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1. Introduction

Given a differential equation

(1.1) / = /(*, y)

and the initial condition

(1.2) y(χo) = jo,

where f(χ, y) is assumed to be a sufficiently smooth function. We are con-
cerned with the case where the equation (1.1) is integrated numerically by a
one-step method of order 4.

It is well known that the one-step method of order 4 requires at least four
evaluations of the derivative per step and that, in the course of numerical
integration, if the same step-size is used twice in succession, the approximate
value of the truncation error is obtained by integrating again with the double
step-size. This method of approximating the truncation error requires at
least three additional evaluations of the derivative per two steps of inte-
gration. Hence we raise the question whether there is or not a one-step formula
of order 4 such that only one additional evaluation of the derivative makes it
possible to approximate the truncation error for two steps of integration with
the same step-size.

In this paper, it is shown that such a formula really exists and the method
is illustrated by numerical examples.

2. Preliminaries

Put

(2.1)

(2.2) Zl = :

and
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(2.3) Zl-y(Xl)=T(x0, yo;h),

where h is an increment of x,

. =/(*o, jo)

(2.4)

and α, 6, c, d, e, I and p/s (ί = l, 2, 3, 4) are constants to be determined so that

(2.5) T(x0, y0;h) =

Then, under the.condition (2.5), it is known that I must be equal to 1
Let D be a differential operator defined by

and put, for simplicity,

(2-7) Z>y(*o, Jo) = T\ D'fy(x0, jo) = S> (y = 1, 2, ..., 5),

(2.8) (Df)2(xo,yo) = P, (Dfy)XXΰ, yo) = Q, Dfyy(x0, yo) = R,

(2.9) fy(*O, yo)=fy, fyy(xo, yo)=fyy,

then J(Λ;O + Λ) is expanded into power series in h as follows [2] :

(2.10) y(x0 + h) = i + ̂ Λ2Γ + - ^ W +fyT) + ^h\

~

+ 15TQ + lSfyfyyP+16/, ΓS2 + 9/, T2 S+12f2 TS+10fyyTT2

+f, T* +f2 T3 +f3 T2+f*T) + O(h7).

Also the expansions of λ. 's (i = 2, 3, 4) are obtained as follows:

1) Numbers in square brackets refer to the references listed at the end of this paper.



On a One-step Method of Order 4 93

(2.11)

(2.12)

k2 = h + ah T+ ±h2a2 T2 + ~h3a3 T3 + ±h4a4 T4 + • • •,

~hX

+ ia2cfyT
3)+..-,

(2.13) ~

+ βaceβ T)+ ±h4(T4+ 12XTS2 + 12ZT2S+ 12X2fyyP+

where

(2.14)

+ 4(aZ+ be Y)f, T3 + 12a2cef2 T2 + 24(1 + b)acefy TS)+.. ,

X=ad+be, Y=b(b-a), Z=aX+eY.

Substituting these into (2.3), we obtain the expansion of T(x0, yo; h). We
write this expansion as follows:

(2.15) T(x0, jo A) = hdk, + ±h2C2 T+ ±hXC3 T2 + CAfy T) +

TS+B3fy
—

Aβf,TS)+

The condition

(2.16)

leads to the equations

i = l ,2,3,4)

(2.17)

1
acepA = 2£
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and
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(2.18)
Ϊ2*7'

4 = i (

where

(2.19) /=3-

Evidently it must hold that

(2.20) φ 0.

Then pis are determined from (2.17). With these the equations in (2.18) must
be compatible. The compatibility conditions are as follows:

ί Y=2(l-2a)ac,

(2.21) (l-δ)X=(3-4δ)αce,

( ( l - α ) ( l - i ) = 2/αce.

From these it follows that

(2.22) b φ 1,

and A/ (y = 1, 2, ••-, 8) become as follows:

7 Ai = ̂  (3-5α-5& + 10αό)?

(2.23)

~2(ϊ^ό) L V t J



In the sequel

Put

(2.24)

(2.25)

and

(2.26)

On

we impose the

h

h

= f(xi, z

: = = i ( x i ~4~

~= f\X\ ~f~

T*

a One-step Method of Order 4

condition (2.21).

δλ, zι-\-(b — c)hk5~{- chke),

h, z\ + (1 — d— e)hks + G?MΘ +

4

i = l

(Λ;0, TO; A) = z2— yCxz).

95

Then the expansions of k/s (ί = 5, 6, 7, 8) are as follows

(2.27) ks = i

+f*T+7fyTS)+..-,

(2.28) h = Ai + (1 + a)h T+ \h\0- + α)2 T2 + (1 + 2α)/, Γ ] +

+ ^Λ 3 [(l + of T3 + 3(1 + α)(l + 2a) TS+(1 + 3a)f, T2 +

+ (1 + Sa)f2 TJ + -J-A*C(1 + o)4 Γ4 + 6(1 + α)2(l + 2a) TS2 +

+ 4(1 + α)(l + 3o) Γ 2 5 + 3(1 + 2a)2fyyP+ (1 + 4B)/, T3 +

+ (1 + 4o)/,2 Γ2 + (1 + 4a)f3 T+ (7 + 28α + 12o2)/y TSJ + • • •,

(2.29) A:7 = Ai + (1 + b)h T+ ψh2\Jl +1>)2 T2 + (1 + 2b + 2αc)/, TJ +

+ -^Λ3[(l + b)3 T3 + 3(1 + 6X1 + 2b + 2αc) ΓS+(1 + 36 +

+ 3(2 + a)ac)fy T
2 + + (1 + 36 + 6αc)/^2 Γ] + -Jj-ATfl. + δ)4 2
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+ 3(1 + 2b + 2acffyyP+ (1 + 46 + 4(3 + 3a + a2)ac)fy T3 +

+ (1 + 46 + 12αc)/2 T2 + (1 + 46 + 12αc)/,3 Γ+ (7 + 28ό + 12δ2 +

+ 4(4 + 2a + U)ac)fy TSJ+---,

(2.30) i + (3 + 2X)fy TJ + ^A

+

+ 3(3 + 2X)2/WP+ (5 + 12X+12Z+ 4αZ+ 2be Y)fy T3 +

+ (5 + 12X+12(2 + a)ace)f) T2 + (5 + 12X+ 24αce)/3 T+

+ (47 + 84X+24Z+ 24(3 + b)ace)fy

T*(xo, j o ; h) is expanded as follows:

~(2.31) T*(x0, yo;

+ Aef2 T2 + A7f
3 T+ Atf,TSl+....

Now we evaluate the determinant of the matrix

a

a2

0

o 3

0

0

0

b

b2

2ac

b3

6abc

3a2c

0

1

1

2X

1

6X

3Z

0

1

1

1

1

3

1

1

(l + o)

(l + o)2

l + 2α

(l + o)3

3(l + α)(l + 2α) 3(

l + 3α 1

l + 3o

a+b)
a+b)2

l + 2ό + 2αc

(l + ό)3

. + 36 + 3(2 + α)oc

1 -f" όb ~\~ Όdc

2

4

3 + 2X

8

c) 6(3+ 2X)

4 + 6X+3Z

4 + 6X+6αce

and find that
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detilf = -108α4(2αc)2(2αce)2

and

1 0 0 0 0 0 0

0 0 0 1 0 0 0

0 0 0 0 1 0 0

0 0 0 0 0 0 1

0 b 0 0 0 0 0

0 a 0 0 0 0 0

0 0 0 0 0 1 0

rank M = 6.

= 0

Hence we can determine the values of the coefficients q/s (i = 1, 2, ..., 8) so
that the expansion of

(2.32) w =

may begin with the terms of /ι5. In fact, if we put

(2.33)

and

(2.34)

then we have

= — ( k 2 —a
m3 = s—(A 3 — ki — bm2)Δac

Δace

= —(Aβ ~ h — A:2

7 C

1 — b 7 7

m5 = k5 — k1 —

m7 = s — ( A 7Δac

(3-46)

— &5 — A:3 + k\ —

i — m6) —
_

(2.35) w = ~

where
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= 20-6α-24ό, A* = 4-4b-4ac-(S-4b)(X-ac)/(l-b),
(2.36)

A* = 4(ll-6a-9b).

3. Existence of the formula

In this paragraph, we show first that the values of α, b and k can be de-
termined so that

(3.1) 2Ai = kAγ (ί = l, 2, 3, 4)

may hold. These equations can be written as follows:

(3.2) 3 - 5a - 5b + lOαδ = &(30 - 42α - 42δ + 84αδ),

(3.3) 3 - 5b = k(SO - 24a + 42b + 48ab\

(3.4) 2 - 5a = k(20 -6a- 24b) 9

(3.5) (5 + 6*0(3 - 4b)(X- ac) = 2(1 - b)[12k(l -b-ac) + S- lOacJ

Subtracting (3.3) from (3.2), we have

(3.6) α(18Jfc-5)(2&-l) = 0.

5 1

Since α^O, it follows that k — γ^ or b = -~-.

Substituting k^zr^ into (3.3) and (3.4) and eliminating a from these, we
lo

have

(3.7) 60δ2-77ό + 28 = 0.

This equation has no real roots.
For i = -o-, from (3.3) and (3.4) we have k=Tδ and α = - ί .

Δ l o o

Then, from (2.21), it follows that

(3.8) -- X 1 v λ
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Table 1.

99

h

2!

h*

3!

¥
4!

hi-

5!

T

T*

TS

fyT
2

PyT

τ<
ΓS

2

τ*s

fyyP

fyT*

PyT
1

PyT

fyTS

T
5

ΓS
3

Γ
3
S

frγTT
2

PR

TQ

fyfyy
p

fyTS"

fyT*S

PyTS

fyT*

PyT*

PyT"

PyT

K

1/3

1/9

1/27

1/81

1/243

*.

1/2

1/4

1/4

1/8

3/8

1/8

1/16

3/8

1/4

3/16

1/18

1/32

5/16

5/16

5/36

5/16

15/32

5/216

K

1

1

1

1

3

1

3/2

1

6

4

3

7/9

1

9

1

10

10

35/9

10

15

15

135/8

75/4

15/2

115/216

5/9

*.

1

1

1

1

3

1

1

1

6

4

3

1

1

1

7

1

10

10

5

10

15

15

105/8

65/4

55/6

25/2

25/24

5/6

5/6

K

4/3

16/9

5/3

64/27

20/3

2

2

256/81

160/9

32/3

25/3

7/3

7/3

7/3

53/3

1024/243

3200/81

320/9

140/9

100/3

500/9

140/3

995/24

1865/36

475/18

625/18

65/24

5/2

5/2

5/3

k
7

3/2

9/4

9/4

27/8

81/8

27/8

13/4

81/16

243/8

81/4

243/16

91/18

9/2

9/2

34

243/32

1215/16

1215/16

455/12

1215/16

3645/32

435/4

375/4

2795/24

725/12

315/4

205/27

35/6

35/6

5

K

2

4

4

8

24

8

17/2

16

96

64

48

142/9

18

17

118

32

320

320

1420/9

320

480

500

440

1595/3

950/3

805/2

1645/54

655/18

185/6

30
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and (3.5) is satisfied. Thus (3.1) has a unique solution

(3.9) α = | , b=\, k = ^,

For these values, other constants are determined as follows:

(3.10) c = - | ,

(3.11)

and the coefficients in the expansions of A .'s (i = 2, 3, •••, 8) are listed in Table

1.

From Table 1 we have

(3.12) v = g = ±h(kx - U3 + 6k, - 4k7

(3.13) T*(x0, yo;h) = -1A5[^T* + ±TS2 + ±T2S+\f,,P-

| / T3 i / 2 Γ2 - 2β T+f TSJ + h6[± Γ5 + 5 TS3- | - / v T
3 - i-/,2 Γ2 - 2β T+fy TSJ + ψh6[±- Γ5 + 5 TS3 +

and

(3.14) Γ*(x0, yo;

154^2 TQ l ^ " / 7̂ 4 l l ^ / 2 T3 1Λ/3T2 ^ /

T ' ' Έϊ 1 ΎfJy Jy W

Now put
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i^i 2! 3! 4!

+ c6 Γ5+ c7fy T
2+csf

2 T) + ~h\ai T* + a2 TS2 + a3 T2S+

We require that

(3.16) c> = 0 (£ = 1,2,3,5,6), a, = 0 (y = l, 2, 3, 4).

Then it is readily shown that

(3.17) r, = 0 (i = l ,2,3,6,7,8),

and we have

(3.18) * 5 -£ 4 = ^ 3 ( - γ Λ 2 T) + ̂ hi}fyT'+fy T~2f?TS

5 5 j . j,4 , _5_ r-2 T>3 I _5_ z-3 rp

We write (2.4) and (2.24) as

(3.19) ki = f ( x o + qih, Wi) (£ = 1, 2 , •••, 8 )

and define kf's by

Then, for the choice ci = c2 = c3 = 0, we have

(3.21) /^?-/ ί̂ -^/ ι 3 c 4 / J

2 Γ+^ 4 [c 5 /^Γ 3 H-c 7 /, 2 Γ 2 +c 8 /^Γ+

1

+ (c64-4^ x c

and it follows that



102 Hisayoshi SKINTANI

(3.22) g{ = htKks-kJ + sOcΐ-k^

Taking into consideration (3.14) and (3.18), we require that

\ύ.£iύ) —Γ ~r ΔSC4 — U, <

22

Then we have

, 2r + s(c6 + 4^c4) = 0.

/ 0 0 / I N 14ί . o* i 21ί o + 56ί
(3.24) r i=Q? τx + 3ί + r8, 7-2=-7 ϊ N ~ 3 ί

5

 r 3 = o ?
3(? 1) (? 1) oCg

8, re — 3 ί , r7 = — £t — ί

( 3 2 5 ) r = 7 5 = = Q 7 Γ '

/Q Oβ\ ' ^ Q4 uiOL QQ,
^O.ώΌ) C 4 — T 3-̂ r. C5 — — Ot — jr-p z-̂ -j Cβ — — ώ θ t ?

c7=-12ί, ^ = - 4 4 * - ^ ^ ,

,„„„>. r/ lit 109ί , 3 \ r/ 7t 1 1 9 t , Q »

(3.27) α i = 6(-g i δ - Γ ) -^g- + -gτ.j, α2 = 5^-^-= T )— g-+8r.),

14ί OΛ, , β ^ K/" It 43ί . 9

α7 = 5(12ί + 8rβ), as = 5(̂  - - ^ - 84* + 18r8 J,

and

(3.28) T*(χ0, yo;h)-m = -ί^Λ 6[8( ? ;-l)Γ 35+4(7 ? ί-4)Γ<2 +

+ (2(10-Iqd -~k^fffyyP+ (2(10 - 7g,) - 9*)/, TS2 +

+ 6(2?(- - 3k)fy T
2S-\- (4(11?,- -14) - 18/t)/,2 Γ 5 -

- |-A/, Γ4 - 2(4 + A;)/,2 T3 - 6(4 + ̂  )/3 T2 - 8(7 + A)/* Γ ] + ,
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where

(3.29)

Referring to Table 2, we take k — 0 and i = 6(5,•=-=-) and put

that the coefficient of iγjh7f^fyyP in Γ*(^o, γo; h) — m may

j= so
45

Table 2.

8(qi- 1)

4(7^-4)

2(10-7#)

12#

4(11^-14)

2

8

40

-8

24

32

3/2

4

26

-1

18

10

4/3

8/3

64/3

4/3

16

8/3

1/2

-4

-2

13

6

-34

1/3

-16/3

-20/3

46/3

4

-124/3

0

-8

-16

20

0

-56

be small. Then we have the formulas as follows:

o, yo), h = ^

h
(3.30)

y, Jo +

(3.31)

(3.32)

I, Zι), & 6 = _

, h ,h
i + Ύ,zι + 1

+

ί 1 3

(3.33)

(3.34) p = ^ + 3A;6 -
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(3.35)

(3.36)

(3.37)

h_ , h
3 '

+ 1 6Λ - | / | 2Γ5-8/.2 Γ3-24/y

3

To compare our method with the usual one, let

(3.38)

and

(3.39)

then we have

(3.40) i

2 2

Wkl + 8ks + 2ki ~~

From (3.37) and (3.40) it is seen that our method may compare favorably with
the usual one.

4. Numerical examples

In the following examples, two methods are used for numerical inte-
gration.

In Method 1, the step-size is halved until the inequality

(4.1) = 0.5xl0-7)
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is satisfied the value

(4.2)

is computed and e, j 0 and χ0 are replaced by v, z2 and #2 respectively.
Initially e is set equal to 0.

In Method 2, the step-size is halved until the inequality

(4.3) I m\ £Ξ εI z2 — m\ = 0.5xl0-7)

is satisfied and j 0 and χ0 are replaced by z2 — m and χ2 respectively.
Example 1.

(4.4)

Example 2.

(4.5)

In both examples, at the start of integration h is set equal to 0.05, and
the error £", the truncation error T and u are computed for comparison. The
computation is carried out in the floating-point arithmetic with 39 bits
mantissa and rounding is done by chopping.

X

0. 1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

1. 1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2.0

m

-3.736-10

2. 786-09

5. 215-09

6. 156-09

3.991-09

-4.501-09

-2.544-08

-7.016-08

-6.406-09

-1.327-08

-2.618-08

-5.019-08

-9.450-08

-1.760-07

-3.260-07

-6.027-07

-4.025-08

-7.501-08

-1.405-07

-2.651-07

Table 3.

a

-8.387-11

2. 680-09

5. 207-09

5. 723-09

2. 675-09

-7.609-09

-3.210-08

-8.371-08

-6.924-09

-1.427-08

-2.811-08

-5.386-08

-1.014-07

-1.891-07

-3.507-07

-6.495-07

-4. 183-08

-7.803-08

-1.464-07

-2.764-07

y' = 2xy , Method

T

8.736-10

4. 053-09

6. 574-09

7. 563-09

5. 042-09

-4.904-09

-2.974-08

- 8 . 374-08

- 7 . 116-09

-1.480-08

-2.931-08

-5.651-08

-1.070-07

-2.004-07

-3.736-07

-6.954-07

-4.395-08

-8.201-08

-1.537-07

-2.905-07

I

e

- 3 . 736-10

2. 401-09

7. 736-09

1. 443-08

1.972-08

1. 739-08

-5.788-09

-7.682-08

-1.015-07

-1.452-07

-2.242-07

-3.696-07

-6.400-07

- 1 . 147-06

-2. 105-06

-3.924-06

-5.533-06

-8.010-06

- 1 . 192-05

-1.826-05

E

8.367-10

4. 919-09

1. 174-08

2. 023-08

2.715-08

2. 548-08

- 7 . 167-10

-8.457-08

- 1 . 126-07

-1.621-07

-2.523-07

-4. 197-07

-7.339-07

-1.330-06

-2.468-06

-4.656-06

-6.633-06

-9.703-06

-1.460-05

-2.262-05
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X

0. 1
0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

1. 1
1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2.0

m

-3.736-10
2. 786-09
5. 215-09
6. 156-09
3.991-09

-4.501-09
-2.544-08
-7.016-08
-6.406-09
-1.327-08
-2.618-08
-5.019-08
-9.450-08
- 1 . 760-07
-3.260-07
-6.027-07
-4.025-08
-7.501-08
-1.405-07
-2.651-07

Table 4. y =2xy,

u

-3.387-11
2. 980-09
5. 207-09
5. 723-09
2. 675-09

-7.609-09
-3.210-08
-8.371-08
-6.924-09
-1.427-08
-2.811-08
-5.386-08
-1.014-07
-1.891-07
-3.507-07
-6.495-07
- 4 . 183-08
-7.803-08
-1.464-07
-2.764-07

Method 2

T

8.367-10
4. 056-09
6. 577-09
7. 563-09
5. 046-09

-4.904-09
-2.974-08
-8.375-08
- 7 . 116-09
-1.479-08
-2.931-08
-5.649-08
-1.070-07
- 2. 004-07
-3.736-07
-6.955-07
-4.406-08
-8.201-08
-1.538-07
-2.905-07

E

1. 208-09
2.517-09
3. 998-09
5. 770-09
7. 345-09
7. 869-09
4. 668-09

- 8 . 153-09
-1.087-08
-1.563-08
-2.458-08
-4.211-08
-7.618-08
-1.438-07
-2.792-07
-5.509-07
-7.767-07
- 1 . 122-06
-1.665-06
-2.541-06

X

0. 1
0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

1. 1
1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2.0

m

1. 119-08
6. 788-09
4. 117-09
2. 497-09
1. 515-09
9. 187-10
5.572-10
3.380-10
2.050-10
1.243-10
7.541-11
4.574-11
2.774-11
1.683-11
1.021-11
6. 190-12
3.755-12
2.277-12
1.381-12
8. 378-13

Table 5.

u

1.074-08
6. 512-09
3. 950-09
2. 396-09
1.453-09
8.813-10
5.346-10
3.242-10
1.967-10
1. 193-10
7.234-11
4.388-11
2.661-11
1.614-11
9.791-12
5.938-12
3.602-12
2. 185-12
1.325-12
8.037-13

y' = — 5y, Method

T

1.016-08
6. 165-09
3. 739-09
2.269-09
1.376-09
8.343-10
5.061-10
3.070-10
1.862-10
1. 129-10
6.850-11
4. 154-11
2.520-11
1.528-11
9.269-12
5.622-12
3.410-12
2.069-12
1.255-12
7.609-13

1

e

4. 420-08
5. 272-08
4. 716-08
3.751-08
2. 797-08
2. 002-08
1.394-08
9. 505-09
6.381-09
4. 232-09
2. 778-09
1.809-09
1.170-09
7.523-10
4.813-10
3.066-10
1.945-10
1. 230-10
7.757-11
4.878-11

E

4. 036-08
4. 928-08
4. 484-08
3. 626-08
2. 749-08
2.001-08
1.416-08
9.813-09
6. 695-09
4.512-09
3. 010-09
1.991-09
1. 308-09
8. 546-10
5.553-10
3.592-10
2.315-10
1.487-10
9.518-11
6.077-11
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X

0. 1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

1. 1

1. 2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2.0

m

1.119-08

6. 788-09

4. 117-09

2. 497-09

1.515-09

9. 187-10

5.572-10

3. 380-10

2.050-10

1.243-10

7.541-11

4.574-11

2.774-11

1.683-11

1.021-11

6. 190-12

3.755-12

2.277-12

1.381-12

8.377-13

u

1.074-08

6.512-09

3. 950-09

2. 396-09

1.453-09

8.813-10

5.346-10

3. 242-10

1.967-10

1. 193-10

7. 234-11

4.388-11

2.661-11

1.614-11

9.791-12

5.938-12

3.602-12

2. 185-12

1.325-12

8.037-13

T

1.016-08

6. 165-09

3. 739-09

2. 268-09

1. 376-09

8. 343-10

5.061-10

3.070-10

1.862-10

1. 129-10

6.850-11

4. 154-11

2.520-11

1.528-11

9.271-12

5.622-12

3.410-12

2.069-12

1.255-12

7.608-13

E

- 4 . 140-09

-5.028-09

-4.570-09

-3.701-09

-2.806-09

-2.041-09

-1.446-09

-1.003-09

-6.847-10

-4.614-10

-3.084-10

-2.043-10

-1.343-10

-8.777-11

-5.709-11

-3.695-11

-2.382-11

-1.531-11

-9.801-12

-6.260-12
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