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1. Introduction

Given a differential equation

(i-i) / = / ( * , y)

and the initial condition y(χo) = yθ9 where the function

d 2) g(χ, y)=fχ(χ, y)+f(χ, y)fy(χ, y)

is assumed to be sufficiently smooth. Let

(1.3) Xi = xo + ih, yi=y(xi) (ί = l, 2,...),

where h is a small increment in x and y(χ) is the solution to the given initial
value problem. We are concerned with the case where the approximate
values z{ of y, (ί = l, 2, .) are computed by means of the one-step methods,
and put

(1.4) T(x0, j o ; h) = zι — yi.

The one-step method of order p with β stages for approximating yx can
be expressed as follows:

(1.5)

where

(1.6) y

(1.7) t ( Σy y y )

(1.8) Σbij = ai (£ = 1,2,..-, μ).
y=i

The method is called explicit when bij=O for j^ί. It is well known C2]1) that

1) Numbers in square brackets refer to the references listed at the end of this paper.
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the explicit one-step methods of order p(p=l, 2, 3, 4) exist only for βl>p,
that the methods of order p(p = 5, 6) exist only for ju^p + 1, and that the
method of order 7 exists only for ju^>9.

In this paper, we are concerned with the one-step methods that utilize
not only f(x, y) but also g(x, y) C22]. We consider first the explicit one-
step methods of the type

(1.9) . zι
i = l

where

(1.10) ko=f(χo, yo\

(1.11) li = g(x0 + aih, yo + aMo + h^Σbijlj) (£ = 1, 2,..., r).
3 = 1

Next, considering

(1.12) uι = zι — yo—hko

as an unknown, we are concerned with the implicit one-step methods of the
type A

(1.13) y Σ
i = 1

and those of the type B

(1.14) z

where

(1.15) Z, = ff(tfo + α,λ, γo + aihko + tf'Σ bijlj+cwd (£ = 1, 2, - , r),

(1.16)

The methods of the type B are considered because kλ is used as k0 in the next
step of integration.

The object of this paper is to show that the explicit methods of order
r + 2 exist for r = l , 2, 3, 4, 5, that the implicit methods of the type A of order
r + 3 exist for r=2, 3, 4 and that those of the type B of order r + 3 exist for
r = l, 2, 3, 4. To reduce the number of evaluations of the functions in the
implicit methods, the auxiliary formulas for approximating uλ are given both
for the single-step process and for the two-step process. Finally numerical
examples are presented.
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Computations have been carried out by the use of TOSBAC 3400 at
Department of Mathematics, Faculty of Science, Hiroshima University. The
author wishes to acknowledge the assistance of Mr. Kenji Tomoeda who has
written the program.

2. Preliminaries

2.1 Notations

Let D be a differential operator defined by

(2.1) D = ^+k0^
σx ay

and put

(2.2) D'gbo, γo) = Zi9 Wgyixo, yo)=Yi9 Dιgyy(χ0, yo) = Xi,

o, Jo) = Wi (ί = 0, 1, 2,. ).

Then g(xo + ah, yo + ahko+V) and yoi) = yυ) (χo) (i = l, 2,. ) can be expanded
as follows:

(2.3) g(xo + ah, yo + ahko+V) = Σ -^

+ V2Σ -^a'h'Xj+V* Σ -±r
mo ]\£ j^o jib

(2.4) y{

o

v = K y{o2)=Zo, yψ = Zu y^ = Z2

(2.5) y^ = Z3 + SZ0Y1 + ZιY0,

(2.6) y™ - Z4 + 6Z0 Y2 + ±Zλ Yx + Z2Y0 + Zo Y2

0 + 3Z0

2X0,

(2.7) yX) =

(2.8) y{

o

8)=

+ 10Zχ Fo Yx + 18Z0 Yl + Z2Yl + ZQYl + 18Zl YoXo + 15ZoZ2Xo

Since the formula (1.14) includes the formulas (1.9) and (1.13) as special
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cases, we are concerned with it throughout this section. Put for simplicity

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

Then, by substituting the expression

? y = ( ί + 4) (i + 5) J] fty* + cy.

into U (i = l, 2, , r) and Ai, zx in (1.14) can be expanded as follows:

(2.15) zi = Σ

xZί + 6B2Z0

A7(0 F0

2 + 3 5 6 Z 0

2 X o) +

+ 10C2Z0 F 3 + lOCgZi F 2 + 5C 4Z 2 F x + C 5 Z 3 F o + 8C 6Z 0 F o

+ -^Γh(D1Z6b!

+ 15D 2Z 0 F 4 + 20D 3 Z! F 3 + 15D 4 Z 2 F 2 + 6Z>5Z3 Y1 + D6Zi F o

+21D 7Z 0 Yo F 2 + lO^gZi F o F x + 18£>9Z0 F? + ^10^2 F 2

+ 7? n Z 0 Yl + 18Z>12Z
2 F0X0 + 15Z)13ZoZ2Xo + 60D14Z0Z1X1

+ lOI>15Z
2Xo + 45Z>16Z0

2X2 + 15D 1 7Zg ΪΓ0) + • ,



On One-step Methods Utilizing the Second Derivative 353

where

r 1 r

(2.16) A0=p0 + Σ fb Λ1 = -ΊΓp0 + Σ a<iPh
ί = l ^ i=1

(2.17) A2= ~Po + Σ ofo, A3 =
ό

(2.18)

(2.19)

(2.20)

= Ai + Σ(d2i—af)pi,

1
6

c,

1

, y 5

P θ a % P U

+ Σa](d2i-

_ι_ y( J ~5

+ ^ -Σίeo -

Γ Γ
2 -

>.-, c,

1

=cι-

5

I ( fj t —
' ί \ ^ 1 ί

Ί + 2"α

-/72V

i-a\

>Ph

)Ph

ι,d2i — α*\)pi, C9 = Cι + Σαi(d2

i—α4

i)pi,

(2.21) D1=^

Kdu -α\)ph Di = D1 + Σα%d3i - α\)

+ Σαi(d4i - of )/>,-, D6 = D1

— αf)ph
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— af)ph

2.2 Special cases

If we impose the condition that

(2.22) dlj = aj (;=l,2,...,r),

then it follows that

(2.23) eij=di+2j, qa=di+ij, rij — mij,

(2.24) C l = α?, 2 2 ^ + c p a j (;=2, 3,. , r),

(2.25) Λ3 = A2, Λs = Λ4, B2 = B6 = BU Bs = B4, C2 = C9

In addition to the condition (2.22), if we impose further the condition
that

(2.26) d2j = a) (y=l,2,...,r),

then it follows that

(2.27) lij=di+3j,

(2.28) αi( O l - l )=0, 2 ' Σ (3α*-l)δy» = o5(αy-l) (y = 2, 3, . , r),

(2.29) ^6 = ̂ 4, 5 3 = 5 ! , C3 = C8 = Ci, C7 = C5,

Hence, for the choice αi = 0, it must be valid that

(2.30) ci=0, i2i = -g-αi(l-α2), c 2 =

for the choice oi = l, it must hold that
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(2.31) C l = l, ό i iC l = l, ό 2 1 = - i - α l ( α 2 l ) , c 2 = i

Besides the conditions (2.22) and (2.26), if we impose the condition that

(2.32) dv = a) (/=l,2,3,...,r),

then it follows that

(2.33) my — rn —di+i tj,

(2.34) o 2(α 2-l) [o 2(3α 1-l)-8oi(2oi-l)] = 0,

(2.35) 6 ' 2 ak(2ak - ΐ)bJk = a%aj-1) (/ = 2, 3..., r),
k = l

(2.36) B4 = B5 = BU C4 = Ci, Di = Dia=Du D11 = D10 = D6.

Hence, for the choice oi=o, it must be valid that

(2.37) C l = 0 , o 2 = C2 = l ,6 2 i=0;

Q

the choice αx = l leads to the condition α2=—^-, so that this case will be ex-

eluded usually because α 2 >l.

2.3 Explicit formulas

In the case of explicit formulas, since

(2.38) ^ = 0,^ = 0 (ί = l ,2,-,r),

it follows that

(2.39) dίi = 0, e/i = ef2 = 0, Zπ = /ι2 = 0, mn = mi2 = 0,

?ίl = ?i2 = 0, r ί i = Γ l 2=Γ, 3 = 0.

If we impose the condition (2.22), then it follows that

(2.40) αχ = 0, 62i = ^-«i ,

(2.41) rfA2 = 0 (* = 2, 3,-.., r), Zί3 = wii3 = 0 (i = l, 2,..., r),

and the conditions (2.23), (2.24) and (2.25) are valid

In addition to the condition (2.22), if we impose the condition that

(2.42) P2 = θ,d2j = α*j (/ = 3,4,...,r),

it follows that

(2.43) A e = A A , B3 = BU C3 = CU D3 = D15 = DU
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(2.44) a\\ Cs——Q—(#3 + ^4)B±-\-— ̂ —a3a\A± | + (<Z4 — a^) («3—(12) (C7 — C5)

r /-I
/ 1 Uj / 1

y=6 ^=5

3. Explicit formulas

3.1 Formula E-3

The formula of order 3 for r = l is determined uniquely as follows:

(3.1) α i = - g - , pi =-2~>

(3.2) T(*o, jo; Λ ) - ^

3.2 Formula E-4

To obtain the formula of order 4 for r = 2, we require that

Then it follows that

In particular, we have the formulas as follows:

_9+yτ

(3.4) Γ(* o, Jo, ^ ) -

3.3 Formula E-5

5! 2

Under the condition (2.22), to obtain the formula of order 5 for r = 3, we
require that

A-.
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Then it follows that

In particular, we have the following formulas:

(3.5)
10 ' Z1 20 '

_5+yτ
03 ϊθ~~' 6 3 1 - ° ' 0 3 2 20~'

_5-V"5

(3.6) T(x0, yo; h)=—

3.4 Formula E-6

Under the condition (2.22), to have the formula of order 6 for r = 4 , we
require that

Then it follows that

1 7 + V2Ϊ
α 2 , a3, «4 2", —j-j—.

In particular, we have the formulas as follows:

{or,Λ π 7-V2Ϊ , 5-V2Ϊ
{ό.Ί) αχ = 0, α 2 = — j ^ — , 6 2 1 = — g g — '

31 _

_V2l-3
294""' 6 4 2 84~ ' 0 4 3 ~ 147 '

Ϊ _ 8 _7(7-V2Ϊ)
~ ^ 4iΊ-"20"> ^ 360 '

(3.8) T(x0, yo;h)=-^h7 [ ( ^ ~ 5 ) ( 3 Z ! Γ2 - 6Z2 Γx + Z3 Fo + 3Z0Z1X0
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- 3Z0 Fo YO + A - (95 - 2lV2Ϊ)Z1 F0

2 ] + O(h8).

3.5 Formula E-7

Under the conditions (2.22) and (2.42), to obtain the formula of order 7
for r = 5 , we require that T(x0, yo; h)=O(h8). Then, by (2.44), it follows
that

3±V"2~ *
«3, an = , dζ — 1.

In particular, we have the formulas as follows:

(3.9) «i = 0, a2=-^-, ό 2 1 =-g-,

_ 3 - V T , _141-68V"2" , _45-29V~2~
7~~' b31 2058 ' 3 2 1029 '

_ 3 + V2~ , _255 + 50V"2~ , _195-103V2
ίj—, 641 Ϊ4406—' bi2 77203 ' bi3 240Ϊ

. , yf2-l , 3VT-5 , 5-3VT , 11-6^2"
= 1) »51 = g ' " 5 2 = 3 ' " 5 3 = g , »54= g ,

V _51-10V"2" _
240̂  ' P i ^ ^ B "

(3.10) T(x0,

fXo+45Z0

2X2 + 15Z0

3 r o ) — 4 - (60-43V~2~)(Z2 F 2 + Z 0Z 2Z 0)

x + 3 Z 0 Ff) + ̂ - Z 4 Fo

(258VT-346) Zo F o F 2 + J L (83 -48VY)ZX Fo

-353)Z 2F 0X 0
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4. Implicit formulas of the type A

4.1 Formula IA-3

The formula of order 3 for r = l is determined as follows:

/oιi\ 1 1 1

(4.2) T(x0, J o ; h) = -^h*^-Zz+O(hs).

4.2 Formula IA-4

Under the condition c1=0, to obtain the formula of order 4 for r=2, we
require that T(x0, yo; h)=O(h5). Then it follows that

10

In particular, we have the formulas as follows:

.36+29VT
(4.3) O l w - , C l = 0, "2 = ^ ^ , 621=

_153-33V"6" _9 + VT _ 9 - V T
625 ' p i 36~' P2 36~

(4.4) T(x0, γo;h) = ±-h5 ( V 6

2 ~ 2 ) ZoYx + O(h6).

4.3 Formula IA-5

To obtain the formula of order 5 for r=2,we require that T(x0, yo;
O(hβ). Then it follows that

4+V1Γ
ax, o 2=- 10 '

In particular, we have the following formulas:

(AKΛ „ -4-V"6" _11-4VT _4+VT , 36 + 29VT(4.5) α i j g- , C l ^ , α2 ^-, 621 =

_131-16VΊΓ _9 + V"6~
~ 1250 ' Pl~ 36 '
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(4.6) T(x0, jo; h) = -±

4.4 Formula IA-6

Under the conditions (2.22) and (2.26), to obtain the formula of order 7
for r = 3, we require that T(x0, γo; h) = O(h7). Then it follows that

»»-a- 1 0

In particular, we have the formulas as follows:

ΊΓ , _5-VT _5-2VT
(ΛΠ\ c\ A

(4.7) β l = 0, C l = 0 , «»=

5+3V"5" , _ 5 + 3V5
, 6 3 2 ^—, c3

(4.8) Γ(x0, yo;h)=--ί-Λ7[-^-(^s + lO^oYz +10^F2

4.5 Formula IA-7

Under the conditions (2.22) and (2.26), to have the formula of order 7 for
4:, we require that

Then it follows that

a a a = — 7 + V2Ϊ

In particular, we obtain the following formulas:



(4.9)
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n 7-V2Ϊ , 7-V2Ϊ 14-3V2Ϊ

5-V2Ϊ

« 4
, _133+37V2Ϊ , _

, 6*1 4 ϊ Ϊ 6 ~ ' 0 4 2

, _42 + 22V2l _63-9V2Ϊ
4 3 1029 ' C 4 686 '

_7(7+V2ί) _ 8 _7(7-V2Ϊ)
360 ' ^ 3 - ^ 5 ' P' 360 '

(4.10) Γ(*o, Jo A ) = - ^ h s [A-(7 - V2Ϊ) (Z2 F 2 + Zo Yo Y2 + Z§

5. Implicit formulas of the type B

5.1 Formula IB-3

Under the conditions (2.22) and αi = 0, we have the following formula of
order 3 for r = l :

(5.1) a i = cι = 0, Po = -γ, P1=~6~>

(5.2) T(x0, yo; h) = ^h*^

5.2 Formulas of order 4

5.2.1 Formula IB-4-1

Under the condition (2.22), to obtain the formula of order 4 for r = l, we

require that T(x0, j o ; h) = O(h5). Then it follows that αi = 8 - ^ 8 . To make

the coefficients in the principal error term as small as possible, we choose

Q l = 3 ~ y 3 . Then it follows that
b
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- „ . 3-V3" 2-yτ 3-yτ _yτ
(5.3) « i = — g — , cχ = —g—, /><, = —g—, / > i — r

(5.4) r(*0, jo; A)=-gΓA5[-^-z3+-^-Zor ι-^-(3-VT

5.2.2 Formula IB-4-2

Under the conditions (2.22), (2.26) and (2.32), we have the following
formula of order 4 for r = 2:

(5.5) αi = ci = 0, O2 = C2 = 1, 621 = 0,

1 _ 1 _ 1

(5.6) T(x0, jo; λ)=—gr>

5.3 Formulas of order 5

5.3.1 Formula IB-5-1

Under the condition (2.22), to obtain the formula of order 5 for r = 2, we
require that

T(x0, y0;h) = O(h6\ Bx = ±-.

Then it follows that

5±VΪ5
au α 2 = - Ί δ -

In particular, we have the formulas as follows:

_5-VΪ5 _ 4 — " ~_5 + VΪ5 , _, α2 jg—, ό21 22~'

1 _VΪ5 _ VΪ5
^,Pί gg, P2- —gg

(5.8) T-Uo, Jo A) = - -gVΛ6 [ - L (5 - VΪ5)

5.3.2 Formula IB-5-2

Under the conditions (2.22), (2.26) and oi = 0, we require that T(x0, yoψ, A)
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= 0(Λ6). Then it follows that α2 =
 6 l i ^ 6 . To make the coefficients in the

principal error term as small as possible, we take a2 — —jL— Then we have

the formulas as follows:

6-VΊΓ , 48-3VT
n 6-VΊΓ , 48-3VT 162-57/6"

= C l = 0, 0 2 = - ^ - , 621= c =

_4-V~6~ _ 6 + V6 _
P° Ϊ Q — » Pi g o " > P*

(5.10) T(x0, yo;h) = - ί - Λ 6 ± £ Z t + 6Z0Γ2 + AZXYλ + SZ2

0X0

5.4 Formula IB-6

Under the conditions (2.22), (2.26) and (2.32), to have the formula of
order 6 for r=3, we require that T(x0, yo; h)=O(h7). Then it follows that

α3 = ~^—. In particular, we obtain the following formulas:

(5.11) Oi = Ci = 0, O2 = C2 = 1, ί>21 = 0,

_5-V~5~ , _9-V"5" , _V"5"-3 _13-5VΊΓ
^ - - Ϊ Q - , b3l g ϋ ϋ - , ό 3 2 g ϋ ϋ - , C3 ^ ,

pi

(5.12) T(x0, yo; h)= --^-h7[-^-(^s + 10Z0F3 + ldZxY2 + 5Z2

150

(2ivΊΓ-20)z0r03

5.5 Formula IB-7

Under the conditions (2.22), (2.26) and (2.32), to have the formula of
order 7 for r—4, we require that
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Then it follows that

In particular, we have the formulas as follows:

(5.13) α! = ci = 0, a2 = c 2 = l, &2i = 0,

_7-V2Ϊ , _11-V2ΐ , _V2Ϊ-5 _33-7V2Ϊ

_86-9V2Ϊ , _13V2Ϊ-145
4 9 9 8 " ' 6 4 2 9996 '

_ 4 1 1 + 109V21
Ci 1666 '

1 1 1 _7V2Ϊ _ 7V2Ϊ
2-, ^-lo"'^2-—40"' ^ ^ ^ T ^ 4 " Έ ¥

(5.14) T(x0, yo;h)= - ί - A 8 [ ^ ( 2 8 - 5 V 2 Ϊ ) ( Z 3 F x + 3Z 0Ff)

~ (7+5V2Ϊ) (Z4 To + 6Z0 F o F 2 + Z2 F 0

2 + Z o F 0

3 +3Z 0

2 F 0 X 0 )
00/

6. Numerical examples

The initial value problem

(6.1) y=

is solved with step-size Λ = 0.25 by the explicit methods, the implicit methods
of the type A and those of the type B. The errors in the numerical solutions
are listed in the tables 1, 2 and 3 respectively.

7. Auxiliary formulas

In the implicit methods, usually uλ is solved by the iteration method
from the equation

(7.1) u^h^ΣpJt,
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or

(7.2) Σ

To start the iteration, it is necessary to give the initial approximations to u\
for computing li(i = l,2,...,r) and kλ. Hence we construct the auxiliary
formulas of the form

(7.3) w[s)=h2Σqsili (0<:s^r

for approximating «i.

formula
X

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

2.25

2.50

2.75

3.00

3.25

3.50

3.75

4.00

E-3

-1.71E-04

- 4 . 40 E-04

- 8 . 47 E-04

-1.45E-03

-2. 33 E-03

- 3 . 59 E-03

- 5 . 37 E-03

-7.88E-03

- 1 . 14E-02

-1.62E-02

- 2 . 29 E-02

- 3 . 21E-02

-4 . 47 E-02

- 6 . 18 E-02

- 8 . 50 E -02

- 1 . 16E-01

Table 1.

E-4

- 2 . 18 E-06

- 5 . 60 E-06

-1.08E-05

-1.85E-05

-2.96E-05

- 4 . 57 E-05

- 6 . 84 E-05

-1.00E-04

-1.45E-04

-2.07E-04

-2.92E-04

- 4 . 09 E-04

- 5 . 69 E-04

- 7 . 87 E-04

- 1 . 08E-03

-1.48E-03

Explicit methods

E-5

- 7 . 04 E-08

-1.81E-07

-3.48E-07

- 5 . 96 E-07

- 9 . 57 E-07

-1.47E-06

- 2 . 21E-06

- 3 . 24 E -06

- 4 . 68 E -06

- 6 . 68 E-06

- 9 . 44 E-06

- 1 . 32E-05

-1.84E-05

- 2 . 54 E-05

- 3 . 50 E-05

- 4 . 79 E-05

E-6

- 7 . 42 E-10

- 1 . 94E-09

- 3 . 78 E-09

- 6 . 49 E-09

- 1 . 04E-08

-1.61E-08

-2.41E-08

- 3 . 54 E-08

- 5 . 13 E-08

- 7 . 31E-08

- 1 . 03E-07

-1.45E-07

- 2 . 01E-07

- 2 . 79 E-07

- 3 . 84 E-07

- 5 . 26 E-07

E-7

1. 66E-10

2. 76 E-10

4. 66 E-10

7. 57 E -10

1. 25E-09

1. 86E-09

2. 79 E-09

4. 02 E-09

5. 59 E-09

8. 15 E-09

1. 15E-08

1. 61E-08

2. 24 E-08

3. 07 E-08

4. 19 E-08

5. 73 E -08
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Table 2. Implicit methods of the type A

formula
X

0.25
0.50
0.75
1.00
1.25
1.50
1.75
2.00
2.25
2.50
2.75
3.00
3.25
3.50
3.75
4.00

IA-3

6. 00 E-06
1.54E-05
2. 97 E-05
5. 08 E -05
8. 15E-05
1. 26E-04
1. 88E-04
2. 76 E-04
3. 99 E-04
5. 69 E -04
8. 04E-04
1. 13E-03
1. 56E-03
2. 17E-03
2. 98 E-03
4. 08 E-03

IA-4

-1.27E-07
- 3 . 26 E-07
- 6 . 28 E-07
-1.07E-06
-1.72E-06
-2.66E-06
-3.98E-06
-5.84E-06
- 8 . 44 E-06
- 1 . 20E-05
- 1 . 70E-05
- 2 . 38 E-05
- 3 . 31E-05
- 4 . 58 E -05
- 6 . 30 E-05
- 8 . 63 E-05

IA-5

- 2 . 71E-08
- 6 . 97 E-08
- 1 . 34E-07
- 2 . 30 E-07
- 3 . 69 E-07
- 5 . 69 E-07
- 8 . 53 E-07
-1.25E-06
-1.81E-06
- 2 . 58 E-06
- 3 . 64 E-06
- 5 . 10 E-06
- 7 . 10 E-06
- 9 . 81E-06
- 1 . 35E-05
-1.85E-05

IA-6

- 5 . 68 E-10
- 1 . 50E-09
-2.97E-09
- 5 . 09 E-09
- 8 . 15E-09
-1.26E-08
-1.89E-08
- 2 . 79 E-08
- 4 . 04 E-08
- 5 . 74 E-08
- 8 . HE-08
- 1 . 14E-07
- 1 . 59E-07
- 2 . 20 E-07
- 3 . 04 E-07
- 4 . 15E-07

IA-7

5. 82E-11
1. 16E-10
1. 46E-10
2. 04 E-10
3. 49 E-10
4. 66 E-10
6. 40 E-10
8. 15 E-10
1. 05E-09
1. 75E-09
2. 44 E-09
3. 26 E-09
4. 42 E-09
6. 05 E -09
7. 92 E-09
1.07E-08

formula
X

0.25
0.50
0.75
1.00
1.25
1.50
1.75
2.00
2.25
2.50
2.75
3.00
3.25
3.50
3.75
4.00

IB-3

6. 55 E -05
1.68E-04
3. 24 E-04
5. 55 E -04
8. 90 E-04
1. 37E-03
2. 05 E-03
3. 02 E-03
4. 36 E-03
6. 22 E-03
8. 78 E-03
1. 23E-02
1. 71E -02
2. 37 E-02
3. 25 E-02
4. 46 E-02

Table 3. Implicit methods of

IB-4-1

2. 95 E-06
7. 58 E-06
1. 46E-05
2. 50 E-05
4. 01E -05
6. 18 E-05
9. 26 E-05
1. 36E-04
1.96E-04
2. 80 E -04
3. 96 E-04
5. 54 E-04
7. 71E -04
1.07E-03
1. 47E-03
2. 01E -03

IB-4-2

-1.75E-06
- 4 . 49 E-06
- 8 . 65 E-06
- 1 . 48E-05
- 2 . 38 E-05
- 3 . 66 E-05
- 5 . 48 E-05
- 8 . 05 E-05
- 1 . 16E-04
- 1 . 66E-04
- 2 . 34 E-04
- 3 . 28 E-04
- 4 . 56 E-04
- 6 . 31E-04
- 8 . 68 E-04
- 1 . 19E-03

IB-5-1

- 6 . 61E-08
-1.70E-07
- 3 . 27 E-07
- 5 . 60 E-07
- 8 . 99 E-07
- 1 . 39E-06
- 2 . 08 E -06
- 3 . 05 E-06
- 4 . 40 E-06
- 6 . 28 E-06
- 8 . 87 E -06
- 1 . 24E-05
- 1 . 73E-05
- 2 . 39 E-05
- 3 . 29 E -05
- 4 . 50 E -05

the type B

IB-5-2

1.02E-07
2. 61E-07
5. 03 E-07
8. 62 E-07
1.38E-06
2. 13 E -06
3. 19 E-06
4. 69 E-06
6. 77 E-06
9. 66 E-06
1. 36E-05
1. 91E -05
2. 66 E-05
3. 67 E-05
5. 06 E-05
6. 92 E-05

IB-6

- 2 . 10 E -09
- 5 . 40 E-09
-1.05E-08
-1.80E-08
-2.88E-08
- 4 . 44 E-08
- 6 . 66E-C8
- 9 . 78 E-08
- 1 . 41E-07
- 2 . 02 E-07
- 2 . 85 E-07
- 3 . 99 E-07
- 5 . 55 E-07
- 7 . 68 E-07
-1.06E-06
- 1 . 45E-06

IB-7

7. 28E-11
1. 46E-10
2. 04 E-10
3. 20 E-10
5. 53 E -10
7. 57 E -10
1. HE-09
1. 51E -09
1. 98E-09
3. 14 E-09
4. 42 E-09
6. 05 E-09
8. 38 E-09
1. 12E-08
1. 49E-08
2. 10 E-08
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If the same step-size h is used again in the second step, better initial
approximations will be obtained by use of the values of functions computed
in the first step. Thus let

(7.4) ti = g(xi+a>i 2 Σ ϊ

where

( 7 . 5 ) ^2 = ^2 — ^ 1 — ^ 1 .

Then we construct the auxiliary formulas of the form

(7.6) fi#} = ui+r ί O λ(4i-*o)+A 2 Σ r
y=i

for approximating u2-

7.1 Formulas for IA-3

(7.7) <> = 0;

(7.8) ro,o = 35 ro,i=—3,

where

7.2 Formulas for IA-4

(7.9)

where

7.3 Formulas for IA-5

(7.11) <

39-4VT 39 + 4VT
= — g , 7 * 0 , 2 = — g
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(7.13) r1>o = - ( l l + 6VT),r M ^

. _ 2 6 + 9 V T
ΓlΛ Ϊ9~~'

where

7.4 Formulas for IA-6

/•flits 1 1- fδ 5 + VΊΓ
(7.14) ?i.i = -2-; q2Λ=^^Γ' ?2 2 = 12 ;

(7.15) r l i0 = l, r l f l = - l , r i p 2 = - | - (VT- l ) , r 1 > s = —

(7.16) r2,o=^Γ(25+20VT), r2.i = —

), r 2 ; 3 = - -

), r2,2 = A -

where

7.5 Formulas for IA-7

Ϊ7 17Ϊ n

 λ 1 + V2Ϊ 7 + V2Ϊ,
UI/; ? 9 9 =

(7.18)

(7.19)

(7.20)
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= - ^ ( 2 1 1 1 + 569^21), r 2 > 3 = - ^ Ϊ

r 2 , 4 = -

where

w<2) = U l + O ( Λ 4 ) , w[3) = Ul+O(h5), wψ = u2 + O(hΊ) (i = l, 2).

7.6 Formulas for IB-3

(7.21) w<i) = _1^2 Z i .

(7-22) r 1 > 0 = - 2 , π , 1 = - | - , ^ . i = - | - ,

where

7.7 Formulas for IB-4-1

(7.23) «i« i = 0 ; w i = A

(7.24) ro,o= VT, ro. i= - V T ; r M = - 1 ,

where

7.8 Formulas for IB-4-2

(7.25) ?x.i = 4 g ? «/^,iS— g 5

(7.26) r i ) 0 — — 2 , n ) i = -^-, Γ I > 2 = - Q - ;
Lt LA

(7.27) r 2 . o = - :

where
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7.9 Formulas for IB-5-1

rπoQ\ (0) π 1 9 + VΪ5 9 - V Ϊ 5
(7.28) w[0) = 0; ? 1 > 1 = _ ; ? 2 # ! = _ _ * _ , ? 2 f 2 = = _ ^ _ ;

/ 7OGN r _ K r _ 1 5 - V Ϊ 5 _ 1 5 + VΪ5.

, 7 o m _ 5 + 9VΪ5 _ 3 - 3 2 V Ϊ 5 _ 150 + 49VΪ5 Λ 39 + 9VΪ5
(7.30) r l f o - 1 7 , r l f l Ϊ 0 2 — ' 7 * 1 ' 2 " " " Ϊ02 j Γ l ' 1 34 ;

7 n r _ o r - 9 V Ϊ 5 r _ 9 + VΪ5 Λ 9 + 2VΪ5
U - O i ; ^2,0— V, ^ 2 , 1 — ~~ To 5 ^2,2— — J g , ^ 2 , 1 = J ^ ,

A _9-2VΪ5
Γ2,2 j g — ,

w h e r e

t(;[2) = u i + O(Λ4)? ^ 2

/ ) = ̂ 2 + O(Λ5) (£ = 0, 1), w2

2 ) =

7.10 Formulas for IB-5-2

?2,1=

(7.33)

where

7.11 Formulas for IB-6

(7.34) _ ; 9 2 1 = _ _ ? 5 r 2 > 2 = _ _ - ;

(7.35) ?3,1= 2 4 , ?3,2=-j2-, ?3,3=

^7 Qβ̂  ,. — roj-Q ι~κ\ r _ V 5 — 3 _ 1 1 + V5 _(ί.oo; Γi ; 0—— (.Λ + dv &Λ ri_i j — , r l j 2 j > Γi,3

(7.37) r 2 f 0 - - π ,r 2 > 1

9VT-19



7*2,3 =

where

On One-step Methods Utilizing the Second Derivative 371

15VΊΓ „ _ 2

wψ

7.12 Formulas for IB-7

9 =(7.38)
1 = _ 9 2 > 1 = . _ , 9 2 ) 2 = _ ;

1-V2Ϊ V2Ϊ-3 _ 7

-.s 1 1 _105+7V2Ϊ _105-7V2Ϊ
7.40) ? 4 , 1 - —gQ", ?4,2- — J g , ?4,3 g ^ 9 44 ^ 5

(7.41) r x , 0 = 2 6 , Γ l i l = ^ | , r i p 2 = -g . , r l F 3 =

(7.42)

f 3 , 3 =

where
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