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Introduction

L. Waelbroeck [167] and G.R. Allan [1] have shown that the contour
integral technique is available in the case of locally convex algebras. Succes-
sively C.R. Ionescu-Tulcea [9] and F-Y. Maeda [11] considered operators
in locally convex spaces which possess a functional calculus with functions in
certain algebras containing analytic functions.

In the present paper we study the properties of elements in a locally con-
vex algebra having a functional calculus with either analytic or @>-functions.

In §2 we give a perturbation formula generalizing a result contained in
[37] (see also [4], II, Th. 1.5). In §3 we study the properties of elements
which have a functional calculus by means of spectral distributions ([77]).
We show that the regularity problem raised in [6], VI, 5(d) has a negative
answer in the locally convex case (§4).

§1. Notations and preliminaries

Throughout, all linear structures are over the complex field 4; 4., is the
one-point compactification of 4 by oo ; R is the real field and N is the set of
all natural numbers.

For any 6 C A4, 0+0, 0<r < oo we put

Clo, r)=A{2¢€4;dist (1, 0)<r}.
If ¢ = @ then we put by definition C(@, r) =0, 0<r < oo.

The closure in 4 (resp. 4..) of a set ¢ is denoted by cl ¢ (resp. cl.o).
If we put

D=%<0ngz+i?alam>’ DZ%(@R%—iTlfﬁﬂ

then @~ denotes the algebra of all infinitely differentiable complex functions
on 4, endowed with the topology determined by the pseudonorms

¢ | ¢|nx =2" max sup |D7D*(2) |

j+k=n re

for K compact and n € N.
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The letter “4” will denote a sequentially complete locally convex algebra
with a unit “e” whose topology is determined by the directed family of pseu-
donorms, {| * | a}aeﬂ'

Let x € A. If there is 1 € 4, 25=0 such that {(1x)"},cny is a bounded set
in A then we say that x is a bounded element. The set of all bounded ele-
ments in 4 is denoted by A, ([1], Def. 2.1).

The spectrum of x, o(x) is the subset in A.. defined as follows (see [17],
Def. 3.1):

a) A¢cco(x)—{eo} 221—x has no inverse belonging to 4,.
b) oweo(x)2x ¢ A,.

By [17], Prop. 2.6 and Th. 3.6, ¢(x) is the same as defined by L. Wael-
broeck ([167], II, Def. 1.1).
The resolvent set of x, o(x) is the complement of ¢ (x) in A4..

1

We put also (1—=x)"'=R(A; x), 1€ o(x); lespzsug lim |x"|n.
Let now y be another element in 4. If L, (resp. R,) denotes the left
(resp. right) multiplication operator by x in 4 then we put [x, y]=L,—R,.

Explicitely, this means [ x, y]z=xz—zy, z€ 4. [x, y] is a linear operator
acting in 4. We have:

Cx, 3z = 5 (= D@tz y™
If z=¢ we put
AP =L 2T = B=DDs"" 5"

The perturbation radius of x and y, p(x, y) is defined by the equation (see
also [37]))

_ 1 1
px, y)=§11ég max (lim| (x\ PP, Lm| (\x)®[7).
Since (x\ 9™ = (=1)"(y\x)™ = (x— )" if x commutes with y, we have

in this case p(x, y) = |x— y|p.
Without any assumption on commutativity we have

p(x, y):P(y, x)ap(xa 0): |xISP,P(}‘x’ /l}’)z IA!P(-"% y)

§2. Perturbation

In this section we suppose 4 has continuous product, i.e. for any o € &
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there are 5, € ©, M, > 0 such that
|x}’|a§Ma|xlﬁa|y|B,, Xy }’EA’

LemMa 2.1. For any x, y, z € A we have
plx, y=p(x, 2)+p(z, )

Proor. Using the equality (x\ )™ = > (B (\2)" P2\ ® (see [6], p.
£=0
11) we obtain

[P 0 = Mo 33D\, 1 AP,

Take e > 0. By the definition of p we can find a, > 0 such that |(x\z)
OB, Za (plx, )+ F [\ PP ]2 Zaa(plz, Y+e)t. It follows

[\ NP o = Maak(p(x, 2)+p(z, y)+2¢)"
and analogously
H{A2) P | o < Maak(p(x, 2)+p(z, y)+26)"

Hence we infer p(x, y) =p(x, 2)+p(z, y)+2¢, for any e >0, which fini-
shes the proof.

CoroLLARY 2.2. Let x € Ay, y€ A. We have ye€ A, if and only if p(x,
y)<eo.

Proor. It is easy to see that the relation ye¢ 4, is equivalent to | y|,,
<oo. Thusif | y|,,<co wehave p(x, N=<p(x, 0)+p0, P=|x|ss+ | y|s5< co.
Conversely, if p(x, y)<oo then | y|., = p(0, y) =< p(0, x)+p(x, y) = | x| ;»+ p(x,
y)<oo.

Lemma 2.3. Let x, y€ A and p(x, y) < oo. Then we have
0(y)—{eo} CC(0(x)— {0}, p(x, y)).

Proor. If 6(x)— {=} = A4 then our inclusion becomes trivial. Let us
suppose 0 (x) — {0} 7= 4 and take 4, € 4A—C(0(x)—{o=}, p(x, y)). We can find
rz>r1 > 0 such that r;—ri > p(x, y), C(do, r2) N (x) =0.

Using the equality

1

n+lea. — L(C) x)
R™HA; 2) = gw_wznu_c),,ﬂdc, 1€ C (2o, 1),

we get

I(y\x)(”)R"“(l; x)IaSM’ M

=7 )"
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P ) e\ )P | < N\ NP g,
[R" (45 ) (x\ ™| =Mz o

where M/ is some positive constant. It follows that the series i( y\x)™
n=0

R™'(2; x), i(—l)”R”“(/l; %) (x\ )™ are uniformly convergent in C (2, r1).
n=0

By the calculus of [67], I, Th. 2.2 we infer that our series have the same sum
F(2) and F(2) (A—y) = (A— y)F (1) = e. Hence we get 4, € p(y) and the desir-
ed inclusion results.

CoroLLARY 24. Let x, y€ A and p(x, y) < oo. Then we have

(i) o(y) = {oo} if and only if 6(x) = {oo}.
(i) oo 18 an 1solated point of 0(y) if and only if oo is an isolated point
of 0 (x).
(iii) p(=x, y) =0 implies 6 (y) =0 (x).

Proor. (i) If 6(x) = {oo} then d(y)— {co} C@, thus 6(y) = {o}. Analo-
gously 0 (y) = {oo} =0 (x) = {co}.

(ii) Suppose oo is an isolated point of ¢ (x). Then ¢(x)— {=o} and C(6(x)
—{e=}, p(x, )) are compact sets in 4. The inclusion o(y)— {0} CC(0(x)—
{oo}, p(x, y)) shows that also 6 (y)— {oo} is a compact subset of 4. By Cor.
2.2 we have y¢ 4,. Thus o €7 (y) and oo is isolated in 6(y). Similarly one
obtains the converse implication.

(iii) If p(x, y) = 0 then using the equality C(0(x)— {0}, 0) = 0(x) — {0}
we get 0 (y)—{co} Co(x)—{ce} and by symmetry o (x)— {oo} Ca(y)— {o}.
Using also Cor. 2.2 we get 6 (y) =0 (x).

TueoreM 2.5. Let x, y€ A,. Then for any analytic complex function f
defined 1n a neighbourhood of C(0(x), p(x, y)) we have

(y\x) (x\y) @

fp= Z ~ T [ () = ZJ( D" fO )~

Proor. Note that we have 0(y) CC(0(x), p(x, y)) (see Cor. 2.2, Lemma
2.3). Thus we may define f(y). An examination of the proof of Lemma 2.3
shows that we have, for 1€ C(d(x), p(x, y))

R(; )= 5 (A0 R™A; ) = Z(~1'R™ (&5 )\ ),

the series being uniformly convergent in each compact set.
Multiplying the above equalities by 1 f () and integrating term by

term on a suitable contour /" surrounding the compact set C(0(x), p(x, ¥))
we obtain
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= n 1 n+l .
FD=Z AN FOR; 2)d2

=2 (=0 r R dafen ).

To finish the proof we have to use the equality

1
2ni

jr FOR™(2; x)dd= % FO ().

§8. Spectral distributions and generalized scalar elements

In the sequel we suppose that A has separately continuous product. We
put p,(A) = 2", n e N\U{0}.

Definition 8.1. A spectral distribution is a multiplicative vector distri-
bution

u:0"— 4
such that u (p,) =e.

Definition 3.2. The element x € 4 is a generalized scalar one if there is
a spectral distribution u such that « (p;) = «.

The case of generalized scalar operators in Banach spaces ([7]) shows
that to an x it is possible to correspond more than one distributions. Since
x can be identified with L., if we have x € 4, then using [117], Prop. 1.3 we
infer that any spectral distribution of » gives an extension to €~ of the func-
tional calculus with analytic functions defined in a neighbourhood of ¢ (x).

TueoreM 3.3. Let u, v be two spectral distributions and let z € A satisfy
Lu(p1), v(p1)]z=0. Then given a vector distribution w, valued in A, there is
amap a—>n, (:A—->NU{0}) such that

lw (@) Cu(pr), v(p] " *2) o= | Cu(p0); v (PT**2)w(p)| =10
forany k€N, ¢ € 0.
Proor. The maps
F: (@1, 92, 93) > w(er) u(ee2) zv(es)

G: (91, 92, 93) > ul@1) zv(@s) w(es)

defined in @~ x 0= x 0~ are separately linear and continuous and since @~ is
an F-space they are continuous.



6 Constantin APOSTOL

Let ¢ € ©°. The functions defined by the equations

fo©) =F(p, e, e75), g,(0) =G(e*P, e™5P1, ), C € 4

are holomorphic. Using the equality [u(p1), v(p1)]z = 0 one obtains

f(&) = F(g, e Entih o-thirim) 2,8 = Gle th+th o=thitin )
which, together with the continuity of F and G, implies

|feOle =Mal@lmx,A+112"), | go(Oa =Ml @lm, &, 1+ L"),

where M,, m.,K, are suitably chosen.

It results (by Liouville’s theorem) that f, and g, are polynomyals of
degree at most 2m, in the topology of the pseudonorm |-|,. To finish the
proof we have to use the equalities

f&20) = W(p) [u(pr), v(p1)]"2),
&r(0) = [upy), v(p1) 1"z) W(gp), n € N\U {0},
which can be obtained by induction on n.

CoroLLARY 3.4. Let x( € A) be a generalized scalar element with the spec-
tral distributions u, v (i.e. x=u(p1) =v(p1)). Then there is a map a—>n.(: A
— N\ {0}) such that for any ¢ € 0~ we have

|9(9) (w () \o(p1) "= | o = [ (@ (p1) \v(p) "= P v(¢) |« = 0.

Proor. Since we have [u(p1), v(p1) Je =0, we can apply Th. 3.3 with

z=e, w=n0.
TueoreM 3.5. Let u, v be two spactral distributions and let z € A satisfy
Cu(py), v(p1)]z =0. Then for any ¢ € C~ we have

k"l'(pl):] 2 U(Dk(ﬂ)

[u(e), v(p)Jz = é Cu(p),

= i1 Cu(pr), v(p) 1%z
=2 (~DHu(Drg) =BT

the series being finite sums depending only on a in the topology of each pseudo-
norm |+| 4.

Proor. We have L, =[u(p1), v(p1) ]+ R,;,. Thus for any n € N one
obtains L,;, = 2. %]-—!R,,(Dk;")[u(pl), v(p1)J*.  (We have used the properties

k=0
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of the functional calculus with analytic polynomials in the argument \).
Using this equality and our hypothesis, an easy calculus gives us

Lu(q)z ___kgo [u(pl)a];’!(Pl) ]Z 'U(Dkq)

for any polynomial g. Since polynomials are dense in 0=, using Th. 3.3 we
extend the above equality to €~, the series being a finite sum depending only
on « in the topology of the pseudonorm |-|,. Thus we have

hnd u _1 s U -1 kZ
Culp), o))z = L — Rz = 53 P2 UPITZ

The second equality is obtained analogously starting with the relation
RuGy = Luggy—[Lu(pr), —v(p1)J.
CoroOLLARY 3.6. Let u, v be two spectral distributions and let z € A satisfy

Cu(py), v(p1)Jz=0. Then there is a map a—n.(: 4—->NU{0}) such that for
any system {g;} =% k € N we have

(o o1} =0

Proor. Let n, be given by Th. 3.3 with w=v. By Th. 3.5 we have

(71 Tuteon, ve1)e

:mZ=1 Z EU<P1)’ 'U(Pl)] @ Z)(Dml¢1 "‘Dm"”+k¢na+k)-

Mng+k=1 ml!"'mna+k!

Since each term in the right hand is 0 in the topology of |-|. the proof is
finished.

CororLrarY 3.7. Let x( € A) be a generalized scalar element with the spec-
tral distributions u, v. Then for any ¢ ¢ C* we have p(u(p), v(¢)) =0 (see the
definition of p in §1).

Proor. It results by Cor. 3.6.

CoroLLARY 3.8. Let x( € A) be a generalized scalar element with the spec-
tral distributions u, v. Then for any ¢ € C~ we have

< D 5 )) (%)
u((ﬂ) —kz__.o (u<P1)>CU!(P1)) ‘U(DkQ?)
= 3 D 5 (%)
k;o( D*v(D*e) (”<P1)\ku!(p1)) ’
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the series being finite sums depending only on « in the topology of each pseudo-
norm || ,.

Proor. Our corollary results by Th. 3.5. Indeed we have u(p:) = v(p1);
thus [u(p1), v(p1)Je = [v(p1), u(p1)Je =0. Consequently

- 5. o( 5
Cu(e), v(p)le= 3, Lu(py), o(p1) ]

= k! U(Dk¢)3

Lo(p1), u(}’h)]ke
k! ’

[o(p), u(p)le= 5 (~1)**'o(D"¢)

Now we have to use the definition of (x;\x2)®, x;, x, € 4.

THeEOREM 3.9. Let u be a spectral distribution. Then for any ¢ € 0= we
have

(1) u(e) ts a generalized scalar element with the spectral distribution ¢ — u
(pog).
(i) o(u(e)) = cl.g (supp u).

Proor. (i) It is evident. (ii) Suppose 0(u(¢)) € cl.¢ (supp z). In this
case we have cl.¢ (supp u)# 4.. and the function £ — ¢, defined by the equa-
tion ¢;(2) =(€—¢(2))"! is holomorphic in A—cl.¢(supp u) if 2 €supp u.
Using the equalities u(p)(C—u(g)) = (€ —ulp))ulp:) = u(po) = e, we obtain
A.—cl.g(supp u) C p(u(e)) which is preposterous. Now if o(u(p))=~cl.¢
(supp u) we can find ¢, ( € @) such that ¢, has compact support, ¢(supp ¢o)
No(u(p) =0, ulpy)+0. Take ¢(€ @) with compact support such that
¢(2) =1 in a neighbourhood of supp ¢, ¢ (supp ¢) No(u(e)) =0 and put for
€ ¢ p(supp ¢)

$e(A) =

{</)(/1) C—p)™",  Ae€supp ¢
0, A ¢ supp ¢.

Using the identity ({—¢) ¢; ¢o = ¢o We may define the function f: 41— 4
by the equation

R(&; u(e))ulpo), € ¢a(ule))
fO=

u(@e) u(@o), € ¢ p(supp u).
Since f is holomorphic and l{im fO = }im u(¢s)u(po) =0, we have f=0,
which is impossible because u(¢po) 0. Thus 0(u(¢)) = cl.¢ (supp u).

CoroLLARY 3.10. Let u be a spectral distribution and put v,(¢) = u(dog).
Then v, is a spectral distribution such that supp v, = cl p(supp u).
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Proor. By Th. 3.9 we have cl.¢(supp u) = 6{u(¢)) = 0(v,(p1)) = cl.. supp
v,. Since supp v, = (cl., supp v,)— {0} and cl ¢(supp u) = (cl.¢(supp u)) —
{co}, the corollary results.

Let us denote by ©<(4?) the algebra of all infinitely differentiable complex
functions defined in 4%(= Ax 4= R*) endowed with the topology of the uni-
form convergence of all derivatives on compact sets.

Lemma 3.11. Let u, v be two commuting spectral distributions. Then
there 1s a unique vector distribution

w: 0=(A*)—> A

such that w(eX¢) = ule)v(e), @, ¢ € 0. The vector distribution w is multi-
plicative and w( poQpo) = e.

Proor. The map (¢, ¢) —> u(p)v(¢) is separately continuous; therefore
it is continuous. If we put wo(X;(¢;R¢,) = 2u(e;) v(¢;) the map wy: 0~RC>
— A is continuous if we endow €~XC~ with the projective topology. Since
we have 0°R0~ = 0*R0~ = 0=(4*) (see [8], II §2, No. 3, Th. 10 and [15],
Prop. 28) we can extend w, by continuity to a vector distribution w defined
in 0=(4%).

The uniqueness of w results by the condition w(¢R¢) = we(eR¢) = u(p)
w(¢). Trivially w, is multiplicative; therefore w is so and w(ps®po) = wo(po
®Po) = U(Po) v(Po) =e.

Notation. Let u, v be two commuting spectral distributions. We shall
put

(24 9) (9) = wpo(pRpo+po®p), ¢ €0
(u % v)(0) = w(po( prQp)), ¢ €0~
where w is defined in Lemma 3.11.

If #( € A) is a given number then we denote by J, the spectral distribu-
tion defined by the equation 0,(¢) = ¢(u«)e (9, is Dirac’s distribution).

Lemma 3.12. Let u, v be two commuting spectral distributions. Then u-+
v, u X v are spectral distributions such that (ujrv)(pl) =u(py)+v(pL), (ufh))
(pr)=u(pr)+v(pr), (uxv)(pr) =u(p)v(p), (uxv)(p1) = u(p)v(p1).

Proor. It results by the definition of » jrv, 1% v and by Lemma 3.11.

Notation. Let u be a spectral distribution. We shall put (Re u)(¢) =u
(¢o Re p1), (Im u)(p) =u(po Im p,). If 0 ¢supp u then |u|(p)=u(pody),
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uo(@) = u(pogz) where ¢, = |pi|, ¢o= _P_in a neighbourhood of supp u.

|P1]

Evidently all the above maps are spectral distributions commuting each
other.

Turorem 3.13. Let u be a spectral distribution. Then we have u = Re

qur6,~ x Im u. If 0 ¢ supp u then the equality u = u, % |u]| also holds.

Proor. By Lemma 3.12 we have (Re u+0;xIm u)(p;) = u(p:) and (Re

u —s|—6,~ x Im u)(p1) = u(p1) which suffice for the first equality. The second one
results analogously.

CororLrLarY 3.14. Let x( € A) be a generalized scalar element. Then there
are two commuting scalar elements vy, z such that o(y), 0(z) CR\U {oo}, x =
y+iz. If0¢o(x)then vy, z can be chosen in such a way that o(y) C {4 € 4; ||
=1},0(z) C{t€R;t =0} \U {o0}, x = yz.

Proor. We have to apply Th. 3.13 and Th. 3.9.

§4. The problem of regularity of spectral distributions

Definition 4.1. The spectral distribution u» is called regular if it is
valued in the bicommutant (i.e. the commutant of the commutant) of w(p:)

Definition 4.2. The generalized scalar element x( € 4) is called a regular
one if it possesses a regular spectral distribution.

In [67], VI, 5(d) the following problem is raised: let T be a generalized
scalar operator in a Banach space; is it a regular one? Concerning this pro-
blem we shall exhibit an example of generalized scalar operator in a locally
convex space which is not regular (Th. 4.4). A sufficient condition for regu-
larity is given:

Tueorem 4.3. Let x( € A) be a generalized scalar element such that o(x)
—{e=} CR. Then x 1is regular.

Proor. Let u be a spectral distribution of x and put y=iu (Im p).
Since u is continuous and supp z C R (Cor. 3.10), we obtain easily that there
is a map a— n.(: #— N\ {0}) such that

| 7" u(p) |« = lu(m p)'e*ol =0, k€N, g € €~

It follows that the series v(f) = f} % u(f™oRe p1), f€C=(R) is a finite
m=( .

sum in the topology of each pseudonorm |-|,.



Functional Calculus in Locally Convex Algebras 11

If fis a polynomial we have v(f) = f(x); thus v is valued in the bicom-
mutant of x. The map v is a multiplicative distribution defined in @=(R).
For any ¢ € @° we consider the function ¢ ¢ €*(R) defined by the equation
dW)=¢(). If w(p)=uv(p), ¢ € €, then wis a regular spectral distribution of x.

Tueorem 4.4. Let A be the algebra of all continuous linear operators
defined in ©~, endowed with the topology of uniform convergence on bounded
sets. The operator T € A defined by the equation T¢ = p1¢ 1s a non-regular
generalized scalar operator.

Proor. The map u defined by the equation u(¢)¢ = ¢¢ is a spectral
distribution such that u(p;) = T. Thus T is a generalized scalar operator.
Since we have DT = TD, Du(p,) = u(p1) D+ e, u results to be non-regular.

If x possesses a regular spectral distribution v then putting & = v(p1) po
we obtain v(p1) ¢ = v(p1) u(P)po = u(P)h =h¢, ¢ € O~.

Given n, K, ¢ we can find m(see Cor. 3.4) such that [(w(p1)—v(p1))" ¢l
= |(pr—h)"¢| =0, which implies p, =h. It follows that u = v, which is
impossible because v is regular, and the proof is finished.
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