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On a Trace Theorem for the Space Hμ(R )

Mitsuyuki ITANO

(Received February 22, 1966)

Consider the space Hm(RN\ RN being an TV-dimensional Enclidean space,
composed of temperate distributions u defined in RN such that the Fourier
transform ύ(ξ) is a locally integrable function satisfying

Let m be a positive number > -=- and I the largest integer such that
Li

I <m — —=-. It is known that the trace mapping
Li

OXN j=Q 2

is an epimorphism, where x stands for (xu #2, •••, XN-I)
Hm(RN) is a particular instance of the spaces Hμ(RN\ β being a temper-

ate weight function defined in ΞN. The discussion on the spaces Hμ(RN) is
given in full detail in L. Hδrmander []Γ] and in L.R. Volevic and B.P. Paneyah
[ 5 ] . As a result of J. L. Lions' theorems on the Hubert spaces [ 2 ] , the
trace theorem as mentioned above remains valid for Hμ(RN) when ju(ξ) is
equivalent to

where β\(ξ'\ β2(i/) are temperate weight functions in ΞN~ι.
Recently M. Pagni has shown the theorem for a special Hμ(RN\ to which

Lions' theorem is not applicable £ 3 ] .
Our main aim of this paper is to investigate the trace theorem of the

above type for general Hμ(RN). We have obtained the necessary and suffi-
cient conditions for the validity of the theorem (cf. Theorem 1 below). It is
to be noticed that a sufficient condition to the effect that β(ξ\ 2ζN) ;>
Cβ(ξ\ ξN\ C being a constant, seems convenient to guarantee the theorem in
most cases as enumerated above.

1. Notations and Terminologies. Let RN be an iV-dimensional Eu-
clidean space and let ΞN be its dual space. For x = (xu •.., xN) e RN and
ζ = (ξu ...? ζN) e ΞN, the scalar product <Λ;, ζ> and the length of the vector
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N N i_

x are defined by < # , f > = Σ*y?y> 1*1 = (ΣI*y|2)~2~5 a n d similarly for |f|.
y=i y=i

We shall use the multi-indices notation. If a is an iV-tuple (au > ,(XN) of
N

non-negative integers, the sum Σ ^ y will be denoted by \a\ and the product
y=i

α i l - . ^ l b y α ! . With D = (DU ~9DN)9 Dj = -±--£—, we set D" = D£
I (sX j

and similarly ξa = ξa^ ...ξ$N. For a polynomial P(£) = Σ«α£Λ in £, we put

W = ΣααD α , ί ( ί ) = Σ ^ ? α and P(£)={ Σ | P(Λ)(?) |2}1r, where ara is the
!«U0

complex conjugate of aa and P ( α ) means Va{DaP.
Let us denote by Q)(RN\ or 2), the space of all C~-functions in RN with

compact supports with usual topology of L. Schwartz [4] and by 2)' its strong
dual, whose elements are called distributions. Also by £f(RN), or <9% we
denote the space of all rapidly decreasing C°°-functions φ in RN with the
semi-norms sup | xaDβφ \ and by S?' its strong dual, whose elements are called

X

temperate distributions. For φ e Q), u e 2)' (or φ e Sf, u e Sf'\ <u, φ> means
the scalar product between them. For any φ e sr, its Fourier transform 3φ9

or φ is defined by the formula

If u 6 y', the Fourier transform ύ is defined by

A positive-valued continuous function β(ξ) defined in ΞN is called a tem-
perate weight function Ql] if there exist positive constants C and k such
that

For temperate weight functions βx(ξ) and A2(£), Ai(ί) + ̂ 2(ί)? β\(ξ)β2(ξ)
and βι(ξ)~ι are also temperate weight functions. If there exist positive con-
stants Ci C2 such thatstants Ci, C2 such that

then we shall call that βx(ξ) and β2(ξ) are equivalent and write βλ(ξ) ~*+ β2(ξ).
By Hμ(RN\ or Hμ, we shall understand the space of u e £f\RN) such that ύ
is a function satisfying

that is, w e L2

μ^ΞM\ the space of square integrable functions with respect to
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β2dξ. Hμ(RN) is a Hubert space with the inner product

(u\v) = (~

Its strong dual space is Hτ~(RN) where for any u e Hμ(RN) and w e
we have

Let iV= π, + m. It will be convenient to employ the notations:

X = (x\ t\ X = (Xι, • , Xn\ t = (ίi, , ίm),

f = Or', O, f' = (f i, , ?»), r = (r!, , rm),

The scalar product then takes the form < # , <? > = <^' , f > + <£, r > .
By i?^/3 or Rn, we shall denote the subspace of all the points (χ\ 0) and

by i?7, or Rm, the subspace of all the points (0, t) in RN. The partial Fourier
transforms are defined as follows: Let φ e Sf, then

(βx,ΦXξf, t) = ΦAϊ\ t)

(^^(α;', r) - ^ ( ^ ^ r) = \RmΦW, fy

For u e £ff, we define ύx,, ύt by the relations

<ύx,,φ> = <u,φx,>, <ύuφ> =

For a temperate weight function /*(?) in 7?w+w, the integral \ A( '̂5 τ)dτ

diverges for every point ξ' e Ξn, or converges for every point ξr e Ξn and it
is a temperate weight function in Ξn (£ 5 ], p. 10).

For any function u(x) e Q){Rn+m), the trace u(x', 0) on Rn clearly belongs
to Q)(Rn). Q)(Rn+m) is dense in H\Rn+m). If the mapping u^u(x\ 0) can be
continuously extended from Hμ(Rn+m) into ζbr(Rn), then the extended mapping
is called a trace mapping on Rn. The trace u(x\ 0) on Rn exists for every

u e Hμ(Rn+m) if and only if • * e L2 ( [ 5 ] , p. 36), and we can write

2. Preliminary Discussions. Let P(D) be a differential operator,
where P(£) = P(f, r) is a non-trivial polynomial in the vector (ζ\ r), i.e.
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ΦO. For any u(x) e Q)(Rn+m\ P(D)u(x\ 0) belongs to Q)(Rn). If the mapp-
ing u->P(D)u(x\ 0) can be continuously extended from Hμ(Rn+m) into Q)'(Rn\
then we shall say that the trace P(D)u(x\ 0) on Rn exists for every u e
Hμ(Rn+m). We start with making an improvement of a result of L.R. Volevic
and B.P. Paneyah ( [ 5 ] , p. 39).

PROPOSITION 1. Let β(ξ) be a temperate weight function in Rn+m. In
order that the trace P(D)u(x\ 0) on Rn may exist for every u e Hμ(Rn+m\ it is
necessary and sufficient that either of the following conditions (1), (2) is satis-
fied:

Γ ) Γ dτ<°° for every ξ'eΞn;

and then P(D)u(x\ 0) e H%Rn).
In addition, P(D)u(x\ 0) belongs to H\Rn) for every u e H\Rn+m) if and

only if either of (1)', (2)' holds:
( I ) ' v(ξ')^Cιβp(ξ') with a constant d;

(2) ' v2(r)ί ^ ί f / y dt^C2 with a constant C2.

PROOF: For any rj e Ξn+m, the mapping u-+ei<x>η>u of H\Rn+m) into
Hμ(Rn+m) is continuous. If the trace P(D)u(χ\0) is defined for every
u€Hμ(Rn+m\ then P(D)ei<x'7}>u(x) = ei<x'η>P(D + 7l)u<ix) has the trace

)u(x\ 0) on Rn. Therefore the mapping

of H\Rn+m) into Q)\Rn) is continuous. That is,

P(D + V) (Φ<8)8) e (Hμy = H^9

 wφe Q)(Rn),

where δ is the Dirac measure in Rm. This means that

P(ί + y)Φ(€') e ^!L_ for every ^ e ^w+w .

Consequently we have for every y e Ξn+m

k£')P(s+y) = Σ -^T Φ(ξf)P{a\ξ) 6 x2i ( ^ + w ) .

{7α} being linearly independent, we can conclude that Φ(ί')F(a)(i) e L2j^(Ξn+m\

which implies
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As a result,

a.e. in Ξn.

Since P(?) and /*(£) are temperate weight functions, it follows that the inte-
gral is finite at every point of Ξn ( [ 5 ] , p. 10).

Clearly the condition (1) implies (2).
Now suppose (2) holds. For any u e Q)(Rn+m\ we have

Then we have for any φ e Q)(Rn)

I <P(D)u(x', 0), φ> I =

Q)(Rn+m) being dense in Hμ(Rn+m\ in order to prove the existence of the trace

under consideration, it is sufficient to show that \ -—^' dx is a slowly

increasing function in ξf. Taking into account the formula P(ζ', r) =

Σ -^-PC"'KO, r), we see that \ *P

 9 / χ ? I ? ' dv<oo. Since there exist posi-

tive constants C, A such that /<0, r ) < ; C(l + |£Ί*)/<£'> O> it follows that

\ J \ ? Y' dr<°o . We can therefore conclude that \ -—^TU— dr is a

slowly increasing function in ζ'.

If the trace P(D)u(x\ 0) exists for every u e Hμ(Rn+m\ then we have for
any u e Q)(Rn+m)

\\P(D)u(x\0)\\lp--

2 π i \-J~PV* Λ \ _«. //2/Λ\ " " y v \ . m

r " v ^ / ι - \ > / ι dXjdξ
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Therefore, Q)(Rn+m) being dense in Hμ(Rn+m\ the trace P(D)u(x\ 0) 6 Hμp(Rn).
Thus the proof of the first part of Proposition 1 is complete. Along the

same line as above, if P(D)u(x\ 0) belongs to H\Rn) for every u e H\Rn+m\
then

6 (Hμy = # i , vφe (JΓ)' = H^

for any y e Ξn+m. This implies that Φ(ξ')P(ξ) e L2χ_(Ξn+m). That is,

Then for some constant C > 0

a.e.

Since AK?') and v(f') are temperate weight functions, we have for every ξ' e

Thus (1)'follows.
Clearly (1)'implies (2)'.
Suppose (2)' holds. After calculation, as in the proof of the first part,

we have for some constant CΊ

\\P(D)u(x', O^l^C^ull, v«e0GR*+m) .

Q)(Rn+m) is dense in H\Rn+m). Therefore, for every u e Hμ(Rn+m), the trace
P(D)u(x', 0) exists and belongs to H\Rn).

Thus the proof is complete.

REMARK 1. Let Q be a non-trivial polynomial weaker than P, that is,
Q{ξ)<£P(ξ), ξ e Ξn+m with a constant C. Then Q(.ξ)^CP(ξ) with a constant
C ( L l l P 73). Proposition 1 shows that if the trace P(D)u(x', 0) exists for
every u e H%Rn+m), then Q(D)u(x', 0) exists, too.

PROPOSITION 2. Suppose —^ = \ —2^ / ^ dr < oo. T%β ίrαcβ mapping

Ίb\ u->P(D)u(x\ 0) 0/ H\Rn+m) into Hμp(Rn) is an epimorphism if and only
if each of the following conditions is satisfied:

( 1 ) the range of the transposed mapping *% is closed in H~fΓ(Rn+m);
1 Γ I P(£r v) 12

( 2 ) = \ -!—^ ' J' (ir is α temperate weight function

( 3 ) i/ f(ξ')IKξ) a L\(βn+m\ where f(ί') is locally integrable, then
/*'
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feL\(Ξ").
P

If each of these conditions is satisfied, then v(£') — βp(ξr).

PROOF: Consider the transposed mapping tr(9 of H^p(Rn) into H~fΓ(Rn+m).
We note that

^9v(ξ) = ϋ(?)P(ξ) , v 6 HMRn)

Indeed, it is sufficient to verify this relation when v e Q)(Rn). Let / be any
element of Q)(Rn+m). Then the relations

/ 1 \ n^~m

and

show our assertion.

The mapping trδ is injective. In fact, let ^ = 0, that is, tΊ!)v(ξ) = 0, then

Since the polynominal P(?', r) is non-trivial, \ -!— ; ?. ; ' Jr does not identi-
Jsm β\ξ , r)

cally vanish in any relatively compact open subset of Ξn. Thus ϋ(ξ') = Q a.e,
in Ξn, which implies that υ — 0.

Consequently the mapping ΊQ is an epimorphism if and only if the range
of ^ is closed in H^(Rn+m).

Suppose the range of *% is closed, then there is a constant C > 0 such

that | |ι; |h <;C||ί#δt;||_L for every veH^p(Rn). That is,
μρ μ
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Consequently

1 { | P ( f r ) | 2

Since trivially { J f f M I ' ^ g _ ^ _ , w e h a v e

-< * <-

Consequently v(£') is a temperate weight function equivalent to AX#') Thus
(1) implies (2).

Suppose v(ξ') is a temperate weight function. First we show that v(f')~
βp(ξ'). For any ΐ e Ξn+m with | γ | <, 1, we can find positive constants CΊ, C2

such that

Taking into account the formula P(f + ^)= ^] -^-rP(aX£), we have for a posi-

tive constant C3

It follows therefore that v(fO^M^O Now let f(ξ') be a locally integrable

function such that f(£f)F(ζ) e L\. Then

This together with the relation KfO^^XO shows that /6 lΛ_. Thus (2)

implies (3).

S I P(£r r") 12

-!—^ ' }' c?r does not
**» A2(ί, r)

vanish in 5"̂ . Let f ό be any point in Ξn, and B the closed unit ball with
center ξ'Q. Consider the set E of all integrable functions /(£') such that

and

isa Banach space with the norm
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Owing to the closed graph theorem the injection E^H~^p(Rn) is continuous.
Let B€ be the closed ball with center ξ'Q and radius ε, 0 < ε < l . Taking / =
%#,, the characteristic function of B€, we have for a positive constant C

where \B£\ stands for the Lebesgue measure of B£. Now, passing to the
limit ε -• 0, we have

Let us now show that the range of *% is closed in H^(Rn+m). Let {vJ(ζ')}

be any sequence of H^p(Rn) such that {^v3} converges in H^(Rn+m) to u.

Then vj{ξ')P(ξ) converges in Lj_{Ξn+m) to ύ. It follows that
μ2

I 2 Ί — Γ \P($r τ)\2

]— dτ 2 is a Cauchy sequence in L (Ξn). Since \ -!—^ ' y ' Jr

> 0 , we see that $>''(£') converges in L)oc(βn) to a function /(?'). Consequently

we can write ύ(ξ)=f(ζ/)F(ζ). The condition (3) implies that / e L\_(Ξ"), SO

that α belongs to the range of *%. Therefore (3) implies (1).
Thus the proof is complete.

REMARK 2. If P(D) is a polynomial in Dt and

then it is clear that v(f') is a temperate weight function. By virtue of Prop-
osition 2, the mapping u->P(Dt)u(x\ 0) of Hμ(Rn+m) into Hμp(Rn) is an epi-
morphism.

REMARK 3. If the differential operator P(D) is elliptic or more generally
hypoelliptic ([1], p. 75, p. 100), then the mapping u->P(D)u(x\ 0) of Hμ(Rn+m)
into Hμp(Rn) is an epimorphism. In fact, there exist constants C, K such
that

for | f | > * : .
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If p(ζ)= 2 ^jττP^\ξ\ 0) = 0, there is a P ( ί°(?', 0), not identically vanish-

ing. We can therefore find ΰj e Ξm, 1^/^s, such that, for any \ξ\ <,K, we
have for a constant Co

Consequently we have for a constant C"

\P(aXi)\^C'(\P(i)\ + \P(i',r + σ1)\ + ...+ \P(ξ',v + σs)\), ξe Ξ"+m .

Since β(ξ) is a temperate weight function, we have for some constant Cj

Consequently we have for a constant C"

By virtue of Proposition 2, the trace mapping % is an epimorphism.

REMARK 4. Let n = m=l. If we put /<f', r) = 1 + r2 and P(Z>) = Z)*, A .

Then we have P(ξ', r) = f V, P 2 ^ ' , r) = (1 + ξ/2)(1 + r2) and ^ ~ (1 + f / 2)-f. On
the other hand

This is not a temperate weight function. Thus the mapping u^>Dx,Dtu(x\ 0)
of Hμ(R2) into Hμp(Rι) is not an epimorphism.

3. Trace Theorems. Let β(ξ) = ju(ξ\ r) = β(ξu • • , ξn, r) be a temperate
weight function in 5rw+1. We assume that

where I is a non-negative integer. We put

Let us consider the trace mapping ?5 :



On a Trace Theorem for the Space Hμ\RN) 21

of Hμ(Rn+ι) into \\Hvp(Rn). In this section, we discuss the conditions in
p=o

order that % may be an epimorphism.

THEOREM 1. A necessary and sufficient condition in order that the trace

mapping ΊD of Hμ(Rn+1) into H= YlHvp(Rn) may be an epimorphism is that
p=o

each of the following conditions is satisfied:

( 1 ) the range of the transposed mapping fi9 is closed in H^(Rn+1);
( 2 ) there is a positive constant C such that

fC2

2> C/co/c2 κ2h where ιcp(ξ') = J •dτ;

(3 ) if ue Hir(Rn^) and fi(£)=/„(£')+/ί(f
L\(Ξ") for p = 0, 1, ..., Z;

U

( 4) if ue HhRn+ι) and ύ(ξ) = / 0(ί ') + fi(ξ')t

then fp(ξ') e

f)τι, then

<τ ι l

PROOF: Consider the transposed mapping '© of H'= l[H^(Rn) intop = 0

n+ι). Then

Indeed, it is sufficient to verify this relation when vp e Q)(Rn),p = 0,1, ••-, I.
Let / be any element of Q)(Rn+ι). Then the relations

and
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show our assertion.

The mapping *% is injective. In fact, let 'ΊOv = O, that is, ~Σ1vp(ξ')τp=0.

Since {cp}, p = 0,1, •••, I, is linearly independent, it follows that 5 = 0.
Consequently the mapping % is an epimorphism if and only if the range

of *% is closed in H^(Rn+1).
Suppose the range of x% is closed, there is a constant C>0 such that

| ' ® V | U for every υ e H'. That is,

If we put g0)= ^ L e L2, then

This inequality holds for any gp e L2(Ξn). Let ξ'Q be a point in 5^, and Bε

the closed ball with center ξ'Q and radius ε > 0. Taking gp = apxBs, where ap

is a real number and xBζ the characteristic function of Bs,

Now passing to the limit ε -• 0, we have

Therefore we have for a positive constant C

det I WO'Λί'W) I ̂  C , f ^ "

That is, det | κp+q | ^ C'/CO/E:2 • *2;. Thus (1) implies (2).

Suppose (2) holds. Let u be any element of H~ϊ(Rn+1) such that &

fo(i')+fι(iy+--+fl(iyί. If we put <K£)=J*ί|L then w e H%R"+1), hp

L\{Ξn), and
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Thus we have

Since άet\ιcp+qvpvq\^>C2>0 and |ιtp+qvpvq\ < 1, we have -Jq)l,: e £2, that is,
2 V ^

/β e Lĵ . Thus (2) implies (3).

Suppose (3) holds. Let u be any element of H~^(Rn+1) such that ύ(ξ) =

i]fp(ξyp. By our assumption, fp(ξ') e Lχ(Ξn\ that is, fp(ξf)tp e LχXΞn+1).

Therefore ύ(ξ\ -ξ^~) e lΛχsn + 1). Thus (3) implies (4).

Suppose (4) holds. We shall show that the range of *© is closed in

H^(Rn+ι). Let {vJ} be any sequence of Hf such that {fi9v}} converges in

Hτ-(Rn+ι) to u. That is, i]t)j(fO^ converges in LΛ-CS1^1) to ύ. Since A(?)

is continuous and positive, it converges in L)oc to ύ. We can write ύ =

i^vP($yp with ϋp(ξ')eL)0C. Indeed, ϊ j V ^ V - ώ ( f ) ) r ^ r - > 0 in L)oc as

for ? = 0,1, , I. Therefore l]ί)j(O\ r^^rfr converges in Z,)oc. Since

detI \ r^+^Jrl >o, v\ converges in L)oc to a ί)/, and we can write ύ = 'Σϋp(ζ/)'cp.
Jo p=o

From our assumption it follows that ύ($\^)=^vp(ξ')(^r)
P e L2_ι^(Ξn+1)

\ ΔJ J p=o \ Δ3 / μ2

for y = 0,1, ••-,/. Therefore O/O^ ^ L\(Ξn+ι\ that is, ^ 6 HVp(Rn\p = 0,1,

• , /, so that u belongs to the range of *%. Therefore (4) implies (1).
Thus the proof is complete.
When I = 0, the mapping % is always an epimorphism since the condition

(2) of Theorem 1 is satisfied.

REMARK 5. The mapping Ίθ is not always an epimorphism. Let n~l.
Consider the differential operator P(D) = (DX,-Dt)

2. Put P
1 + (f — r)2. Here we can take 1 = 1.



24 Mitsuyuki ITANO

Then Ko Kl =COCU /co/c2 = CoC1 + C^/2. Therefore the condition (2) of

Theorem 1 is not satisfied, so that the mapping % is not an epimorphism.

COROLLARY. If ju(ξ) is a temperate weight function in Ξn+1 such that

for a constant C, the trace mapping % is an epimorphism.

PROOF: It is known that Hμ(Rn+ί) C H\Rn+1) if and only if v<,Cβ,C
being a constant (£5], p. 33). One can easily verify that the condition

/<?', 2r):>C/<f', r) is equivalent to saying that ύ(ξ, -^-) belongs to Lj^(Ξn+1)

for every u 6 H~^(Rn+ι). It follows therefore from the condition (4) of the
preceding proposition that % is an epimorphism.

PROPOSITION 3. Let /={/o(V) 5 ••> fι(x')} be an arbitrary element of

Π Hvp(Rn) and φ 6 Q)(Rι) be equal to 1 in a neighbourhood of 0 Suppose there

exist a positive continuous λp(ξ') in Ξn and a slowly increasing continuous
function Φp(t) in Ξ1 for p = 0,1, ..., I such that

If we put

p=c

then u belongs to Hμ(Rn+1) and Dp

tu(x\ 0)=fp(x') for p=0,1, ..., Z.

PROOF : We can write

\P(

p=o p I

After a change of variable r - ^ r and using the fact that \ 10(ί)(r) |21 Φp(τ) \2 dτ
J — oo

<oo5 we have
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\U(ξ)\2β2(ξ)d$

which implies « e H\Rn+ι). Clearly Z>fu(x', 0 ) = / / Λ ; ' ) for p = 0 , 1 , .... I. Thus
the proof is complete.

Here we note that if λt exists, then

where C is a constant.

EXAMPLE 1. Let β(ξ) be written in the form

where Ai(f')? A2(?0 are temperate weight function and a is a real number

>-s- Let / be the largest integer such that l<a——^. Then vp{ξf)
Li Δ

/ / J ' T ^ + T ^ g T ^ + T ^ 0<;p<;l and ^ may be chosen as ( - — V . Put t ing

p=o pi \\ M2 ' / P=O
, fe

then M belongs to H\Rn+1) and D ^ ^ , O)=fp(x') for /> = (), 1, ••-, Z.
In fact, we have

dv

Hence v/,^Ai~^Ci?+~2")A2^
(ί+^") P u t t i n g /^ = ( - ^ M α , we have

\λpxIα
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Consequently our assertion follows from Proposition 3.
We note that the result also follows from theorems on Hubert spaces

due to Lions ([2], p. 422, p. 426).

EXAMPLE 2. Consider the temperate weight function β given by the fol-
lowing formula \_Z~\\

where ξ = (fi, •••,&), V = (Vu •••> Vs) and pi9 q{ are positive integers. We may

assume t h a t p-- <Ξ - ^ <ί <Ξ -PjL-. We use the notations: y = (y\ r), y! =

(Vi,..., %_i), t = ys. Let l=i>lqi — 1, ^o = O. Calculation shows t h a t for any p,

0<Ξ/>^/, we have

. m i

m +

where m is chosen as

We can take λ/,=(l+ |f |«ίir+ |i?'IX because we have

Kξ9v'9λpc)^Ίl(i+\ς\pi-
1

where C is a positive constant.

Suppose there exists / such that ^2z_<^±i. We can show that M is not

equivalent to a temperate weight function as considered in the preceding
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example. In fact, if the contrary is assumed, it will be equivalent to

In view of the inequality -^— > -4—, putting — = -±—, we have

y
ϊ p ό and

l

A)(?5 0, r) =

1

Putting I ξ I = I r | Λ , and passing to the limit r -• co? we have

5 0, Γ)

which is a contradiction.
Thus this example is a case to which we can not apply the results of

Lions ( [ 2 ] , p. 422, p. 426).

4. Extension to the Case m > l . Let M(ξ) = M(ξ'9τ) be a temperate
weight function defined in Ξn+m, where f' = (?i, ••-,£») and r = (ri, , r w ) . We
shall assume that for a non-negative integer I

For any p = (pup2, '-,pm\pj being a non-negative integer, such that \p\ <^Z,
we put

Let us consider the trace mapping %:

u 6 H\Rn+m)-+ [Dp

tu(x\ 0)},,,^ 6 Π

The results established in Section 3 will remain valid for the mapping %
with necessary modifications. They can be proved along the same line as in
Section 3, so we shall only enumerate them without proof.
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THEOREM 1Λ A necessary and sufficient condition in order that the mapp-
ing % may be an epimorphism is that each of the following conditions is sat-
isfied :

( 1 ) the range of the transposed mapping *% is closed in H'fΓ(Rn+m);
( 2 ) there exists a positive constant C such that det\/cp+q\^CTί foPy

where fcύ(ζ/) =

( 3 ) if ue H^(Rn+m\ and ύ(ξ)= Y\fP{ξf)r\ then fp e L\_(Ξn) for \p\:

( 4 ) if u c H*(Rn+m) and ύ(ξ)= Σ//>(Or/)> then

a ( V , f i , . . . , Γ y _ i , - ^ - , r y + 1 , ••.,rn)eL\(Ξn+m\ for y = l , 2 , . . . , m .

COROLLARY. If y(ξ\ τu ..., ry_i, 2ry, rj+u , τm)'^Cju(ξ\ C being a constant,
for j=l, 2, •••, m, then the mapping % is an epimorphism.

PROPOSITION 3'. Let f — {fp(x')} ιPι %ι be an arbitrary element of Π Hvp(Rn)
\p\^l

and ψ e Q)(Rm) be equal to 1 in a neighbourhood of 0. Suppose there exist a
positive continuous λp(ξf) in Ξn and a slowly increasing continuous function
Φp(τ) in Ξm for every \p\<Λ such that

Then, if we put

then u belongs to Hμ(Rn+m) and Dp

tu(x\ϋ)=fp(x) for \p\<,l.

EXAMPLE 3. Let β(ξ) be written, as in Example 1, in the form

where Ai(O? #2(O a r e temperate weight function, and a is a real number

>-^- and r = (ti, ..., vm). Let I be the largest integer such that I < a —-?-.

Then we shall have )>p(ξ')^μ\-^w+^β2τw+Jt\ \p\<>l9 and λp may be
1

chosen as ( - ^ V ? which is independent of p. Putting ύx,(ξ\t) =

Σ! fp{ξr)-^^φ((-^) a t\ f e Π i^^5 we can see that u belongs to H\Rn"m)
\p\tki p\ \\ βi J / \p\m

and Dp

tu(x\ O)=fp(x') for | / > | ^ / . In fact, these assertions may be verified
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as in Example 1.
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