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1. Introduction

One of the important subjects in mathematical biology is to understand
theoretically the interaction between the distribution of organisms and their
environment. In particular, the study of coexistence of multi-competing species
is a very important problem in this field. For the theoretical study, many
mathematical models have been proposed so far in the framework of
reaction-diffusion equations. Among them, Shigesada et al. [17] proposed the
following system for two competing species:

(1.1) {“1=A[(d1 + ay,0)u] + (ay — byu — cyv)u,
' v, = A[(dy + ap w)v] + (@, — byt — co0)v, xR, t>0,
0 0
(1.2) —[(dy + o 0)u]l =0= —[(d, + o, u)v], xedQ, t>0,
on On
(1.3) u(0, x) = up(x) > 0, v(0, x) = vy(x) >0, xe€Q,

where 4 is the Laplace operator in R". Q2 is a bounded domain in R” with
smooth boundary 022. n is the outer unit normal vector on d9. u and v are
the population densities of two competing species. a; is the intrinsic growth
rate (i=1,2). b;,c, and c,, b, are the coefficients of intraspecific and
interspecific competitions, respectively. d,, d, and a,,, a,; are the self-diffusion
rates and the cross-diffusion rates, respectively. All parameters are non-
negative constants. We should briefly explain the meaning of the differential
operator in (1.1) from a biological aspect. We rewrite it as the following two
terms

A[(d, + ayv)u] =div [(dy + ay,0)Pu] + a;,div [ubv].

The first term is a nonlinear diffusion with Fickian type, and the second one
is the advection term such that u migrates to the direction of lower density
of v with the speed a,,u|Vv|, which means the intensity of the escape from
the population pressure of the other species. For the precise interpretation,
we refer to the excellent book by Okubo [14].
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By a suitable normalization on u and v, we conveniently rewrite (1.1)—(1.3)

as
(14) {u, =e2A[(1 + av)u] + f(u, v),
’ v, = DAL(1 + pu)v] + glu, v), xR, t>0,
(1.5) 2 [d+ow)u] =0= wa— [ + Buyvl, xedQ, t>0,
on On
(1.6) u(0, X) = u(x) >0, v(0, x) =vo(x) >0, xeQ,

where f(u, v) = (1 — u — cv)u and §(u, v) = (@ — bu — v)v with positive constants
a, b and c.

First of all, we review the known results on a special case of (1.4)—(1.6)
when « and f are absent. The resulting system is a usual reaction-diffusion
system.

(7 {u, =2 Au + f(u, v),
' v,=DAv+ gu,v), xeQ, t>0,
0

0
(1.8) —u=0=—u, xedf2, t >0,
on on

(1.9) u(0, x) = ug(x) = 0, v(0, x) = vy(x) >0, xeQ.

The asymptotic behaviour of solution to (1.7)—(1.9) is classified into four cases
(for example, see de Mottoni [11]):

(I) If a<b, 1/c, then lim,, . (u(t, x), v(t, x)) = (1, 0).

(II) Ifb<a<1/c, then lim,, (u(t, x), v(t, x)) = ((1 —ac)/(1 — bc), (@ — b)/
(1 — be)).

(III) If 1/c<a<b, then (1,0) and (0, a) are locally stable. Which
species can survive in competition depends on the initial data.

(IV) If b, 1/c < a, then lim,, . (u(t, x), v(t, x)) = (0, a).

Case (ITI) is further investigated. Kishimoto and Weinberger [4] showed
that even if any non-constant stationary solutions of (1.7)—(1.9) exist, these are
unstable when Q is convex. On the other hand, Matano and Mimura [7]
proved that there exist stable non-constant stationary solutions for a suitable
dumbbell shaped (non-convex) domain £. These results imply that the
coexistence of two competing species crucially depends on the shape of the
domain.

Motivated by the above, we study the problem as to whether or not
(1.4)-(1.6) possibly has stable non-constant stationary solutions when Q is
convex. In ecological terms, this problem means whether or not the
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coexistence of two competing species is possible by introducing cross-diffusion
effects in the convex habitat.

In this paper, we consider this problem by studying a simple case of
(1.4)—-(1.6) when « =0 and f >0 in one dimensional space Q =1=(0, 1).
Then (1.4)-(1.6) is written as

(110) {ut = Szuxx +f_(u’ U)’ )

v, = D[(1 + pu)v] + g(u, v), xel, t>0,
(1.11) u, =0=[(1+ puv],, x=0,1, t>0,
(1.12) u(0, x) = ug(x) =0, v(0, x) =0vy(x) >0, xe[O0, 1].

For existence problems, there are many studies of the local existence of
solutions of more general evolution equations including (1.10)—(1.12) in suitable
function spaces (for example, see Amann [1]). Masuda and Mimura [6]
proved the global existence of solutions of (1.10)—(1.12) for any initial data in
HZ(I) x H3(I), where H3(I) = {ue H*(I)|u, =0 at x =0, 1}. Along this line,
we also refer to Pozio and Tesei [16] and Yagi [18].

For stationary problems of (1.10)—(1.12), Mimura [8] and Mimura et al.
[9] proved the existence of non-constant stationary solutions under some
conditions when ¢ > 0 is sufficiently small. However, the stability of these
solutions has not yet been proved. The difficulty is that B is present in (1.10)

(i)a=10

Figure 1. Spatially inhomogeneous solution
of (1.10)—(1.12) where &% = 0.001,
D =100, =30 and b=c=1.1.

(i) a = 0.992
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so that the system possesses a truly nonlinear diffusion, and that these solutions
are not necessarily stable as suggested by numerical simulations. Figure 1
clearly shows that the stability depends on the values of parameters included
in the system.

The purpose of this paper is to give the criterion of the stability of the
stationary solutions of (1.10)—(1.12) constructed in [9].

In section 2, we introduce the stationary solutions constructed in [9]. In
section 3, we study the distribution of eigenvalues of the linearized eigenvalue
problems associated with these solutions by using the SLEP method proposed
by Nishiura and Fujii [13]. In section 4, we show that the stability of these
stationary solutions changes by Hopf bifurcation when some parameter is
varied.

Acknowledgement. The author wishes to express his sincere thanks to
Professor Masayasu Mimura for continued encouragement and guidance
throughout the course of this work.

2. Preliminary
In this section, we consider the stationary problem of (1.10)—(1.12) which

is described by

@1 {0 = e%u,, + f(u, v),

0=D[(1 + Buv],, + g(u, v), xel,
(2.2) u, =0=[(1+ puv],, x=0,1
We impose the following (A.1)—-(A.3) on (2.1)—(2.2).
(A.1) a, b and c satisfy the condition of Case (III) or Case (IV).
(A2) B>1.

Using the change of variables, w = u and z = (1 + Bu)v, we conveniently
rewrite (2.1)—(2.2) as

— o2
(2.3) {0 - 8 wxx +f(w’ Z)’
0=Dz., + gWw, 2), xel,

2.4) w,=0=2z, x=0,1,

where

CcZ
f(w,2)=<1—W—1+ﬂw>w
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z z

We first consider the reduced problem (¢ = 0) of (2.3)—(2.4):

0 —
5 fo=stn
0=Dz,, + gw, z), xel,
(2.6) z,=0, x=0, L

From the first equation of (2.5), we obtain three different solutions:

w=h_(2)=0,

-1-/ 12 —4
w=h0(z)=ﬁ (/;; ) Cﬁz,
w=h+(z)=ﬁ_1+‘/(ﬂ+1)2_4CBZ.

2p

Define z* by the zero of 3" f(s, z)ds which is uniquely determined by the
assumption (A.2).

(A3) a<z* and h,(z*) <(1 —ac)/(1 — bc) (Figure 2).

0 l—ac 1 1
1—bc
Figure 2. Functional form of f and g.

For any fixed 0 < ¢ < (1 + B)*/(4cp), we define H(z; &) by

h_(2) O<z<¢

H(2;5)={h+(z) 2> &

Then, substituting w = H(z; &) into the second equation of (2.5), we obtain
the scalar equation with respect to z:
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{0 =Dz, +g(H(z;8),2), xel,

7 z,=0, x=0,1.

Since H(z; &) is discontinuous at z = & we note that g(H(z; ), z) is also
discontinuous at z = ¢ (Figure 3). It is proved in Mimura et al. [10] that
there is Dy > 0 such that, for Dy < D, there exist N non-constant solutions
zi(x; &) (i=1,2,...,N) of (2.7) which have the following properties:

(i) For each i(i=1,2,...,N), z; is a C'-class function satisfying
1/c < zi(x; &) < (B + 1)?/(4cp) for all xe[O0, 1].

(ii) For each i(i=1,2,...,N), there exists a strictly increasing sequence
{x;}iy such that z;(x;; &) = ¢ for any j(j =1, 2,...,i).

(iii) For each iand j(i=1,2,...,N;j=0,1,...,i — 1), z; satisfies (z;(x; &)
—8(zi(y; &) — & <0 for all xe(x;, x;4;) and ye(x;,;, X;4,), Where
Xo=0 and x;,, = 1.

Figure 3. Functional form of g(H(z; &), 2).

Thus, putting z = z;(x; &) into H(z; &), we obtain the solution (w(x; &), z(x; ¢))
= (H(zi(x; €); ), zi(x; &)) of (2.5)+(2.6).

For the sake of brevity, we consider the simple case when N = 1 only. So,
it turns out that z(x; &) is monotone increasing or decreasing in I, and that
z(x*; &) = ¢ at the only one point x = x*. We assume here the case when
z(x; &) is monotone increasing in I. Then w(x; &) is given by

h_(z(x; &))(=0) 0<x<x*
w(x; &) =

h(z(x; &) x*<x<l1
(Figure 4).

THEOREM 2.1. (Mimura et al. [9]). Suppose a, b, c, B and z* satisfy
(A.1)=(A.3). Then there exist positive constants &, and D, such that non-negative
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w(x; &) z(x; &)

0 x* 1 0 x* 1
Figure 4. Reduced solution (w(x; &), z(x; £)).

solution (wP(x), z°P(x)) of (2.3)-(2.4) exists for all (¢, D)e R, = {(¢, D)eR*|0
<& <éy, D> Dy}, and satisfies

lim, o z52(x) = z(x; z*¥),

lim,, o w*P(x) = H(z(x; z*); z*) compact uniformly in xel\ {x*}.

We call (w"P(x), z°P(x)) a singularly perturbed solution of (2.3)—(2.4) since
w*P possesses an internal layer near x = x* when ¢ > 0 is sufficiently small
(Figure 5).

By the inverse transformations, u =w and v = z/(1 + fw), it turns out

that a solution (u”?(x), v*P(x)) of (1.10)~(1.12) is given by the form
W*P(x), z*P(x)/(1 + pw>P(x))), where

wP(x) P(x)

0 x* 1

Figure 5. Singularly perturbed solution (w*?(x), z52(x)).

ue,D(x)

DE‘D(X)
j\‘ lﬂ/—i
.
0 x* 1 0 x* 1

Figure 6. Singularly perturbed solution (u®”(x), v*?(x)).
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lim, | o (u"P(x), v*?(x))
_{(O,Z(X;Z*)) 0<x<x*
Ty 2(x; 2%), 2065 29/(1 + Bhy (2(x; 2%))  x* <x < L.

We note that both u and v exhibit an internal layer near x = x* eI (Figure 6).

3. Stability of singularly perturbed solutions

In this section, we study the stability of singularly perturbed solutions
given in the previous section. Let ¢(u, v) and ¥(u, v) be ¢@(u, v) =u and
(e, ¥)
d(u, v)
0 = [0, o) x [0, o0), there exists a smooth inverse map (@, ¥) of (¢, ¥) in
0. By the change of the variables used in the last section, w = ¢(u, v) and
z = Y(u, v), (1.10)—(1.12) becomes

Y(u, v) = (1 + Pu)v, respectively. Since det =1+ fu>0 for all (u, v)e

(3 1) {¢wwr + djzzt = 82W)cx +f(W, Z)a
' Y w + ¥,z,=Dz .+ g(w, 2), xel, t>0,
3.2) w,=0=2, x=0,1, t>0,
53 {MQ@=¢MML%MN2%
2(0, X) = Y (uo(x), vo(x))(=0),  xe[0, 1].

Let w? = (w>?, z#P) be a non-negative singularly perturbed stationary
solution of (3.1)-(3.3) given in Theorem 2.1 for (¢, D)eR,. Then u"?
— WP, o+P) = (@(WP), P(w*P)) is a solution of (1.10)~(1.12). By H2(I)
< CY(I) and the regularity of (®, ¥), we find that the stability of #*? coincides
with that of w*?. So, we may only consider the stability of w*P>.

We define J(z) by J(z) = [p* 3 f(s, z)ds, and also define R_, R, by

R_={w, 2)lw=h_(2) for 1/c<z<z*},

+={w, lw="h,(2) for z* <z <(B+1)*/(4ch)},

respectively. Then we obtain

h 4 (2%)
ﬂﬂm——f S 4s(<0)
h

dz _@ 1+ PBs
1 —cz(< 0) (w, z)eR_
Sow, z) = —h+(z)M(<0) (w, 2)ER,.

1+ ph,(2)
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By Theorem 2.1, we find that lim,,, w*?(x)e R_UR, for all xe[0, 17\ {x*},
ie., lim, o f,,(w"?) <0 in [0, 17\ {x*}.
The linearized eigenvalue problem associated with w®? is given by

LW+ DPZ) = & W, + [P W+ [P Z,
(3.4) APEPW+ WePZ) = DZ, + 5P W+ ¢vPZ,  xel,
W,=0=2, x=0,1,

where f2P(x) = f, (w*?(x)) and other partial derivatives are defined similarly.

In order to study the distribution of eigenvalues of (3.4), we apply the algorithm

of the SLEP method, which was proposed by Nishiura and Fujii [13], to (3.4).
Let us first consider the following Sturm-Liouville problem:

{0 = PP()W= 2 W,, + (f2° — ABEP)W,  xel,

3.5
(3.3) W,=0, x=0, 1.

By the definition of (&, ¥), we have

a , e, D
ds::JD — l//Z'D/det ((P lp) > 0
o(u, v)
By virtue of the above inequality, it turns out that the sequence of eigenvalues
and the corresponding eigenfunctions {(A%2, ¢5P)},.o of (3.5) satisfies the

following properties:

(i) For each n >0, A5P is real and A5P > A%P,. Moreover, 452 - — o0
as n— oo.

(ii) @2 has n zeros for each n > 0.

(i) {¢=P},s0 is a complete orthonormal set (CONS) in L*(I) with respect
to the weight @52,

We normalize ¢2? as {|¢=P|2, %P> =1 for all n >0, where <.,.) is the
inner product of L?>(I). Throughout this paper, we denote h®?, h*® and h*®
by

h%? =lim, o h*P, h*® = limp,, h*? and h®* = lim,, limp, , K2,
respectively. We also denote the stretched function of he C3(I) by he C3(I)
where T = (— x*/e, (1 — x*)/e), i.e., h(y) = h(x* + ¢ey), and put $5° = /ed5P.

Lemma 3.1. (Lemmas 1.2 and 1.4 in [13]). ¢§? satisfies the following
properties :

(i) G5~ P8P = Kk*(dw/dy)*P as & >0, where (k*) ™" = [ (dW/dy)*” | Law-
The convergence is uniform on any compact subset of R.
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(i) [;¢&Pdx = \ﬁL(s, D) as ¢ —» 0, where L(e, D) is a positive continuous
function of (e, D)eQ,. Moreover, L* = lim,,L(e, D) = k*{h,(z*)
—h_(z%).

LemMMa 3.2. (Corollary 1.3 in [13]). There exist positive constants A*, C,
and vy, independently of (e, D)€ Q, such that
52 = elo(e, D) + Exp(e, D) and A3 < — 4*(< 0)
hold for all (¢, D)e Q, where
(x*)? dJ

2(’; = lim, o 20(37 D) = *)J g(w®P(x)) dx,

|Exp (e, D)| < C; exp(— 7,/e).

Since w*P is uniformly L*-bounded for (¢, D)ef,, there exists u, >0
such that

£ )
SUPp> py SUPxef0, 17\ (x# W — Mo <O

Let w and p be constants satisfying 0 < w < /2 and 0 < u < min (4%, y,),
respectively, and define a subset X(w, u) in the complex plane C by
Z(w, ) = {AeC|Re i > — p or |argi| < /2 + w}.

Set W=Y*  W,piP=L""(A)"'h where heL*(I) and A¢{1%P},.,. Since
{#2P},50 is @ CONS in L?(I) with respect to the weight ®%P, we have

h,
o °<w¢ ®> o,

Define L*?(1)" by

Le,D(l)'vh — 5] <h ¢£ D>

n=1 le D ¢e P
for all he L*(I). Then the following lemma is easily obtained.
Lemma 3.3.

C,

t ({lft'D}nz 1> l)

I L2 | L2y < d

for all LeX(w, u) where

-1 _ .D
Cy " =inf p yeaoxi0.11 Py (> 0).
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By the first equation of (3.4), we have
_ (P =202, 657 b
AP — A °
+ L) (2P — 205D Z],

17
(3.6)

LEmMMA 3.4. (Lemma 2.2 in [13]). Let F(w, z) be a smooth function of w
and z. Then
€lo F%Pp )
LoP()'[F>Ph] — 55 g0P strongly in L*(I)
for any he L*(I)n L*(I) and /e Z(w, p), where F*? = F(w*?) and F°P = F(w®'?).
The convergence is uniform for D > D, and AeZ(w, ).

LemMa 3.5. (Lemma 2.3 in [13]).

1 R - d~0,D
~—(f:”—wﬁv”)¢s'”#°»{ct+»c*z f gor Y dy}é*
& R

NG d

in H™'(I)-sense and

1 e ~ d~O’D
(5P — AP 5P {c: — %2 f T dy}a*
\/E R dy
in H~Y(I)-sense hold uniformly for D > D, where 6* is the Dirac’s -function
at x = x*, and

dJ

f = —«x* E(Z*)(> 0), =x*{g(h.(z*), z*) — g(h_(z*), z%)}.

LEMMA 3.6. Let h be a C*-class function. Then

AL#P(2)' [h] — — ?‘% + <h, 952> p5P  strongly in L*(I)

w

as |A|— o0 and LeX(w, u). The convergence is uniform for (¢, D)€ Q,.

PROOF. Set AL*P(J)[h] = H*P* — (h/@%P) + (h, ¢5°> ¢5°. By multi-
plying L“?(J) into the both hands, we have L>P(A)H>P* = R®P* where
R4 = [2P(0)[h/DEP] — A5P<Ch, p5P> PEP G5, From the regularity of w®P
for any fixed (¢, D)eQ,, it follows that || L*(0)[h/ D% ] | 12y and || BEL PP |12,
are bounded. Therefore, ||R“™*| 2, is uniformly bounded with respect to
A Since (R®P* ¢&P> = 0, we obtain H*?* = [»P(})'R*P*. By Lemma 3.3,
we find
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IH*P | gy < NLP A | L2y | R | 2y
Il R L2y
= 2 .
dist ({lf{D}nz 1> 4)

—0 as |A|—> o0 and AeX(w, u).

Substituting (3.6) into the second equation of (3.4), we have
(=(fFP =200 Z, ¢5°)
g0 — 2
+(g5° — 2PEOLP() [~ (fP — 204 Z]

+(g5P = AP0 Z.

(3.7 0=DZ, + (95" — APP) 95"

We introduce the following bilinear form associated with the above equation:
B*P>A(Z', Z*)=D(Z}, Z2)
IRy S VAR T i
AP — 2
—L(gs° = AL P [ (P — A0 21, 22)
—{(g2P — APz, 2% for all Z', ZZe H(I).

guP — 2P b5°, 27

Let 4 and Z be an eigenvalue and its eigenfunction which is normalized as

&,D
<Ldet o, ¥) ,|Z|2> =1.
oD o(w, 2)

Then Z satisfies Cs|Z ||}y < 1 < Cull Z ||}y, Where

1 e, D
—— det (%, ¥) }(> 0),
o5P o(w, z)

&, D
b det AP ¥ }(> 0).
oD ow, z)

Cy= lnf(e,D,x)e.Qo x[0,1] {

C4 = SUDP(, b, x)e0 x [0, 1] {

LEMMA 3.7. There exists M| >0 such that |A| < M for all (¢, D)2,
and A€ Z(w, u)No(3.4), where o(3.4) represents a set of all eigenvalues of (3.4).

ProOF. Let Z be an eigenfunction associated with the eigenvalue 4. It
follows from Lemma 3.6 that

_B"XZ,2) _D|Z. |}

+1+RP(A Z
2 1 (4 2)

0

where R*2(1, Z) = O(|| Z |20/ 4) as |A|—> oo and AeE(w, p). Since Cj is
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independent of ¢, D and A, we know that
R*P(A, Z)— 0 as |i|l— o0 and AeZ(w, p).

This implies that the eigenvalue 1 with AeZ(w, p) is uniformly bounded for
all (¢, D)eQ2,.

LemMA 3.8. Let Z be an eigenfunction associated with A€Z(w, p)na(3.4).
Then there exists M, > 0 such that

Proor. Since 1 and Z satisfy B5>4(Z, Z) =0 and w*? is L*-bounded,
we find that || Z, |72y < M, Z|}2, where M, > 0 is independent of (¢, D)€ 2,
and AeX(w, yn{AeC||A| < M,}.

Let B; be a closed ball with center at the origin and radius ¢ in the
complex plane C. We shall say that A = A(g, D) is a non-critical eigenvalue
of (3.4) if there exists 6 > 0 such that 1 ¢ B; for small ¢ > 0, and that A = A(e, D)
is a critical eigenvalue of (3.4) if A is not a non-critical eigenvalue of (3.4).

Let >0 be an arbitrary fixed constant. Since lim, 45 =0 and

[165Pdx = 0(\/¢) as £—0, it holds that

Cs(4
|the second term of B*P*(Z!, Z?)| < %

1Z gy 122 sy

for (¢, D)eQ, and Ae(Z(w, u)NBy,)\ Bs, where Cs(1) >0 depends on 4
only. Therefore, we obtain
|B*PXZY, Z%)| < DN Z) | oy | 22 Ml 2y

Cs(A)e
+
o

1Z sy 1 22 Ny

+ Cs(N ) Z? L2l z? l L2q1y»

where C¢(4) depends on 4 only. The above inequality shows the boundedness
of B#P*, By Lemma 3.4, we have

guP — AP L2 [—(f2P — 292P) 2], Z)
210 <_ (f20 — 222 P) (g — APLP) |Z|2>

0,D 0,D
w, _i¢w.

((ge? — AP Z, Zy 25 (gOP — JWOP, | Z|?)
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uniformly for ||Z||Hl(,)s\/(1+M2)/C3 and AeX(w, unBy,. We define
BOP# by

BOPHZY, Z2) = D(ZL, Z2)

fZO,D _ lfpS'D
< O,D_l¢O‘DZI9(ggyD_}L’W3J‘D)ZZ

w

— (P - AW Z, 72,

If |B®»X(Z, Z)| = C; || Z g1y holds for some positive constant C,, then the
similar inequality holds for B®P*(Z, Z) with the appropriate change of
constant. Rewrite B%?* as

BOPX(Z, Z) = D<Z,, Z,) + <Q*P(}), |Z|*),

where
QE’D(/D — QE’D]. + Qe,D + Q%D
1 2 @=D) _ f&D ’
1 0@, PP
0 = —_det > 0),
05 2.2 % 5 (>0)
Qe,D - _ 1 <dCt a(¢’ W)S‘D>2 [fs,Dlpe,D + g'e.D!//s,D]
2 (dia;D)Z a(w’ Z) v u v v 5
1
05° = — (s (NP3 — R OL) ([P EP — [P 0L
= f2PQ5P + det ol g)w.
We assume o(w, z)
(A4) [f_vl//u + guwu] I(¢,‘I’)(R+UR_) < 0’
(A.5) det 209) > 0.
oW, 2)|g, ur-

Re Q°%P(J) satisfies

1

0,D _ NO,D
RCQ (j’)_Ql Rel‘f'W

«{esrog riar - o re

o(f, 9"

+ det
ow, z

@4”Re — 10f.
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By (A4), (A.5) and f,|z,..r. <O, we find that there exist positive constants
Ui (< uo) and Cg independently of 6 >0 such that ReQ%P(1) > Cq for all
xe[0, 1]\ {x*} and Ae {AeC|Re A > — p,, || < M,}. Therefore we find that

|B*P4(Z, Z)| = |[Re B®PX(Z, Z)| = Co | Z | grrys

where Cy = min {D, Cg}.
We put w* =tan~'(u;/M,)e(0, n/2). From Lemma 3.7 and the Lax-
Milgram theorem, we have the following lemma:

LEMMA 3.9. Suppose A is an arbitrary non-critical eigenvalue of (3.4). If
the assumptions (A.4) and (A.5) are satisfied, then 1€ C\ Z(w*, u,).

Now we consider the distribution of critical eigenvalues. To do it, we
take the asymptotic form of A(e, D) as A(e, D) = et>? where =2 is a continuous
function of ¢ and D. Let Z*P be an eigenfunction associated with A(e, D). By
using Lemma 3.5, we have

< __(fzs,D _ l@;‘D)ZC’D, ¢8D>
4GP — (e, D)
R AN IO M
A% — 0P

in H ™ !(I)-sense where 1>? = lim, ,t>”. Normalizing Z®? as (Z*?, §*) = 1,
we obtain the following equation:

(65 — 1P5P) 95”

as ¢ —0

1 0,D
0=DZ%P + ——det 0(f: 9)
WP 0w, 2)

Zo0 =0, x=0,1,

Z%P,  xel\{x*},

przer) = — 1%
¥ F — 0.0
where [Z2P] = lim,, o {Z2P(x* + 8) — Z2P(x* — §)}. As D —> o, we have
1 af, 9" >
3.8 0 = (c¥c% det , 1),
3.8) T (0152)/< 0,0 o(w, 2)

By (A.5) and the definition of c%, if g(h,(z*), z*) > g(h_(z¥*), z*), we find
1%® < 0. Putting u*(e) = min {u, /e, — t>*/2} (> 0), we know that there exist
positive constants ¢* and D* such that 12 < — pu*(e) for all (¢, D)eQ* = {(¢, D)|
0<e<e*, D>D*}. We now arrive at the following theorem.

THEOREM 3.10. If the assumptions (A.4), (A.5) and
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(A.6) glr. <0 <glg,

are satisfied, then X(w*, eu*(c)) < p(3.4) for all (s, D)eQ*, where p(3.4)
represents a resolvent set of (3.4).

The problem which we should do is to show that the stability of stationary
solutions of (3.1)~(3.3) is given by the argument on the corresponding linearized
eigenvalue problem.

Let us introduce the following theorem which justifies the linearized
stability principle for the quasilinear parabolic equations including (3.1)-(3.3).
The interpolation spaces in the sense of Lions and Peetre [5] are denoted by
[Y, XTJo,, and their norms by | . |4, ,.

THEOREM 3.11. (Potier-Ferry [15]). Let X and Y be Banach spaces with
Y dense in X. Let the norm of X be denoted by |.||. Let 0 <6 <1,
0<6# <1,1<p<oo. For each u in a neighborhood of u=0 in [Y, X7, ,,
let T(u): Y- X be a closed linear operator. Let f be a nonlinear map from
a neighborhood of u=0 in Y into [Y, X1y ,. Suppose that

(1) there exist positive constants w,, u, and C,, such that Z(w;, U,)
< p(T(0)) and

-1 CIO
ILTO) + 417"l < T+ 14

Jor any AeX(wy, uy),

(ii) for any xeY, the map u— T(u)x from a neighborhood of u=0 in
LY, X1, into X is differentiable and there exist positive constants n
and Cy, such that

ILT" (uy)o — T'(u)vIx | < Cyy(llug — uyllo,p)" 0llg,pll XMy

(iii) there exists C,, > 0 such that

I f(uy) — f(u,) lo,p < Cialluy —uylly, and

(iv) there exists Cy3 >0 such that | fW)lle, < Cisllull}.
Then

d
d—“ + Tu=f@), u®)=ugeY
t
has a global solution u on the time interval [0, o), and for sufficiently small
luolly there exist positive constants C,, and py such that
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lu@lly < Ciqlluglly exp (— p3t) Jor t>0.

To apply the above theorem to (3.1)—(3.3), we substitute w = (w, z) = w*?
+ W into (3.1)-(3.3) where W = (W, Z), and obtain

(3.9) %V + TOWW = f(W)

where

TMW = — {a(q), W)(wa'b + W)}-lL“DW,
a(w, z)

Ls,D W= (82 I/V.xx + fw(ws’D) W+ fz(WEYD)Z)
DZ.. + g,(w D)W+ g,(wD)Z )’
(D, -1
a(w, z)
y (f(WE’D + W) = f(w*?) — f,(wP)YW — f,(w*P)Z )
gD + W) = gwP) — g, (D)W — g.(w"P)Z
Let X = L?(I) x L?*(I) and Y = HZ(I) x H3(I). Theorem 3.10 implies that
the assumption (i) in Theorem 3.11 holds for (3.9). In order to check that

the assumptions (ii), (ili) and (iv) in Theorem 3.11 hold for (3.9), we put

0e(0, 1/4) and #'€(3/4, 1). By the embedding theorem and the interpolation
theorem (see Grisvard [3]), we know

Hi(D < [H*(D), L* (D], = W1 %2(D) < CM2(D),
H{(D) = CY2(I) « w20 =2(1) = [Hx(D), L*(D)]g»-
Therefore, it turns out that
Y [Y, X]p, <= CV3(I) x CY2(I), Y= CY*() x CY*(I) < [Y, X1y,

By using the above inclusion, the regularities for T and f and the boundedness
of w*P, we thus find that the assumptions (ii), (iij) and (iv) in Theorem 3.11
hold. Consequently, the following main theorem is obtained:

THEOREM 3.12.  Suppose @, Y, f and § satisfy the assumptions (A.4), (A.5)

and (A.6). Then, for any fixed ¢€(0, e¥), w™? is exponentially stable for
D > D*.

4. Stability of singularly perturbed solutions when D > 0 is sufficiently large

The final problem is to find the parameter regions with respect to
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(a, b, c, B, &, D) in which w®? is stable by using the results shown in the
previous section. It is not easy to do this, because the stability of w*? depends
on its spatial profiles. To do it, we study a special case when D >0 is
sufficiently large. Nishiura [12] proved that, for any fixed small & > 0, w*”
converges to a solution, say w*®, of

0=2¢%w,, + f(w, 2), xel,
4.1) w,=0, x=0,1,

0= J g(w, z)dx

in the C2(I) x C?*(I)-topology as D — co. By this result and the construction
of w*P, we find that w** = (w*®, z%*) = lim,,, w*® satisfies z**(x) = z* and

h_(z*)(=0) 0<x<x*
h.(z*) x*<x<1l.

w*(x) = {

&#D is stable when

By using this information, let us examine whether or not w
¢ > 0 is sufficiently small and D > 0 is sufficiently large.

We put
wi = (wi, Zi) = (h:t(Z*)’ Z*)’ ui' = (ui) Ui) = ((D(Wi), ![/(wi)),

= - _| 1. /9
a; =buy +vy, Gy=9gWwy), Qi _I:fwdetﬁ(w, Z):|(W¢),

L/ 1 ahe N\ o
Q—<£m®%wn ,§v-<Q (0), 1),

Apin = min(a+’ a——), Apax = max(a+, a_),

respectively. By some computations, we have

—O,w_%l—cz*(<0) 0<x<x*

Tl —ha(@M(<0)  x*<x<],
[oE = —a®™(<0), §*=—b"*(<0),
0

%a Gy =0v:(>0),

a _ fu(ui) a(¢a YJ)
5;Qi—fawgdﬂ‘ﬂmz)03ﬂ>ox

respectively. Since z* is independent of a, we find that G,, G_, Q, and Q_
are increasing linear functions with respect to a. Thus, the following lemma
is obtained.
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LemMmA 4.1.

(i) a_-<a, (resp.a, <a_) if and only if Bh,.(z*)+ bc — B> 0 (resp.
<0). Moreover, if bc < 1, then Bh.(z*) + bc — B < 0.
(ii) If a_ <a (resp.a<a_), then 0 < G_ (resp. G_ < 0).
(iii) sign Q_ =sign(a —2a_) and sign(Q,l,-,,) = sign(bc — 1), where
sign z means the sign of z.
(iv) If G, =0 and bc > 1, then Q, > 0.
0,
(v) Ifdeta(f, 9)
ow, z
(vi) If Q* > 0, then there exists a positive eigenvalue of (3.4) for sufficiently
small ¢ >0 and large D > 0.

>0, then f2°yY%® 4+ 02 y%® <0.

Proor. By using a_ =z* and a, = bh,(z*) + z*/(1 + Bh, (z*)), we have

a, —a_ = hy (Z*){Bh (z¥)+bc— B}, G_=(a—a_)z*,
etg((—f’%)(u_) =1 —cz¥)(a — 2a_),

(f 9) uy

a(u’ )( u,)= _U_:G+ + (1 —=boju,v,.

Thus (i), (i1), (ii1) and_ (iv) are obviously obtained.

05,9 - - a(f9) 0 ¥)
= - =d

B, 0) eI T Lo = et 4 B 0)

f oolp'(‘)oo_{_gOoolpOoo

’ e { ' 049" ., 2o w)"'“}
— ,00,1.0,00 0,00 ~0,00
SN + gu® + det P det o <O0.

By using det

, we have

u

Substitute Z' =1 = Z? into B*?*(Z!, Z?). Then if 1 # 0, we obtain
B*PA(1, 1) — {Q%*(A), 1) as ¢—0 and D — 0.
Since
<Q>*(0), 1> = — Q*(<0), lim;_ %(Qo’w(/l), 1) =<0Y=, 1>(>0)
and (Q>®(4), 1) is continuous for all A€[0, + o0), we find that Q%= (4), 1)

=0 has a positive solution. Therefore, for sufficiently small ¢ >0 and large
D > 0, (3.4) has a positive eigenvalue and its eigenfunction Z = 1.



528 Yukio KAN-ON

The above lemma shows that (A.4) is obtained by (A.5).

Since G, |,-,, =0 and G_|,-,_ =0, and since G, and G_ are increasing
with respect to g, it is shown that, for a€(a,;,, dms) and f > 1, there exists
a solution of (4.1) for sufficiently small ¢ > 0. From j,g(wo'm)dx =0, we
obtain x*=G,/(G, —G_) and Q*=(G,Q_—-G_Q,)/(G, —G_). From
x*e(0, 1), it follows that G, and G_ satisfy either G_ <0< G, for all
A€ (Apin, Gmax) OF G, <0 < G_ for all ae(a,,,, dp.,). Since G,,G_, Q, and
Q_ are linear with respect to a, we know that G, Q_ — G_Q, is a quadratic
function with respect to a, and that

sign (Q*|o=s_ Q*la=a.)
=sign([G, Q- —G_Q 1=, [G:Q_ —G_Q.]ls=0.)
=5ign(Q_l,=4_ Q+la=a,) = sign (1 — bc)

holds. If bc > 1, then G, Q_ — G_Q, has unique zero a, in (a,,, Gmay)> 1-€-»
Q* also has unique zero a, in (@iys Amax)-

4.1. Case of be <1

In this case, we refer to [8] and [9] for the construction of w*? as shown
in Theorem 2.1, and find that the results shown in the previous section are
still valid.

By Lemma 4.1, we have a,,;,, =a, < a_ = a,y, Qilo=a, <0, Q_ <0 for
a€[Apins Omax] and G_ <0< G, for a€(an,, Apy). This implies that w®?
satisfies (A.6) for sufficiently small ¢ >0 and large D >0. Since Q. is
increasing with respect to a, it follows that there exists ag€(dpin, Amax] SUCh
that @, <O for ae[a,;,, ;). From the definition of Q, and Q_, we find
that, for ae[a,,,, a,), w=> satisfies (A.5) for sufficiently small ¢ > 0 and large
D > 0.

THEOREM 4.2. Suppose bc <1 and B> 1. For any a€(ap,, ao), there
exist positive constants €, and D, such that w*P is stable for all 0 < ¢ < ¢, and
D>D,.

4.2. Case of bc > 1

We first assume ph,(z*) +bc— f>0. From Lemma 4.1, we have
Opin =0_ <Ay =gy, G4 <0< G_ fOr a€(@mips Amax) and Q.l,-,, >0. Then
Q* satisfies

< 0 a E(amim ac)
0*{ =0 a=a,
> O ae(acs amax)'
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For ae(a,., a,,,), from Lemma 4.1, it turns out that there exists an eigenvalue
with positive real part of (3.4) for sufficiently small ¢ >0 and large D > 0.
For ae(ay,,,, a.), we have c¥ <0. By (3.8), we find that the critical eigenvalue
of (3.4) is positive for sufficiently small ¢ > 0 and large D > 0.

THEOREM 4.3. Suppose bc > 1, B > 1 and Bh,(z*) + bc — f > 0. For any
A E(Amin> Amax) \ {a.}, there exist positive constants ¢, and D, such that w*P is
unstable for all 0 <e<e, and D> D,,.

Next we assume fh,(z*)+ bc— f<0. From Lemma 4.1, we have
Qpin =03 < A_ = Qpyy, G_ <0< G, for ac(apy, Amax), Q- <0 for ae[a,
O] and Q, >0 for a€[a,;,, Gmar]. Then it turns out that Q* satisfies

> 0 ae(amim ac)
o*{ =0 a=a,
<0 a€(@a,, Apgy)-

For ae(a,,,, a), it follows from Lemma 4.1 that there exists an eigenvalue
with positive real part of (3.4) for sufficiently small ¢ > 0 and large D > 0.

For ae(a,, a,,,), it follows from (3.8) that the critical eigenvalue of (3.4)
is negative for sufficiently small ¢ >0 and large D > 0. Let 4> be a non-
critical eigenvalue of (3.4) which is uniformly bounded for all (¢, D)e2,, and
let (W=P, Z&P) be its eigenfunction. For any fixed ¢e(0, &), normalizing
(W=, Z=P) as max (| WP lcoy | Z5P |l c2i) = 1 for all D > Dy, it follows from
(3.7) that Z*? converges to a constant function as D — co. Then we find that
Zo® =limp, , Z*? =0 or

1

4.2
(42) =

CJEm = A= QL= =) (g™ — A W™, 65

— (@), 1) = 0

holds. Since 4*” is a non-critical eigenvalue, Z*® = 0 shows that A*% need
to satisfy A** = A>*(<0) for some integer n>1. By (42) and [;¢§”dx
= 0(\/5) as ¢ = 0, we obtain (Q%>®(1>%), 1> =0. In consideration of Lemma
3.7, we may study the solutions of (Q%%(1), 1> =0.

By simple computations, we obtain Q3 ®|,—,. =a_ >0and 0%*®|,_, =0
for xe[0, 1). By taking the real part of (Q%*(4)|,=,_, 1D, if Re 1 > 0, then

Re<Q”*(Daza_> 1> =<QP®la=q_, 1D Re A + Q¥ )4=y_, 1> >0

shows that <Q%®(4)|,=,_, 1> = 0 has no solution with non-negative real part.
Since <Q%*(4), 1> is a continuous function with respect to a€[dm;y, Gmacls
there exists a,€[a., d,,.] such that (Q%®%(J), 1> =0 has no solution with
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non-negative real part for all ae(a,, a,,.], and that (Q%*(4), 1> =0 has a
solution with non-negative real part at a = a,. Since (Q>®(0), 1>= —Q* >0
for ae(a,, ay,,), if a. < a;, we find that <Q%*(4), 1> = 0 has a pair of solutions
with pure imaginary number at a = a,.

THEOREM 4.4. Suppose bc > 1, f > 1 and Ph, (z*) + bc — f < 0.

(i) For any a€(a,, a,,y), there exist positive constants ¢, and D, such that
w*P is stable for all 0 <e<e, and D> D,. Moreover, if a.< a,,
then there exists a periodic solution of (1.10)—(1.12) for sufficiently
small ¢ >0 and large D > 0 when a is varied in the neighborhood of
a=a.

(ii) For any ae(a,,;,, a,), there exist positive constants €, and D, such that
w*? is unstable for all 0 <& <¢, and D > D,.

When the assumptions in Theorem 4.4 and a, = a, are satisfied and a
takes the value near a,, we shall show that a periodic solution appears. Since
w®P is uniformly bounded for all (¢, D)eQ,, there exists M5 > 0 such that
w*P(x)e [0, M3] x [0, M5] (= %) for all xe[0, 1] and (¢, D)eR,. Since w*”
converges to w=® in C2([0, 1]) x C?([0, 1]) as D — oo, if B*®*(1, 1) = 0 has
a solution A(g) without the multiplicity, then B>?'4(1, 1) = 0 also has a solution
near A(e) for sufficiently large D > 0. In consideration of the proof of Theorem
4.4, we may only show that B**'*(1, 1) = 0 has a pair of zeros which converge
to 0 as ¢ » 0, and which are pure imaginary numbers at a = a..

First of all, we put 2 = A(¢) = £" A(¢) where 0 < 5, < 1 and lim, ,4(e) = A*
# 0, and study the order estimate of (g%*, L*®(A)'f=*> as ¢ > 0. After some
computations, we find that L>®(A)' f>® is rewritten as

Le,oo(i)’rfzs,oo _ fZ, _ <f2’ djf&ood)(e),oo>¢8,oo + Le.oo(/{)’vRa,oo’

fc,oo £,00
w w

where

fE.(X) ﬂ&,w¢$®
Ros == [/—?.6 AT ST AT BT G

w w

fs,oo
zZ

g,00
w

+('1%’°°—/1)< ¢f&°°¢%’°°>¢fv’°°¢f)’°°-
From the definition of L*?(A)", it is shown that {L#P(A)'h,, h,>=<h,, L*P(A)'h,)
for all h,, h,eL*(I). Then we have

Cgu® LA\ [0 = <gf&°°,fze,oo> + (L2 ('R, RE7)

w
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£,
—< ’a,w,¢3w¢s'°°><g;°°, 5.
w

Since w®* satisfies

2 w(x)
W+ 00,2 =0 and S(w)P+ | f(s2)ds =0,
w(0)
we have
- sz[fza:w] = — 2 (Mo ws + By (we ™))
WE> ©(x)
=hy®fo° + 2h‘2'°°j f(s, z8®)ds,
we» ©(0)
where
0 €, 00 2 £, 00
I
aW fw 6W2 fw

From f(w®®(x))=0 and [%0 2% f(s, 2%®)ds =0 for all xe[0, 1]\ {x*}, we
also have
Lf(w>2 )] = | f (W™= (x)) — f (W= (x))]

SNVS Mgy LW 0x) = W= (0] + |25 — 2%},

W ©(x)
f f(s, z%)ds

we @ (0)

w0, (0) we» ®(x)
j f(s, z2°)ds + J f(s, z%%®)ds

we ©(0) w0 (x)

w0 (x
+J ){f(s, 22%) — f(s, 2°%)} ds

w0:2(0)
< N f g {IW(0) = wO=(0)] + [w™*(x) — W= (x)|}
+ VS N oy | WO 2 (x) = WO 2(0)] |25 — 2%
for all xe[0, 1]\ {x*}.
For the stretched function w*?(y) of w*?(x), we know the following result:

LemMA 4.5. (Fife [2]). There exist positive constants C,s and 7,
independent of (g, D)€ 2, such that

IW'D(J’)_hi(z*)Iﬁcls exp(—y2lyl) as y — =+ 0.
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From the above lemma and the construction of the solution of the singular
perturbation method, we obtain

[wo=(0) — w*®(0)| = O(e™72%), J [w* = (x) — w2 (x)|dx = O(e),
1

|24 — 2% = 0(e)

as ¢ >0 where y, is the constant given in Lemma 4.5, that is, {,|f(w"*(x))|dx
=0(e) and [/|fu: 2 f(s, z®)ds|dx = O(e) as e—0. Since hy*, hi™ and
L>*(1)'g5® are bounded in L*®(I), we have

(o7 ] )

as ¢—0. From j}d)f)""’dx = 0(\/5) as ¢ —» 0, we obtain

0,0 ,0,0 40,0
» z Iw ¢w,
(L= (3) g5, RO®) = g J* <—_
o=y

(£ oea5 ) caie, 65> = 000

w

=0()

) 1> + 0(8'1!),

as ¢~ 0.
Put a = a, + ¢™d + o(¢") where 0 < n, < 1. For any function h*? which
is dependent of (¢, D, a), we denote h®>P-* by h#D* = p=P| _ . Then we have

fO,oo.*gO,oo,*djO,oo,*

(L= () g5, Ro=) = s"‘i*< T

1> + o(e™),
Q* = g'lzaAQ: + 0(8712)

as ¢ >0 where Qf = —Q la=a, (< 0). By B*®*(1,1)=0, we have
c¥ck .

4.3) 0= —i*—el"ﬂ — GQ¥eE"™ + A*¥Q¥e" + o(e™, 17, M)

as ¢ >0 where

B <g?v,oo,*f_vo,oo,* +f»?'w'*fuo'w'* det a(¢, SI/)O,OO,* 1>
{f2x)? ow,2) T/

When 5, = n, = 1/2, the both sides of (4.3) are well-balanced and A* satisfies

03

(A¥)2Q% — 4Q¥I* + ctcx = 0.

By simple computations, we have g& ¥ f,00:% 4 £0.2:% £0.2.% 5 () in [0, x*).
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To show g& @ f,0-@% 4 fO.0.% £0.0.% 5 () in (x*, 1], we derive a contradiction
by assuming g% ** > 0 for some xe(x*, 1]. From Q, >0, &, =0, f>°* <0
and f2** <0, we have

fzo,oo,*go,oo,*

w

0,00,% _ 70,00, 0,00,% _
gz(Jo —ng*qyzw*_Q++ >O,

0,0,%

w
ie., g®* >0 because of ¥>** >0. From &, =1, ¥>°* <0 and g =*
<0, we have

R

This implies a contradiction, i.e., g%®* <0 in (x*, 1]. From f,2** <0 and
f2** <0, we obtain Q*¥ > 0. From c* > 0 and c% > 0, we have the following.

THEOREM 4.6. Fix b, ¢ and f to satisfy the assumptions of Theorem 4.4,
and suppose a; = a.. Then there exists a periodic solution of (1.10)—(1.12) for
sufficiently small ¢ >0 and large D >0 when a is varied in the neighborhood
of a=a,.

5. Concluding Remarks

We have shown the criterion of the stability of the singularly perturbed
solution w®? when ¢ is small and D is large. In this section, by numerical
computations, we show the bifurcation diagram of this solution when a is
globally varied.

First of all, we consider the case when bc < 1. When a is increasing, the
situation varies from Case (I) to Case (IV) through Case (II). Figure 7 shows
the bifurcation diagram. E.,, E,, and E,, denote the branches of the
equilibrium points (1, 0), (0, a) and ((1 — ac)/(1 — bc), (a — b)/(1 — bc)), respec-
tively. A non-constant stationary solution branch bifurcates from the
E..-branch at a =g, then turns back at a=a, and connects with the

D. ¢

Figure 7. Bifurcation diagram where ¢ = 0.001, D = 10.0, # = 3.0 and b =c = 09.
The solid curves are stable and the broken ones are unstable.
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E,,-branch at a =a. Numerical computations show that the upper branch
corresponds to stable singularly perturbed solutions shown in the previous
sections, and -that the lower one is unstable. We have not touched with the
lower branch. But for its construction, we refer to [9].

Next we consider the case when bc > 1. As a is increasing, the situation
varies from Case(I) to Case(IV) through Case(IIl) (Figure 8). The great
difference from the case bc < 1 is that the secondary bifurcation of Hopf type
occurs at a =a,. This bifurcation is already shown by the stability analysis
in the last section. By numerical computations, as a is decreasing, the periodic

X
E.o
P c-mecceccec—anaan-
4
4
4
“E u v
o, L+s
K3 Ld
.""’ vouv ‘?
1
* :UH BT
] - 1
s _‘_--‘
&--r-"" H Eo+
..... T t L
! 1 [ 1 a
a a a a,

Figure 8. Bifurcation diagram where ¢2 = 0.001, D = 10.0, f =3.0 and b=c = 1.1.
— : stable stationary solution.
---: unstable stationary solution.
coo: stable periodic solution.

Figure 9. Spatially inhomogeneous solution
of (1.10)—(1.12) where ¢, D, B, b and
c are the same as in Figure 1.

(ii) a = 0.9905
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solution disappear suddenly (Figure 9). In this paper we do not touch with
periodic solutions. The complete understanding of these global bifurcation
diagrams is a future work for us.
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