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On Affinely Connected Spaces without Conjugate Points

Michihiko Kikkawa
(Received March 12, 1964)

Introduction. Manifolds without conjugate points have been treated
in Riemannian case by M. Morse, G. A. Hedlund, E. Hopf, L. W. Green and
others, and discussed in more general metric spaces by H. Busemann and
E. M. Zaustinsky.

In the present paper, we shall at first extend the notion of conjugate
points to differentiable manifolds with affine connection (Section 1), and
investigate a two-dimensional affinely connected manifold without conjugate
points. In Section 2 we shall study a condition of the non-existence of con-
jugate points in two-dimensional affinely connected manifold (TueEoreEM 1).
In Section 3 we shall show by an example that the result of flatness of a two-
dimensional Riemannian torus without conjugate points, given by Morse,
Hedlund [9] and Hopf [ 6] no longer holds for the affinely connected torus in
general (THEOREM 2).

The author wishes to express his gratitude to Professor Kakutard Mori-
naga for his kind suggestions and encouragement during the preparation of
this paper.

1. Let M be a differentiable (C*) manifold with an affine connection v.
Let v(t) (6 e€I) be a geodesic in M, where I is an open interval and ¢ is an
affine parameter.

Derinition. A family of curves :—7 (t,u) (t€l, |u| <0) in M will be
called a geodesic deviation of 7v(¢), if I'(t, u) is differentiable with respect to
@, u), I'(z, 0)=7() and for sufficiently small |uz| the curve :t—>7I"(t u) (t€1)
represents a geodesic by neglecting the order of 2.

Let J be a relatively compact open subinterval of I. The restriction of
7(¢) on J is also written 7 () (z €J).

Prorosition. A family of curves I'(t,u) (i €], |u| <0) containing a geodesic
@) te])as I't, 0)=70() is a geodesic deviation of 7(¢), 1f and only if a family
of vectors Y@)=dl’ (—3—)0,0) tangent to M at 1) (¢ €J) satisfies the following
u
equation,

(1.1 (VxVxY = R(X, V)X — Vx(T(X, Y)))yy=0,  for i€J,

where X, Y are vector fields on M satisfying X,u,=7@) and Y,,,=Y @) ¢ €J),
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and T and R are respectively the torsion and the curvature tensor fields on M.

Proof. From the above definition, I"(s, u) (t€J, |u| <9) is a geodesic
deviation of 7(¢), if and only if there exist vector fields X, Y on M such that
X'y(t):'f(t) and Yry(t):Y(t)’ and

1.2) (Yvx X)yay =0, for :e].
Since (VxX),y=0, we get
(13) (VYVXX)»,(:) =0.

But two equations (1.1) and (1.8) are equivalent. In fact, using the rela-
tions

T(X, Y) = VXY_ VYX - [X7 Y]’
R(X, Y)=vVxVy — V¥yVx — Vix,v]

we have
VrVxX=VxVxY —R(X, Y)X — VX(T<Xa Y)) —Vx[X, Y ]—Vix, v X.

We can choose new vector fields X, ¥ such that X,,,=X,u), Y,0y=Y,u and
[X,Y]=0 in an open neighbourhood containing the geodesic 7(Y). Hence
there exist vector fields X, Y on M satisfying (1.3) with X,,,=7(t), if and only
if there exist X, ¥ satisfying (1.1) and X,,,=7(). Our proposition is thereby
proved.

Dermvirion. In a manifold M with an affine connection v, a differentiable
family of vectors Y (;) along a geodesic 7(¢) (¢ € I) is called a Jacobi field along
7(¢) if it satisfies (1.1) for the arbitrary relatively compact open subinterval
Jof I. Two points p=7(%) and ¢=7(:) on a geodesic 7(t) (t €J) are said to
be mutually conjugate if there exists a non-trivial Jacobi field Y (¢) along 7 ()
(t €J) such that Y (z)=Y(t,)=0.

In particular, if I'(z, u) (t € I, |u| <0) is a one-parameter family of geode-
sics around a geodesic 7(;), i.e., for each u (Ju|<d) the curve (—I"(G, u) (t€I)
is a geodesic with affine parameter : € I and I'(;, 0)=7(), then from the above

proposition it is seen that Y()=dI" (7’)’6_)<t’°) is a non-trivial Jacobi field along
. u
7(2). In this case, the conjugate points p, ¢ on 7(;) are the points of intersec-

tion of geodesics contained in the family 7" (, u).

2. In the following, M is assumed to be two-dimensional. Let v() (€ 1)
be a geodesie, 7(i)=p be any point on 7(¢) which is not a double point of 7(x)
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and let r; denote the parallel translation of tangent vectors from p to a point
7(¢) along the geodesic. Let X be a vector tangent to M at p such that X and
7 (%) are linearly independent in the tangent vector space M;,. We now con-
sider two families X;(:) and X,(t) of vectors along 7() defined by X,(¥)=
t(7()) and Xy(r)=1,X). Then at each point 7(s), the vectors X,(:) and X,()
are linearly independent and differentiable with respect to ¢. Moreover, there
exists a coordinate neighbourhood U of p with the coordinates (xi, x,) on U
such that for some subinterval J of I containing i, U contains a geodesic arc
7(t) (2 € J) without double points in it and

<£7> vty = Xi (@), (i=1,2).

Any geodesic 7(:) (: € I) is covered by such coordinate neighbourhoods, and
any finite geodesic arc can be considered as contained in such a coordinate
neighbourhood. These local coordinates are called parallel coordinates along
7). On a neighbourhood U of the above parallel coordinates we denote the

vector fields Xi=_7,),’0‘_ (i=1,2) and put T(X;, X;)=T%,X,, R(X;, X)Xs=R!,,X,

Xi
G, j b 1=1,2).
The equation (1.1) along a geodesic 7(¢) is expressed in U as follows:

@.1) dgz(") - df;ﬁ(‘) T, (1)

—po(riGo)+ IOV Yo g =12

where Y=/'X,, f()=/*(7(:)) and J is a relatively compact subinterval of I.
In fact, since X=X, in (1.1) and (vx X),:y=0, we have

XX fHX — (XufH T(X, X0

— fFI(R(Xy, X) X1+ vy, (T(X1, X)))=0 along 7).

Turorem 1. Let M be a two-dvmensional differentiable manifold which
has an affine connection with zero torsion, and 7(@) (: € I) be a geodesic in M. If
the Ricci curvature Q of M is positive semi-definite along 7(:), there is no pair
of conjugate points on it.

Proof. Since the torsion of M is zero, the system of equations (2.1) of
Jacobi field Y (:) = f'(:)X; along a geodesic arc 7(x) (: €J) can be written in
parallel coordinates (x;, x,) as follows:
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22) dzj;(‘) —R(r®)f =0
@3) ELO g o) =0
If

24 R}, (r®)=0, for el

then the comparison theorem of Sturm implies that in the values of : there
is at most one value of : for which non-trivial solution f*(r) of the equation
(2.3) vanishes. Hence the geodesic arc 7(;) (: €J) has no pair of conjugate
points. But changing (x;, ;) to any local coordinates (y,, y2), the condition
(2.4) is expressed in the following

@5) SIRYy + Ry D 0,

v %1 0%
where Ri,, are the coefficients of the curvature tensor in the local coordinates
(y1, y2). Since Q;;=R%;, is positive semi-difinite on 7(¢), the relation (2.5) is
valid at any point on the geodesic. Therefore no pair of conjugate points
exists on the whole 7() (¢ € I).

Remark. In particular, if M is a two-dimensional Riemannian manifold
and v a corresponding Riemannian connection, the condition of positive de-
finiteness of the Ricci curvature Q is equivalent to the condition £()<<0 along
7(t), where £(¢) is the Gaussian curvature at 7 (z).

3. On a two-dimensional manifold 7> homeomorphic to the torus, it is
known that the Riemannian structure on 7, without conjugate points is only
possible when the structure is flat [6]. On the other hand, we have

TueoreMm 2. There is an affine connection on T. without conjugate points
and not flat.

Proof. An affine connection on 7, is given by a family of periodic func-
tions I'#, (%1, %) (i, j, k=1, 2) on the two-dimensional Euclidean space E, with
coordinates (x;, x,) which is considered as the covering space of T,. Owing
to TueorEM 1, our problem is reduced to finding a family of periodic functions
It (%1, x2) G, j, k=1, 2) not identically zero, and in such a way as the torsion
is zero and the Ricei curvature is positive definite, considering 7'¢, (x1, x2) as
coefficients of an affine connection.

Such a family of functions can be constructed. At first, we consider the
following system of equations:
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a'Fl(xl, ED) _ an(xb %) =0

Oxl axz
3.1) OF' (w1, 2) _ OF*(wi, w2) _
0% 0x;

(F" (%1, %2))* — (F? (%1, x2))* > 0.

The functions F'(x, x2), F2(x1, x2) periodic in x;, x, and satisfying the above
equations can be found actually. For example, we are only to set

{ F(xy, x5) = sin (w, + ) + ¢

F2<x1, xz) = sin (x1 -+ x2>

where ¢ is a constant greater than 2. By using these functions we define
I'iy (%1, x2) as follows:

rh:O, ]—'§2=f§2=r§1=F1(x1,x2)
F%ZZZFz(xla x2>9 F%IZF%ZZF%I:Fz(xh xz).

Then such functions define an affine connection with desired properties on 7%.
In fact, since /"},=1I"f; this connection has zero torsion. The coefficients
Q;; of the Ricei curvature in the coordinates (x;, x,) are the following

aFl an
Qu - -R%IZ - 0%, - "axz + (1 1)2 - (1 2)2
OF?
Q12 = R%21 = = _@K
oF? oF!

Qa1 =R3;, = “om " om

oF? oF!
Q2 =Ry = 5 — = 5+ (F? — (F*

By means of (3.1)

Qu = sz = (Fl)z - (Fz)z > O:

oOF? oF!
Q2+ Qo1 = owL T Om

Hence the Ricci curvature Q is positive definite.



38

Ll

XN

Michihiko Kikkawa

BisLioGrAPHY

H. Busemann, Geometry of geodesics, Academic Press, New York, 1955.

E. Cartan, Legons sur la géométrie des espaces de Riemann, Paris, 1946.

L. W. Green, Surface without conjugate points, Trans. Amer. Math. Soc. 76 (1954), 529-546.

G. Hedlund, Geodesics on a two-dimensional Riemannian manifold with periodic coefficients, Ann. ot
Math. 33 (1932), 719-739.

S. Helgason, Diferential geometry and symmetric spaces, Academic Press, New York, 1962.

E. Hopf, Closed surfaces without conjugate points, Proc. Nat. Acad. Sci. U. S. A. 34 (1948), 47-51.
M. Morse, Calculus of variations in the large, Amer. Math. Soc. Press, New York, 1934.

———, A fundamental class of geodesics on any closed surface, Trans. Amer. Math. Soc. 26 (1924),
25-60.

M. Morse and G. A. Hedlund, Manifolds without conjugate points, Trans. Amer. Math. Soc. 51
(1942), 362-386.

E. M. Zaustinsky, Extremals on compact E-surfaces, Trans. Amer. Math. Soc. 102 (1962), 433-445.

Department of Mathematics,
Faculty of Science,
Hiroshima University





