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1. Introduction

Let Rn be the n-dimensional Euclidean space. E. M. Stein [5] gave a

weighted norm inequality for singular integrals on Rn as follows (see also

C. Sadosky [4; Theorem 6.1]):

THEOREM A. Let Ω(x) be a homogeneous function of degree — n on Rn,

and suppose that Ω(x) satisfies the cancellation property

ί.(1.1) Ω(x)dσ(x) = 0,
Js

where dσ is the induced Euclidean measure on the unit sphere S, and Ω(x) is

bounded on S. Let Tf(x) denote the corresponding singular integral:

= lim ί
J\x-y

Γ/(x) = lim Ω(x-y)f(y)dy.
ι\χ-y\>ε

Then

(1.2)

provided that 1 < p < oo and — n/p' < r < n/p where (1/p) + (1/p') = l

For the ordinary singular integrals the above restriction of r is

necessary. Indeed, when r > n/p, for f(y) = (1 + log ly l ) " 1 , \y\ > 1, we see

\\f(y)\p\y\~rpdy < oo and $]x-yl>ε\Ω(x - y)f(y)\dy = oo, so (1.2) fails. When

r<-n/p\ for f(y) = (1 - log \y\rι\y\~β Λy\ < h (1.2) does not hold with

n < β < (n/p) — r. The purposes of this paper are to introduce modified

singular integrals and give integral estimates similar to (1.2) which holds for

all r > — n/p' such that r — (n/p) φ a nonnegative integer.

Let Ω(x) be a homogeneous function of degree — n, and suppose that

Ω(x) satisfies (1.1) and Ω(x)eCco(Rn - {0}). For an integer k > - 1 we set
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Ω ( x v) =
kK'" \Ω(x-y), k=-l

where γ is a multi-index (γ!,...,yn), xy = x\'---xy

n", Dy = D\ι Dy

n

n, γl = }Ί!•••?„!
and \y\ =)>i + ••• + yn- We define modified singular integrals as follows:

TJ(x) = Jim TkJ(x),

where

Tk*g(y) = Jim Γt*

ΆJ(x)=( Ωk(x, y)f(y)dy,
J\χ-y\>ε

T*εg(y)= Ωk(x,y)g(x)dx
)\χ-y\>ε

for ε > 0.
Throughout this paper we take p as 1 < p < oo. For a real number r,

we set

oo

and simply write U/H ô = WfWp Moreover [r] denotes the integral part of r.
The main results of this paper are the following.

THEOREM 1. Let r > — n/p', r — (n/p) φ a nonnegatίve integer and

if r-(n/p)>09
k =

" - 1, if r - (n/p) < 0.

Then

(i) \\TkJ\\p,-r<C\\f\\p^r,

(ϋ) \\Ά*cg\\P;r<C\\g\\p.,r,

where C is a constant independent of f, g and ε.

THEOREM 2. Let r and k be as in Theorem 1. Then
(i) for fell'-'

I I W - W | | p , _ r — > 0 (e i,ε2—>
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(ii) for geU'r

II Tk*tlg - Tk%2g\\p,,r ,0 (β,, ε2 >0).

On account of Theorems 1 and 2 we have

COROLLARY. Let r and k be as in Theorem 1.

(i) If feLT'-', then ]imt^0TkiJ = TJ exists in the Lp ~r-norm and

539

(ii) If geLP' r, then \\m^0Tk*εg = Tk*g exists in the L"' r-norm and

\\Tk*g\\p,,r<C\\g\\p,,r.

REMARK. For the kernel functions

fcm(x - y ) - Σ | v | S f c ^ v / v ! ) D v + Λ f e m ( - y), \y\ >
m,x,k(χ, y) =

Dλkm(x-y), \y\<ί

where km(x) is the Rίesz kernel of order 2m and \λ\ = 2m, Y. Mίzuta [2] gave

the following weighted LP-estimates \

n.xtix, y)f(y)dy

In our case, ω(t) = ω*(ί) = t rp.

\f{y)\*ω(\x\)dx.

2. Lemmas

In this section we prepare several lemmas which are necessary for the

proofs of Theorems 1 and 2. Hereafter the letter C is used for a generic

positive constant whose value may be different at each occurrence. First, by

Taylor's theorem we have

LEMMA 2.1. (cf. [1 Lemma 3.1]) For \x - y\ > 3|x|/2 > 0 and an integer

k > - 1, it holds

The following Lemmas 2.2 and 2.3 follow from Hardy's inequalities

[6; p. 272].

LEMMA 2.2. If α > n/p, then

\yΓnf(y)dy
\y\<5\x\/2

V \1/P

dx) <
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LEMMA 2.3. If OL < n/p, then

\y\>2\χ\l5

\yΓnf(y)dy
P \ 1 / P

dx) <C\\f\\p.

To prove the Lemmas 2.5 and 2.6 below, we use Okikiolu's result.

LEMMA 2.4. ([3]) Let K(x, y) be a nonnegative measurable function on

Rn x Rn. Suppose that there are measurable functions φλ > 0, φ2 > 0 and

constants M x > 0, M 2 > 0 such that

(2.1) [φ2{yYK{x,y)dy<M{φx{xY,

(2.2) (φΛx)"K(x, y) dx < Mlφ2{yγ

for all x, yeRn. Then the operator Kf defined by

Kf(x)=ίκ(x9y)f(y)dy

satifies

| |Kf II, <M,M21| f\\p.

LEMMA 2.5. If α > 0, then

1*11. \χ-yΓnf{y)dy dx) <C\\f\\p.

PROOF: For φx{x) = φ2(x) = \x\~b(0 < b < n/p') and

'\χΓa\χ-yΓn, if |χ —y
K(x, y) =

3|*|/2
0, if | x - y | > 3 | x | / 2

we shall verify (2.1) and (2.2). From the conditions α > 0 and b < n/p' it

follows that

\Φ2(y)p'κ(x,y)dy= I \y\~bp'M~a\χ-y\a~ndy

= \xΓbp> I \z\~bp'\xf -z\"-ndz

with x' = x/|x|(x Φ 0). Moreover by α > 0 and b > 0 we have
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ί* (x)pK{x9 y)dx = I \x\~bp\x\-"\x - y\«~ndx
x-y\<l\x\l2

= \y\~bp I \z\-bp-*\z-y'Γndz
J|z-y'|<3|z|/2|z-y'|<3|z|/2

= C\yΓbp=Cφ2(y)p.

Thus we obtain (2.1) and (2.2) and so the lemma follows from Lemma 2.4.

LEMMA 2.6. If α < rc/p,

Jlx-v

\1/J»

dxj <C\\f\\p.
\χ-y\>\χ\/2

PROOF: For φί(x) = φ2(x) = \x\-"lippΊ and

Ί ^ - y l α " n

5 if | x - y l > | x | / 2

θ, if \x-y\<\x\/2

we shall show (2.1) and (2.2). By the condition α < n/p we have

ίφ2(y)p'K(x9 y)dy = ί \yΓH/p\xΓa\x ~ yΓndy
J\χ-y\>\χ\/2

"lp\x! -z\*-"dz
'~z\>ll2

and

^(x^Xίx, y)dx = | xΓ n / l > / | xΓ β | x - y\*~ndx
i\x-y\>\x\l2

= \y\'nlp>= \y\ |zΓ ( n / p / ) ~ α |z - y'\«-ndz

Hence by Lemma 2.4 we obtain the present lemma.

As a consequence of Lemmas 2.2, 2.3 and 2.5 we obtain the following

lemma.

LEMMA 2.7. Let L(x, y) = | | * r - I)>ΓΊ l)ΊΊx - y\~n-
( i ) 7/1 r < n/p, then

L(x,y)f(y)dy
P \ 1 / P

dx) <C\\f\\p.
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(ii) If r > — n/p', then

L(x,y)f(y)dy
)\x\/2<\x-y\<3\x\/2

(iii) For all r,

P \ I / P

dx) <C\\f\\p.

L(x,y)f(y)dy
P \I/P

dx)
J)\χ-y\<\x\/2

P R O O F : ( i) W e n o t e t h a t \ x - y \ > 3 | x | / 2 i m p l i e s \ x - y \ > 3 | > ^ | / 5 . H e n c e

f o r | x - j ; | > 3 | x | / 2 ,

5\n

L(x,y)<l-\ (\x\-r + \yΓ\)\y\r\yΓH

Since \x — y\ >3\x\/2 implies \y\ > |x|/2, (i) follows from Lemma 2.3.

(ii) For \x\/2<\x-y\,

= 2n\x\-r~n\y\r + 2n\x\~n.

Since |x - y\ < 3|x|/2 implies \y\ < 5|x|/2, (ii) follows from Lemma 2.2.

(iii) By the mean value theorem,

\\χΓ-\y\-r\<\r\\χ-y\\χ O < 0 < 1.

If \x-y\< |x|/2, then |x|/2 < |x + % - x)| < 3|x|/2. Therefore for |x - y\

< \x\/2,

\xΓ-\yΓ\<C\xΓ-1\x-y\

and hence

L(x9y)f(y)dy • 1 .
Consequently (iii) follows from Lemma 2.5.

The following lemma is proved in [6] (Theorem 2 in Chap. II).

LEMMA 2.8.

Ω(x-y)f(y)dy
p \I/P

dx) <C\\f\\p.
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Let G(x, y) be a measurable function on Rn x Rn such that

(2.3) G(δx9δy) = δ-nG(x,y) for δ > 0

and let D(x, ε) be measurable subsets of JR" such that

(2.4) D(δx, δε) = δD(x, ε) for δ > 0, x e Rn, ε > 0.

We set

D(x,ε)

By the change of variables, we see

G{(x) = GHx/ε),

where fε(x) = f(εx). Therefore we obtain

LEMMA 2.9. If

\\G{\\p,-r<M\\f\\p,-r

for all felf'~\ then

for all feLp'~r with the same constant M.

In the proof of Theorem 2, we use the fact that a certain class of

C1-functions is dense in ί/'~r, namely the following lemma.

LEMMA 2.10. If feLp'~r, then there exists a sequence {φ}) a C 1 (]Lp'~r

such that

[\rφj(x)\>\χΓrp(i) \\rφj(x)\>\xΓ>dx <ao,

(ϋ) Il^-/Hp,-, — 0 ( — 00),

where Vφ denotes the gradient of φ.

PROOF: Since f(x)\x\~reLP, there exists a sequence {φj} a C1 (]LP such that

supp φj a {χ; cij < \x\ < bj}, 0 < a } < b} < 00

and φj-+f(x)\x\~r in LP as 7-^00. The sequence {φj(x)\x\r} a C 1 f\Lp'~r

satisfies the conditions (i) and (ii).

The final lemma is easily seen.

LEMMA 2.11. If oc is a real number and f is a nonnegative locally integrable
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function such that

\\y\Λfiy)dy<co9

then

\*-y\"f(y)dy
J\χ-y\χ-y\>2\x\/3

is bounded on {\x\ < 1}.

3. Proof of Theorem 1

Since G(x, y) = Ωk(x, y) and D(x, ε) = {y |x - y\ > ε} satisfy the conditions

(2.3) and (2.4), respectively, by Lemma 2.9 it suffices to show the theorem for

ε= 1.

(i) We decompose TkΛf as follows:

Ω(x-y)f(y)dy
)\x-y\>l,\x-y\<3\x\/2

k,J(χ)= ί
J\x-y\>l,\x-y\<2

- Σ ί -(DW)(-y)f(y)dy
\r\Zk J\χ-yl>l,\x-y\<3\χ\l2 Ύ •

+ ί
J\x

Σ ί
\r\Zk J\χ-yl>l,\x-y\<3\χ\l2 Ύ •

Ωk(x,y)f(y)dy
\x-y\>l,\x-y\>3\xU2

Σ /2W + /3

For /3(x), since r — (n/p) < k + 1, by Lemmas 2.1 and 2.3 we have

|y|>|jc|/2

Since r — (n/p) is not a nonnegative integer and |y| < fc, we see that

|y| < r — (n/p). Hence by Lemma 2.2,
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(3.2)

\P2(x)\p\x\-rpdx

< C x|W-'l3Ίr-|yl""l/(y)llj'rrdj') dx

For Ixix), we have

\1/P

\f(y)\p \y\-rpdy\ .

1/J>

\x\-'Ω{x-y)f(y)dy
x-y\>l,\x-y\<3\x\l2

Ω(x-y)f(y)\yΓdy
)\x-y\>l,\χ-y\<3\x\/2

+ 1 Ω(x-y)f(y)\y\-'dy\<>dx

<c
P y/p

\M~r-\y\~r\\y\r\χ-yrn\f(y)\\yΓdy) dx)
/

Ω{x-y)f{y)\yΓrdy
:3\x\l2

P \ 1 / P

dx)
/

= /„ +/12.

Since r > — n/p', it follows from Lemma 2.7 (ii) and (iii) that
l/P

Moreover by Lemmas 2.6 and 2.8 we have

Ω(x-y)f(y)\yΓdy
P \1/P

dx

+ C

1

χ-y\-"\f{y)\\y\'rdy) dx)
|x-y|>3|x|/2 / /

\1/P

\f{y)\>\y\-"dy\ .

Thus we obtain (i).



546 Takahide KUROKAWA

(ii) When - n/p' < r < n/p, T£Λ = Tft with Ω^x) = Ω(- x); hence (ii)

follows from (i). Let r > n/p and r — (n/p) φ a nonnegative integer. We shall

prove that for geLp>r and feLPt~r(]Lίt~r

9

(3.3) | ( I Ωk{x,y)f{y)dy\g{x)dx
\χ-y\>ι '

Ωk(x,y)g(x)dx)f(y)dy.
\χ-y\>l /

From this equality, (ii) readily follows from (i), since L p '~ r nL 1 '~ r is dense in

U~r. We have

\Ωk(x,y)f(y)\dy)\g(x)\dx
ιx-y\>l

\Ω(x-y)f(y)\dy)\g(x)\dx
\x-y\>l,\x-y\<3\x\/2

+ Σ -(D-Ώ)(-y)f(y) dy)\g{x)\dx

+ 1 ( 1 \Ωk{x,y)f(y)\dy)\g(x)\dx

For A3, since r — (n/p) < k + 1, by a calculation similar to (3.1) and Holder's

inequality we have

f x\k+1-r\yrk-1-n\f(y)\\yrrdy)\g(x)\\x\rdx
\y\>\x\l2 /

Λ _ r ||0 !!,.,,< oo.

For A\, since |y| < r — (n/p), by (3.2) and Holder's inequality we have

c |
\\y\<5\x\l2

For A1, since r > n/p > 0, and \x — y\ < 3|x|/2 implies |x |/ |y | > 2/5, we have

\χ-yΓH\fiy)\\y\-rdy)\g(χ)\\χ\rdχ.
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For 5 with 1 < s < p, we put 1/ί = (1/s') + (1/p). Since t > 1 and / e L s ' ~ r ,

by Young's inequality we see that

| J C | > 1

Thus by Fubini's theorem we obtain (3.3), and hence (ii) is proved.

REMARK. By Theorem 1 (i) and (3.3), for feLp'~r and geLP''r we have

TkJ(x)g(x)dx= \T*εg(y)f(y)dy.

4. Proof of Theorem 2

(i) By Lemma 2.10 and Theorem 1 it is sufficient to show (i) for

/ e C 1 n L p ' " r such that

(4.1) \\Vf(x)\p\x\~rpdx< oo.
J

Let 0 < ε : < ε2 < 1. We decompose TktSιf — Tk<cif as follows:

Tk,tιf(x) ~ Tk<tJ{x)

Ω(x-y)f(y)dy
εi<\x-y\<ε2,\x-y\<3\x\/2

- Σ ί (xyyWΩ{-y)f(y)dy
\y\<kjεi<\x-y\<ε2,\x-y\<3\x\l2

Ωk(x,y)f(y)dy\
ει<\χ-y\<ε2,\x-y\>3\x\/2

= Ji(χ)- Σ Jϊ(χ) + J 3 M

By Lemma 2.1 and (3.1) we have

\J3(x)\"\x\-rpdχλ

| x |<2ε 2 /3

_ ^ 0 ( ε 2 — . 0 ) .

Since \y\ <r — (n/p), by (3.2) and Lebesgue's dominated convergence theorem
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\Jl(x)\"\xΓpdx

<c \yrhl'H\f{y)\\y\'rdy) dx)
J\χ-y\<ε2,\y\<i ' 5 | x | / 2

( ε 2 — , 0 ) .

For Jί9 by the cancellation property of Ω we see that

Ω(y)(f(χ-y)-f(x))dy
εi<M<ε2,M<3|x|/2

1/P

1/J»

\Ω(y)\

where y' = y/\y\ and x y = X" = 1 Xf̂ -. Therefore it follows from (4.1) and

Lemma 2.11 that

B<c[ | y | i - » d y _ 0 (ε 2 —.0).
J ε i < | y | < ε 2

We have completed the proof of (i).

(ii) By Theorem 1 (ii) and Lemma 2.10, We may assume that geC1 Γ)Lp''r

and

\Vg(x)\p'\x\rp'dx< oo.

For 0 < εί < ε2 < 1, we decompose Tj*ειg — Tk*ε2g as follows:

τk*ειg(y) - τ*ε

Ω(x-y)g(x)dx
ει<\x-y\<ε2,\x-y\<3\y\/5

Ω(x-y)g(x)dx
,|jc —y| < 3 | J C | / 2
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- Σ ί (xyy\)(DVΩ)(-y)g(x)dx
M<* J ε i < | x - y | < ε 2 , | x - y | < 3|x|/2\y\<k Jε i< |x-y |<ε 2 , |x->Ί<3|x |/2

Ωk(x,y)g(x)dx

\Y\<k

By the same discussion as for Jχ(x) of (i), we see that

\1/P'

\H1(y)\pt\y\rptdy\ — > 0 ( ε 2 — . 0 ) .

Since \x- y\>3\y\/5 and |x - y\ < 3 |x |/2 imply |x - y\ > 3 |x |/8 and

|x | > 2\y\/5, by r > — n/p' and Lemma 2.3 we have

\Ω(x-y)g(x)\dx) \y\rp'dy
x-y\>3\y\l5,\x-y\<3\x\/2 /

\y\r ί \xΓ~n\g(x)\\x\rdx)P dy)
J|x|>2M/5 /

<c(\\g(x)\p'\xΓ'dx)'P <oo.

Hence

|fl(x - y)g(x)\dx)P \y\"'
\χ-y\>3\y\/5,\x-y\<3\x\l2 J

— , 0 ( f i 2 — , 0 ) .

We note that l\x-y\<E2\x\b]~r\g{x)\\x\r dx -> 0 ( ε 2 - > 0 ) since | y | < r - ( n / p ) .

Hence by Lemma 2.3 and Lebesgue's dominated convergence theorem

\Hl(y)\»'\y\rp'dy

UP'
Γ .- V \

f lvl n |x| | y | Ί^WII^Γ^I dyj
J|χ-y|<ε2,|χ|>2M/5 / /

^ 0 (β 2 —0).

Finally by Lemmas 2.1, 2.2 and r - (n/p) < k + 1,
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I/P'

J\y\<5ε2/3

, 0 (β2 , 0 ) .

This completes the proof of (ii).
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