj f ¼
Da�ej f ; aj b 1;

IjD
af ; aj ¼ 0:

�
In particular, Ij f A CyðRnÞ.

We prove

Theorem 2.5. Let a be a nonzero multi-index and v A CyðRnÞ. Then

Dav ¼ 0 if and only if v is a quasi-polynomial of order ða; 1Þ.

Proof. (‘‘if ’’ part) Let Ma ¼ fr1; . . . ; rmg and

vðxÞ ¼
Xm
i¼1

Xari�1

li¼0

vri ;liðfxrig
cÞxli

ri
;

where vri ;liðfxrig
cÞ A CyðRn�1Þ. Then we have

DavðxÞ ¼
Xm
i¼1

Xari�1

li¼0

Daðvri ;liðfxrig
cÞxli

ri
Þ

¼
Xm
i¼1

Xari�1

li¼0

ðDar1
r1 . . .

d
D

ari
riD
ari
ri . . .Darm

rm
vri ;liðfxrig

cÞÞDari
ri x

li
ri

¼ 0

because D
ari
ri x

li
ri
¼ 0.

(‘‘only if ’’ part) We must prove the assertion that if Dav ¼ 0, then v is a

quasi-polynomial of order ða; 1Þ. We show the assertion by induction with

respect to a. We consider the case a ¼ ej ð j ¼ 1; . . . ; nÞ. Let Djv ¼ 0. Then

vðxÞ ¼
ð xj
0

Djvðxðxj; tÞÞdtþ vðxðxj; 0ÞÞ

¼ vðxðxj; 0ÞÞ ¼ vj;0ðfxjgcÞ:

Since vj;0ðfxjgcÞ A CyðRn�1Þ, the assertion holds for a ¼ ej. We assume that

the assertion holds for a. We show that the assertion holds for aþ ej
ð j ¼ 1; . . . ; nÞ. Let Ma ¼ fr1; . . . ; rmg. First we consider the case j A Ma.

Let j ¼ rs and Daþers v ¼ 0. We put u ¼ Ders v. Then Dau ¼ 0. By the as-

sumption of induction we have

uðxÞ ¼
Xm
i¼1

Xari�1

li¼0

uri ;liðfxrig
cÞxli

ri
;

where uri ;liðfxrig
cÞ A CyðRn�1Þ. Hence we have
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vðxÞ ¼
ð xrs
0

Drsvðxðxrs ; tÞÞdtþ vðxðxrs ; 0ÞÞ

¼
ð xrs
0

uðxðxrs ; tÞÞdtþ vðxðxrs ; 0ÞÞ

¼
X

i¼1;...;m; i0s

Xari�1

li¼0

ð xrs
0

uri ;liðfxrig
cðxrs ; tÞÞxli

ri
dt

þ
Xars�1

ls¼0

urs;lsðfxrsg
cÞ
ð xrs
0

tls dtþ vðxðxrs ; 0ÞÞ:

We put

vri ;liðfxrig
cÞ ¼

ð xrs
0

uri ;liðfxrig
cðxrs ; tÞÞdt; i0 s; li ¼ 0; . . . ; ari � 1;

vrs;lsðfxrsg
cÞ ¼ urs;ls�1ðfxrsg

cÞ
ls

; ls ¼ 1; . . . ; ars

and

vrs;0ðfxrsg
cÞ ¼ vðxðxrs ; 0ÞÞ:

Then we have

vðxÞ ¼
X

i¼1;...;m; i0s

Xari�1

li¼0

vri ;liðfxrig
cÞxli

ri
þ
Xars
ls¼0

vrs;lsðfxrsg
cÞxls

rs
:

Since vri ;li A CyðRn�1Þ by Lemma 2.4, the assertion holds for aþ ers
ðs ¼ 1; . . . ;mÞ. Next we consider the case j B Ma. Let Daþej v ¼ 0. We put

u ¼ Dej v. Then Dau ¼ 0. By the assumption of induction we have

uðxÞ ¼
Xm
i¼1

Xari�1

li¼0

uri ;liðfxrig
cÞxli

ri
;

where uri ;liðfxrig
cÞ A CyðRn�1Þ. Since j B Ma, we see that

vðxÞ ¼
ð xj
0

Djvðxðxj; tÞÞdtþ vðxðxj; 0ÞÞ

¼
ð xj
0

uðxðxj; tÞÞdtþ vðxðxj; 0ÞÞ

¼
Xm
i¼1

Xari�1

li¼0

ð xj
0

uri ;liðfxrig
cðxj; tÞÞxli

ri
dtþ vðxðxj; 0ÞÞ:
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We put

vri ;liðfxrig
cÞ ¼

ð xj
0

uri ;liðfxrig
cðxj; tÞÞdt; i ¼ 1; . . . ;m; li ¼ 0; . . . ; ari � 1

and

vj;0ðfxjgcÞ ¼ vðxðxj; 0ÞÞ:

Then

vðxÞ ¼
Xm
i¼1

Xari�1

li¼0

vri ;liðfxrig
cÞxli

ri
þ vj;0ðfxjgcÞ:

Since vri ;liðfxrig
cÞ A CyðRn�1Þ by Lemma 2.4, the assertion holds for aþ ej

with j B Ma. We complete the proof of the theorem.

3. Partial primitives and the first decomposition of CyðRnÞ

In this section we introduce partial primitives of order a, and give the first

direct sum decomposition of CyðRnÞ.
For a multi-index a with Ma ¼ fr1; . . . ; rmg and f A CyðRnÞ we put

K af ðxÞ ¼
ð xr1
0

. . .

ð xrm
0

ðxr1 � t1Þar1�1 . . . ðxrm � tmÞarm�1

ðar1 � 1Þ! � � � ðarm � 1Þ!

� f ðxðxr1 ; . . . ; xrm ; t1; . . . ; tmÞÞdt1 . . . dtm:

In order to investigate properties of K af , we introduce the following operators:

For f A CyðRnÞ, we set I 0j ¼ f , I 1j f ¼ Ij f and I lj f ¼ IjðI l�1
j f Þ, l ¼ 2; 3; . . . ,

and for a multi-index a ¼ ða1; . . . ; anÞ we put

I af ¼ I a11 . . . I ann f :

The order of I a11 . . . I ann is irrelevant since IkIj f ¼ IjIk f by Fubini’s theorem.

By Lemma 2.4 we see that

Lemma 3.1. Let a, b be multi-indices with ab b and f A CyðRnÞ. Then

I af A CyðRnÞ and DbI af ¼ I a�bf .

By Fubini’s theorem we have

Lemma 3.2. Let f A CyðRnÞ. Then

K af ¼ I af :

The properties of K af are given by the following proposition.
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Proposition 3.3. Let f A CyðRnÞ. Then

(i) K af A CyðRnÞ.
(ii) For multi-indices a and b with ab b, DbK af ¼ K a�bf . In particular,

DaK af ¼ f .

(iii) For multi-indices a and b with a > b, DbK af ðxÞ ¼ 0 for x A
6

j AMa�b
Rn; j .

Proof. The assertions (i) and (ii) follow from Lemmas 3.1 and 3.2. Fur-

ther, the definition of K a and (ii) give (iii).

Noting that K af satisfies the property (iii) of Proposition 3.3, we introduce

the following definition: For a nonzero multi-index a we say that a function

v satisfies condition Ba if for any multi-index b with b < a, DbvðxÞ ¼ 0 for

x A 6
j AMa�b

Rn; j. Moreover we denote by KaðRnÞ the image of K a. Namely

KaðRnÞ ¼ fK af : f A CyðRnÞg:

We state a relation among condition Ba, conditions Ca;p for 1a paaðMaÞ
and KaðRnÞ.

Proposition 3.4. Let a be a nonzero multi-index. For v A CyðRnÞ, the

following three conditions are equivalent.

(i) v satisfies condition Ba.

(ii) v satisfies conditions Ca;p for 1a paaðMaÞ.
(iii) v A KaðRnÞ.

Proof. (i) ) (ii). Let 1a paaðMaÞ, fi1; . . . ; ipg A Ma;p and 0a j1 a

ai1 � 1; . . . ; 0a jp a aip � 1. Let b be the multi-index which has jk in the ikth

spot ðk ¼ 1; . . . ; pÞ and 0 everywhere else. Since b < a and Ma�b I fi1; . . . ; ipg,
the condition (i) implies DbvðxÞ ¼ D

j1
i1
. . .D

jp
ip
vðxÞ ¼ 0 for x A 6p

k¼1
Rn; ik . Since

6p

k¼1
Rn; ik I7p

k¼1
Rn; ik , we obtain (ii).

(ii) ) (iii). We put f ¼ Dav. Then, by Proposition 3.3 (ii) we have

Daðv� K af Þ ¼ f � f ¼ 0:

Hence Theorem 2.5 implies that P ¼ v� K af A Pa;1. By Proposition 3.3 (iii)

and the above proof (i) ) (ii), K af satisfies the conditions Ca;p for 1a pa

aðMaÞ. Moreover, since v satisfies the condition Ca;p for 1a paaðMaÞ by

the assumption (ii), P satisfies the condition Ca;p for 1a paaðMaÞ. There-

fore, by Theorem 2.3 we see that P ¼ 0. Consequently v ¼ K af A KaðRnÞ.
(iii) ) (i). This follows from Proposition 3.3 (iii).

Now we give the first direct sum decomposition of CyðRnÞ.

Theorem 3.5. CyðRnÞ ¼ KaðRnÞlPa;1ðRnÞ.
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Proof. For v A CyðRnÞ, we put f ¼ Dav. Then by the same argument

as in (ii) ) (iii) part of Proposition 3.4, we see that P ¼ v� K af A Pa;1.

Hence v ¼ K af þ P A KaðRnÞ þPa;1ðRnÞ. Moreover, let v A KaðRnÞV
Pa;1ðRnÞ. Since v A KaðRnÞ, by Proposition 3.4 v satisfies the conditions Ca;p

for 1a paaðMaÞ. Further, since v A Pa;1, Theorem 2.3 implies that v ¼ 0.

Thus we obtain the theorem.

4. Polyprimitives and the second decomposition of CyðRnÞ

By Theorem 2.5 we see that

7jaj¼l
Pa;1ðRnÞ ¼ 7jaj¼l

fu A CyðRnÞ : Dau ¼ 0g ¼ PlðRnÞ:ð4:1Þ

In section 3, we gave the direct sum decomposition of CyðRnÞ by Pa;1ðRnÞ
and KaðRnÞ. In this section we study a direct sum decomposition of CyðRnÞ
by PlðRnÞ and its complementary space.

Lemma 4.1. Let u A CyðRnÞ and j A f1; . . . ; ng. If uðxÞ ¼ 0 on Rn; j , then

DbuðxÞ ¼ 0 and I buðxÞ ¼ 0 on Rn; j for b with j B Mb.

Proof. Let x A Rn; j. Then for k0 j we have xþ hek A Rn; j and

xðxk; tÞ A Rn; j . Hence the condition u ¼ 0 on Rn; j implies that DkuðxÞ ¼
IkuðxÞ ¼ 0. Next let Mb ¼ f j1; . . . ; jtg. Since Db ¼ D

bj1
j1

. . .D
bjt
jt
, I b ¼

I
bj1
j1

. . . I
bjt
jt

and j0 ji ði ¼ 1; . . . ; tÞ, by repeating the above argument we obtain

the lemma.

For an n-tuple d ¼ ðd1; . . . ; dnÞ of integers, we define

dþ ¼ ðmaxðd1; 0Þ; . . . ;maxðdn; 0ÞÞ:

Then dþ is a multi-index.

Lemma 4.2. Let a ¼ ða1; . . . ; anÞ, b ¼ ðb1; . . . ; bnÞ be multi-indices and

u A CyðRnÞ. Then

(i) DaI bu ¼ I ðb�aÞþDða�bÞþu.

(ii) DaI bDbu ¼ I ðb�aÞþDðb�aÞþDau.

Proof. We put

f j : bj > ajg ¼ f j1; . . . ; jtg; f j : bj a ajg ¼ f jtþ1; . . . ; jng:

Since DjIk ¼ IkDj for k0 j by Lemma 2.4, we have

DaI bu ¼ ðDaj1
j1
I
bj1
j1

Þ . . . ðDajt
jt
I
bjt
jt
ÞðDajtþ1

jtþ1
I
bjtþ1

jtþ1
Þ . . . ðDajn

jn
I
bjn
jn

Þu

and
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DaI bDbu ¼ ðDaj1
j1
I
bj1
j1

Þ . . . ðDajt
jt
I
bjt
jt
ÞðDajtþ1

jtþ1
I
bjtþ1

jtþ1
Þ . . . ðDajn

jn
I
bjn
jn

Þ

D
bj1
j1

. . .D
bjt
jt
D

bjtþ1

jtþ1
. . .D

bjn
jn
u:

Since

D
aj
j I

bj
j ¼

D
aj�bj
j ; aj b bj;

I
bj�aj
j ; aj < bj;

8<:
by Lemma 2.4, we obtain that

DaI bu ¼ I
bj1

�aj1
j1

. . . I
bjt�ajt
jt

D
ajtþ1

�bjtþ1

jtþ1
. . .D

ajn�bjn
jn

u

¼ I ðb�aÞþDða�bÞþu

and

DaI bDbu ¼ I
bj1

�aj1
j1

. . . I
bjt�ajt
jt

D
ajtþ1

�bjtþ1

jtþ1
. . .D

ajn�bjn
jn

D
bj1
j1

. . .D
bjt
jt
D

bjtþ1

jtþ1
. . .D

bjn
jn
u

¼ I
bj1

�aj1
j1

. . . I
bjt�ajt
jt

D
ajtþ1

jtþ1
. . .D

ajn
jn
D

bj1
j1

. . .D
bjt
jt
u

¼ I
bj1

�aj1
j1

. . . I
bjt�ajt
jt

D
bj1

�aj1
j1

. . .D
bjt�ajt
jt

D
aj1
j1

. . .D
ajt
jt
D

ajtþ1

jtþ1
. . .D

ajn
jn
u

¼ I ðb�aÞþDðb�aÞþDau:

Thus we obtain (i) and (ii).

Lemma 4.3. Let a and b be nonzero multi-indices.

(i) If P A Pa;1ðRnÞ, then I bDbP A Pa;1ðRnÞ.
(ii) If v A KaðRnÞ, then I bDbv A KaðRnÞ.

Proof. (i) Let P A Pa;1ðRnÞ. Since DaP ¼ 0 by Theorem 2.5, Lemma

4.2(ii) implies that

DaI bDbP ¼ I ðb�aÞþDðb�aÞþDaP ¼ 0:

Hence I bDbP A Pa;1ðRnÞ.
(ii) Suppose that v A KaðRnÞ. By Proposition 3.4 it su‰ces to show

that for g < a, DgI bDbv ¼ 0 on 6
j AMa�g

Rn; j . Let g < a and j A Ma�g. By

Lemma 4.2(ii) we have

DgI bDbvðxÞ ¼ I ðb�gÞþDðb�gÞþDgvðxÞ:

When j A Mðb�gÞþ , Proposition 3.3(iii) implies that

I ðb�gÞþDðb�gÞþDgvðxÞ ¼ 0 on Rn; j :
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We consider the case j A Ma�g and j B Mðb�gÞþ . From the assumption

v A KaðRnÞ, j A Ma�g and Proposition 3.3(iii), it follows that DgvðxÞ ¼ 0 on

Rn; j. Since j B Mðb�gÞþ , Lemma 4.1 implies that Dðb�gÞþDgvðxÞ ¼ 0 on Rn; j

and I ðb�gÞþDðb�gÞþDgvðxÞ ¼ 0 on Rn; j. Thus we obtain that DgI bDbvðxÞ ¼ 0

on 6
j AMa�g

Rn; j. The lemma is proved.

We put

Al ¼ fa; jaj ¼ lg ¼ fa1; a2; . . . ; adlg;

where dl ¼ ðnþ l� 1Þ!=ðl!ðn� 1Þ!Þ.

Lemma 4.4. Let k be a positive integer with ka dl � 1. If H is a

subspace of CyðRnÞ with the following form

H ¼ H1 VH2 V � � �VHk;

where each Hi is either Ka iðRnÞ or Pa i ;1ðRnÞ ði ¼ 1; . . . ; kÞ, then

H ¼ HVKakþ1ðRnÞlHVPakþ1;1ðRnÞ:

Proof. Since HVKakþ1ðRnÞ, HVPakþ1;1ðRnÞHH and H is a sub-

space, it is clear that HVKakþ1ðRnÞ þHVPakþ1;1ðRnÞHH. Let u A H.

We put v ¼ I a
kþ1

Dakþ1
u and P ¼ u� v. Then Lemma 4.3 implies that v A H.

Moreover, since v A Kakþ1ðRnÞ by the definition, we have v A HVKakþ1ðRnÞ.
Since u; v A H, we see that P ¼ u� v A H. Further, by Proposition 3.3(ii) we

have

Dakþ1

P ¼ Dakþ1

u�Dakþ1

I a
kþ1

Dakþ1

u

¼ Dakþ1

u�Dakþ1

u ¼ 0:

Therefore Theorem 2.5 implies that P A Pakþ1;1ðRnÞ, and hence P A HV
Pakþ1;1ðRnÞ. Since u ¼ vþ P, u A HVKakþ1ðRnÞ þHVPakþ1;1ðRnÞ. Thus

H ¼ HVKakþ1ðRnÞ þHVPakþ1;1ðRnÞ. Since Kakþ1ðRnÞVPakþ1;1ðRnÞ ¼ f0g
by Theorem 3.5, the sum is a direct sum. Thus we obtain the lemma.

Since CyðRnÞ ¼ Ka1ðRnÞlPa1;1ðRnÞ by Theorem 3.5, by using Lemma

4.4 repeatedly we obtain

Lemma 4.5. The space CyðRnÞ is the direct sum of the 2dl subspaces of

the following form

H1 VH2 V � � �VHdl ;

where each Hi is either Ka iðRnÞ or Pa i ;1ðRnÞ ði ¼ 1; 2; . . . ; dlÞ.
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By Lemma 4.5 it is possible to write

CyðRnÞ ¼ 0
Hi¼K a i ðR nÞ or P a i ; 1ðR nÞ H1 VH2 V � � �VHdl :

As we saw in (4.1),

7dl
i¼1

Pa i ;1ðRnÞ ¼ 7jaj¼l
PaðRnÞ ¼ PlðRnÞ:

Namely, if Hi ¼ Pa i ;1ðRnÞ for i ¼ 1; 2; . . . ; dl, then H1 VH2 V � � �VHdl ¼
PlðRnÞ. We give a characterization of functions which belong to the subspace

H1 VH2 V � � �VHdl , where each Hi is either Ka iðRnÞ or Pa i ;1ðRnÞ and

Hj 0Pa j ;1ðRnÞ for some j.

Lemma 4.6. Let a ¼ ða1; . . . ; anÞ and b ¼ ðb1; . . . ; bnÞ be nonzero multi-

indices. Then

KaðRnÞVKbðRnÞ ¼ Kmaxða;bÞðRnÞ;

where

maxða; bÞ ¼ ðmaxða1; b1Þ; . . . ;maxðan; bnÞÞ:

Proof. Since a; bamaxða; bÞ, we see that Kmaxða;bÞðRnÞHKaðRnÞV
KbðRnÞ. We show the converse. Let u A KaðRnÞVKbðRnÞ. In order to

prove that u A Kmaxða;bÞðRnÞ, by Proposition 3.4 it su‰ces to show that

for g < maxða; bÞ, DguðxÞ ¼ 0 on 6
j AMmaxða; bÞ�g

Rn; j. Let g < maxða; bÞ and

j A Mmaxða;bÞ�g. Since j A Mmaxða;bÞ�g, we have maxðaj ; bjÞ > gj . Hence gj < aj
or gj < bj. We put h ¼ gjej. If gj < aj (resp. gj < bjÞ, then DhuðxÞ ¼ 0 on

Rn; j by Proposition 3.3(iii) because u A KaðRnÞ (resp. u A KbðRnÞÞ, h < a

(resp. h < b) and j A Ma�h (resp. j A Mb�h). Therefore D
gj
j uðxÞ ¼ DhuðxÞ ¼ 0

on Rn; j . Hence by Lemma 4.1

DguðxÞ ¼ D
g1
1 . . .

c
D

gj
jD
gj
j . . .Dgn

n D
gj
j uðxÞ ¼ 0

on Rn; j . Thus we obtain the lemma.

Corollary 4.7. Let g1; . . . ; gm be nonzero multi-indices. Then

7m

i¼1
Kg iðRnÞ ¼ Kmaxðg1;...; gmÞðRnÞ;

where maxðg1; . . . ; gmÞ ¼ ðmaxðg11 ; . . . ; gm1 Þ; . . . ;maxðg1n ; . . . ; gmn ÞÞ.

Corollary 4.8.

7dl
i¼1

Ka iðRnÞ ¼ 7jaj¼l
KaðRnÞ ¼ KleðRnÞ;

where e ¼ ð1; . . . ; 1Þ.
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Lemma 4.9. Let a and b be nonzero multi-indices. Then

KaðRnÞVPb;1ðRnÞ ¼
f0g; ab b;

fK af : f A Pðb�aÞþ;1ðRnÞg; aF b:

(
Proof. Let ab b. By Theorem 3.5, KbðRnÞVPb;1ðRnÞ ¼ f0g. Since

ab b implies that KaðRnÞHKbðRnÞ, we obtain KaðRnÞVPb;1ðRnÞ ¼ f0g.
We consider the case aF b. First we prove that KaðRnÞVPb;1ðRnÞH
fK af : f A Pðb�aÞþ;1ðRnÞg. Let u A KaðRnÞVPb;1ðRnÞ. Since u A KaðRnÞ,
there exists f A CyðRnÞ such that u ¼ K af . Moreover, since u A Pb;1ðRnÞ,
by Theorem 2.5 and Lemma 4.2(i) we obtain

0 ¼ DbK af ¼ DbI af ¼ I ða�bÞþDðb�aÞþ f :

Since aF b, we have two cases b > a or bF a. In case of b > a, we have

Dðb�aÞþ f ¼ 0 because ða� bÞþ ¼ 0. Hence f A Pðb�aÞþ;1ðRnÞ. In case of

bF a, we have ða� bÞþ 0 0. Hence I ða�bÞþDðb�aÞþ f ¼ 0 implies Dðb�aÞþ f ¼ 0.

Therefore f A Pðb�aÞþ;1ðRnÞ. Next, let u ¼ K af with f A Pðb�aÞþ;1ðRnÞ. It is

clear that u A KaðRnÞ. Further, Lemma 4.2(i), the condition f A Pðb�aÞþ;1ðRnÞ
and Theorem 2.5 give

Dbu ¼ DbK af ¼ DbI af ¼ I ða�bÞþDðb�aÞþ f ¼ 0:

Thus u A KaðRnÞVPb;1ðRnÞ. The lemma is proved.

Corollary 4.10. Let g1; . . . ; gm and a be nonzero multi-indices. Then

KaðRnÞV ð7m

i¼1
Pg i ;1ðRnÞÞ

¼
f0g; if there exists i such that g i a a;

fK af : f A ð7m

i¼1
Pðg i�aÞþ;1ðRnÞÞg; if g i E a for all i:

(
Proof. If there exists i0 such that g i0 a a, then by Lemma 4.9

KaðRnÞV ð7m

i¼1
Pg i ;1ðRnÞÞHKaðRnÞVPg i0 ;1ðRnÞ ¼ f0g:

Let g i E a for i ¼ 1; . . . ;m. Then ðg i � aÞþ 0 0 for i ¼ 1; . . . ;m. Let u ¼ K af

with f A 7m

i¼1
Pðg i�aÞþ;1ðRnÞ. Then by Lemma 4.9 we see that u A KaðRnÞV

Pg i ;1ðRnÞ for i ¼ 1; . . . ;m. Hence

u A 7m

i¼1
ðKaðRnÞVPg i ;1ðRnÞÞ ¼ KaðRnÞV ð7m

i¼1
Pg i ;1ðRnÞÞ:

Conversely, let u A KaðRnÞV ð7m

i¼1
Pg i ;1ðRnÞÞ. Since u A KaðRnÞVPg i ;1ðRnÞ

ði ¼ 1; . . . ;mÞ, by Lemma 4.9 there exists fi A Pðg i�aÞþ;1ðRnÞ ði ¼ 1; . . . ;mÞ such
that u ¼ K afi. Since fi ¼ DaK afi ¼ Dau, we see that f1 ¼ � � � ¼ fm. Hence, if

we put f ¼ f1 ¼ � � � ¼ fm, then u ¼ K af and f A 7m

i¼1
Pðg i�aÞþ;1ðRnÞ.
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For a subset S ¼ fa j1 ; . . . ; a jmgHAl we set

aS ¼ maxða j1 ; . . . ; a jmÞ:

Corollary 4.11. Let Hi ¼ Ka iðRnÞ or Pa i ;1ðRnÞ ði ¼ 1; . . . ; dlÞ and

ðH1; . . . ;HdlÞ0 ðPa1;1ðRnÞ; . . . ;Pa dl ;1ðRnÞÞ. Then

H1 V � � �VHdl

¼
f0g; if there exists g A Sc such that ga aS;

fK aS

f : f A 7
g AS c P

ðg�aSÞþ;1ðRnÞg; if gE aS for all g A Sc;

(

where S ¼ fa i : Hi ¼ Ka iðRnÞg and Sc ¼ Al � S.

Proof. By Lemma 4.7 we have

H1 V � � �VHdl ¼ ð7
g AS K

gðRnÞÞV ð7
g AS c P

g;1ðRnÞÞ

¼ KaS ðRnÞV ð7
g AS c P

g;1ðRnÞÞ:

Hence the corollary follows from Corollary 4.10.

Taking Corollary 4.11 into account, it is convenient to define P0;1ðRnÞ ¼
f0g. Under the definition by Corollary 4.11 we have

Proposition 4.12.

u A 0
Hi¼Ka i ðR nÞ or Pa i ; 1ðRnÞ; ðH1;...;Hdl

Þ0ðP a1 ; 1ðR nÞ;...;Padl; 1ðR nÞÞ
H1 V � � �VHdl

if and only if

u ¼
X

SHAl;S0f

K aS

fS; fS A 7
g AS c P

ðg�aSÞþ;1ðRnÞ:ð4:2Þ

If a function u has the form (4.2), then we call u a polyprimitive of order

l, and denote by KlðRnÞ the set of all polyprimitives of order l. By Lemma

4.5 and Proposition 4.12 we have

Theorem 4.13. Let l be a positive integer. Then

CyðRnÞ ¼ KlðRnÞlPlðRnÞ:

Finally we give other characterizations of the spaces KlðRnÞ and PlðRnÞ.
For a polynomial PðxÞ ¼

P
jajal�1 aax

a of order l� 1, it is clear that

aa ¼
DaPð0Þ

a!
; jaja l� 1:ð4:3Þ
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For a nonempty set T HAl, we put

F T ¼
X

THSHAl

ð�1ÞaðS�TÞ
K aS�aT

DaS

:

Lemma 4.14. If u ¼
P

SHAl;S0f K
aS

fS ð fS A 7
g AS c P

ðg�aSÞþ;1ðRnÞÞ is a

polyprimitive of order l, then

fT ¼ F Tu; T HAl; T 0q:ð4:4Þ

Proof. First we prove that if U QS, then

DaU

K aS

fS ¼ 0:ð4:5Þ

By Lemma 4.2(i) we have

DaU

K aS

fS ¼ K ðaS�aU ÞþDðaU�aSÞþ fS:ð4:6Þ

Since U QS, there exists g0 B S and g0 A U . The condition g0 A U implies

that

ðaU � aSÞþ b ðg0 � aSÞþ:ð4:7Þ

Since fS A 7
g AS c P

ðg�aSÞþ;1ðRnÞ and g0 B S, we see that fS A Pðg0�aSÞþ;1ðRnÞ.
Hence

Dðg0�aSÞþ fS ¼ 0:ð4:8Þ

The three formulae (4.6), (4.7) and (4.8) give that DðaU�aSÞþ fS ¼ 0 and

DaU

K aS

fS ¼ 0. Thus we obtain (4.5). We put p ¼aðTÞ. Then 1a pa dl.

We prove (4.4) by downward induction with respect to p. If p ¼ dl, then

T ¼ Al. Hence

F Alu ¼ F Al

X
SHAl;S0q

K aS

fS

 !

¼
X

SHAl;S0q

F AlK aS

fS

¼
X

SHAl;S0q

X
AlHUHAl

ð�1ÞaðU�AlÞK aU�aAl
DaU

K aS

fS

¼
X

SHAl;S0q

DaAl
K aS

fS:

Since Al QS except S ¼ Al, by (4.5) and Proposition 3.3 (ii) we have

F Alu ¼ DaAl
K aAl

fAl
¼ fAl

:
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Thus we obtain (4.4) for p ¼ dl. Next let 1a pa dl � 1 and we assume that

(4.4) holds for T with aðTÞ ¼ pþ 1; pþ 2; . . . ; dl. We consider the case

aðTÞ ¼ p. By (4.5) and Proposition 3.3(ii) we have

DaT

u ¼
X

SHAl;S0q

DaT

K aS

fS ¼
X
SIT

DaT

K aS

fS

¼ fT þ
X

SIT ;S0T

K aS�aT

fS:

Hence

fT ¼ DaT

u�
X

SIT ;S0T

K aS�aT

fS:ð4:9Þ

Let SIT and S0T . Since aðSÞb pþ 1, by the assumption of induction

we have

fS ¼ F Su ¼
X

SHUHAl

ð�1ÞaðU�SÞ
K aU�aS

DaU

u:ð4:10Þ

By substituting (4.10) for (4.9) we obtain

fT ¼ DaT

u�
X

SIT ;S0T

X
UIS

ð�1ÞaðU�SÞ
K aS�aT

K aU�aS

DaU

u

¼ DaT

u�
X

SIT ;S0T

X
UIS

ð�1ÞaðU�SÞ
K aU�aT

DaU

u

¼ DaT

u�
X

UIT ;U0T

X
UISIT ;S0T

ð�1ÞaðU�SÞ
K aU�aT

DaU

u

¼ DaT

u�
X

UIT ;U0T

K aU�aT

DaU

u
X

UISIT ;S0T

ð�1ÞaðU�SÞ:

Here we note that X
UISIT

ð�1ÞaðU�SÞ ¼ 0:

Hence

fT ¼ DaT

uþ
X

UIT ;U0T

ð�1ÞaðU�TÞ
K aU�aT

DaU

u

¼
X
UIT

ð�1ÞaðU�TÞ
K aU�aT

DaU

u ¼ F Tu:

Thus we obtain (4.4) for aðTÞ ¼ p. The lemma is proved.
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Now we prove

Proposition 4.15. (i) PlðRnÞ ¼ fu A CyðRnÞ : F Tu ¼ 0 for T HAl and

T 0qg.
(ii) KlðRnÞ ¼ fu A CyðRnÞ : Dauð0Þ ¼ 0 for jaja l� 1g.

Proof. (i) First let PðxÞ ¼
P

jajal�1 aax
a and T HAl, T 0q. We

note that Dbxa ¼ 0 for jaja l� 1 and jbjb l. Since jaU jb l for U HAl,

U 0q, we have DaU

xa ¼ 0 for U HAl, U 0q and jaja l� 1. Hence

F TP ¼
X

THUHAl

ð�1ÞaðU�TÞ
K aU�aT

DaU

P ¼ 0:ð4:11Þ

Conversely let F Tu ¼ 0 for T HAl, T 0q. By Theorem 4.13 u ¼ vþ P,

where v is a polyprimitive of order l and P is a polynomial of order l� 1.

Let v ¼
P

SHAl;S0q K aS

fS. By Lemma 4.14 and (4.11), for T HAl and

T 0q, we have

0 ¼ F Tu ¼ F Tvþ F TP ¼ fT :

Therefore v ¼ 0 and hence u ¼ P A PlðRnÞ.
(ii) First let u ¼

P
SHAl;S0f K

aS

fS and jaja l� 1. Then

DauðxÞ ¼
X

SHAl;S0f

DaK aS

fSðxÞ:

Since jaSjb l and jaja l� 1, there exists i such that aS
i � ai > 0. Since

DaK aS

fSðxÞ ¼ K
aS
i
�ai

i Da1
1 . . .dDai

iDai
i . . .Dan

n K
aS
1

1 . . .
d
K

aS
i

iK
aS
i

i . . .K aS
n

n fSðxÞ;

we see that DaK aS

fSð0Þ ¼ 0, and hence

Dauð0Þ ¼ 0:ð4:12Þ

Conversely, let Dauð0Þ ¼ 0 for jaja l� 1. By Theorem 4.13 u ¼ vþ P, where

v is a polyprimitive of order l and P is a polynomial of order l� 1. Let

PðxÞ ¼
P

jbjal�1 abx
b. By (4.3) and (4.12), for jaja l� 1

0 ¼ Dauð0Þ ¼ Davð0Þ þDaPð0Þ ¼ a!aa:

Therefore P ¼ 0 and hence u ¼ v A KlðRnÞ.

Corollary 4.16. Let u A CyðRnÞ and l be a positive integer. Then

uðxÞ ¼
X

jajal�1

Dauð0Þ
a!

xa þ
X

THAl;T0q

K aT

F TuðxÞ:
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Proof. By Theorem 4.13 u ¼ Pþ v where P A PlðRnÞ and v A KlðRnÞ.
Let PðxÞ ¼

P
jajal�1 aax

a and v ¼
P

THAl;T0q K aT

fT . By Proposition 4.15

(ii), for jaja l� 1 we have

Dauð0Þ ¼ DaPð0Þ þDavð0Þ ¼ aaa!:

By Lemma 4.14 and Proposition 4.15 (i), for T HAl, T 0q we see that

F Tu ¼ F TPþ F Tv ¼ fT :

Thus we obtain the corollary.
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