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1. Introduction
Given a differential equation
(L1) y'=f(x y)
and the initial condition y(x,)= yo, where the function
(1.2) 8w, Y)=f:(x, )+ f(x, y)f5(x, ¥)
is assumed to be sufficiently smooth. Let
1.3 xi=xo+ih, yi=y(x;) (i=1,2,..),

where 4 is a small increment in x and y(x) is the solution to the given initial
value problem. We are concerned with the case where the approximate
values z; of y; (i=1, 2,...) are computed by means of the one-step methods,
and put

(1.4) T (%o, Yos h)=Z1—y1-

The one-step method of order p with # stages for approximating y; can
be expressed as follows:

»
(1.5) z1=y+h ;1 giti,
where
(1.6) T (x0, 03 £)=0 (B?**1),
(17) ti:f(x0+aih9 y0+h i biftf),
j=1
(1.8) 5 bij=a; (i=1,2,..., p).
j=1

The method is called explicit when b;;=0 for j=i. It is well known [2]" that

1) Numbers in square brackets refer to the references listed at the end of this paper.
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the explicit one-step methods of order p (p=1, 2, 3, 4) exist only for x=p,
that the methods of order p (p=5, 6) exist only for x=p+1, and that the

method of order 7 exists only for x#=>9.
In this paper, we are concerned with the one-step methods that utilize

not only f(x, y) but also g(x, y) [22]. We consider first the explicit one-
step methods of the type

a9 21= yothko+h2 Y pils,
i=1
where
(1.10) ko=f (%0, ¥0),

i-1
1.11)  Li=g(wo+ah, yotahkot+h® X bil) (=1,2,..,7).
=1

Next, considering
(1.12) u1=2z1— yo—hko

as an unknown, we are concerned with the implicit one-step methods of the
type A

(1.13) 21= yo+hko+h? iZ;'lp,-li
and those of the type B
(1.14) @1= yo kot poh(ks—ho) +b* 5 il
where
115)  Li=g(xotash, yo+a,~hko+h2;§ b+ ) G=1,2,, 1),

(1.16) kv=f (1, yo+hko+us).

The methods of the type B are considered because %, is used as &, in the next
step of integration.

The object of this paper is to show that the explicit methods of order
r+2 exist for r=1, 2, 3, 4, 5, that the implicit methods of the type A of order
r+3 exist for r=2, 3, 4 and that those of the type B of order r+3 exist for
r=1,2,3,4. To reduce the number of evaluations of the functions in the
implicit methods, the auxiliary formulas for approximating «, are given both
for the single-step process and for the two-step process. Finally numeriecal
examples are presented.
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Computations have been carried out by the use of TOSBAC 3400 at
Department of Mathematics, Faculty of Science, Hiroshima University. The
author wishes to acknowledge the assistance of Mr. Kenji Tomoeda who has
written the program.

2. Preliminaries

2.1 Notations

Let D be a differential operator defined by
2.1) D=—+ky-—

and put
(2.2) Dig(xo, y0)=Z2;, D'gy(x0, y0)=7Yi, D'gyy(x0, y0)=X;,
Digyyy(x0, vo)=W; (=0,1,2,...).
Then g(xo+ah, yo+ahko+V) and yi' = y? (x0) (i=1, 2,...) can be expanded

as follows:

23) g(xo+ah, yo+ahky+V)= Z —a’h’Z +V 3 ———afh’Y

jZ0 ]
2 1 3 1
VPR WAV B a W
o j12 716
(2.4) (1)_k0 y(Z)_ZO y(3)_Z1 y(4)_Z2+ZO YO’
(2.5) yas):Z(;”‘SZO Yl—l"Z]_ Yo,
(26) y(06)=Z4+6Z0Y2+421 Y1+Z2Y0+Z0Y%+3Z(Z)Xo,

@T) Yy =Z5+10Z,Y5+102, Y, +5Z, Y1+ Z3 Yo +82Z, Y, Yy
+Z,Y3+10Z,7, X, + 1522 X3,
(28) y®=Zs+152,Y,+20Z, Y3+ 152, V,+62Z5Y 1+ Z, Yo +212,Y, Y
+102,Y, Y1 +18Z, Y2+ Z, Y2+ Z, Y3+ 1822 Y X, +15Z,Z, X,
+60Z,2:X1+10Z2 X, +45Z2 X, +15Z3 W,

Since the formula (1.14) includes the formulas (1.9) and (1.138) as special
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cases, we are concerned with it throughout this section. Put for simplicity

(2.9) d,-jzi(i+1):;zi ai bt Gy j=1, 20y ),
(2.10) e=(i+2) (i+3);§ ai ' disbit o,

@2.11) ly=(i+3) (i+4) ;g}ia,’;‘ld%bjk—}— e

(2.12) my=(i+4) (i+5):§ N

(2.13) qi;=3+4) (i+5) ;g aj tdibitcj

(2.14) ry=(Gi+4) (i+5):§ aiTersbyi+ cs

Then, by substituting the expression

ul_/;Th?.yOZ)_f_ é'h y(()3)+
into ; (=1, 2,..., r) and k,, z; in (1.14) can be expanded as follows:
(2.15)  z1= yo+hko+ poh(ky — ko) +h? Zl pil;

= yo+hko+h*AZy +h* 4,2, +—h4(AzZz + AsZyYy)
+——h5(A4Z3+3AsZOY1+A621 Yo) +— hG(BlZ4+6BzZO Y,

+4B3Z: Y1+ By Z Yo+ BsZy Y3+ 3BsZ: Xo)+ h7(ClZs
+10C,Z,Y3+10C:2, Y, +5C, Z, Y1+ CsZ3 Yy +8CZ, Y Yy

+C7Z1 Y2+10082021X0 +15CQZZX1)+ hs(DlZe

+15D22, Y4 +20D3Z, Y3+15D4Z,Y,+6DsZ3 Y1+ D Z, Y,
+21D,Z, Y, Ya+10DsZ, Yo Y1+ 18D Zy Y3+ D10 Z, V2
+_D112() Yg + 18D12Z(2) Y()Xo + 15D13ZOZZXQ + 60D14Z()Z1X1

+ 10D15Z%X0+45D1623X2+ 15D17Zg W0)+ Ty



where

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)
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7 1 7
Ao=po+ g}lpi, A1:)2-P0 + glaipia

A= %—po + .};‘_‘1“%}"3 As=Ay+ 2(d1i—a?)pi,

A= %P0+Za%pi, As=Ay+Za;(dr;i—adp;,
A5:A4+2(d2i_a?)f7i,

B,= %‘PO‘FZG%PA B;= B+ 2a%(d1i—a?)pi,
B3=B;+2ai(dzi—ad)p;, Bs=B1+2(dsi—a)pi,

352314‘2(6”—@%)}71‘, B6:B1+Z(d%i_a%)}759
CIZ%PO+ZG§Pis C.=C1+ Za¥(dri—ad)pi,

C:;=0C, +Ea?(d25—a§)Pi, C,=C, +Zai(d3i—a?)}7i>
Cs=C1+2(dsi—ad)pi, Cr=C1+2(l1;i—a3) p;,

Ce=C +%2(ezi—a§)pi+%Zai(eu—a‘$)pu
Cg———‘Cl + 2(d1,d2,~—a§)p,~, Cg = C1+2a,~(d%,- —a‘})p,-,
D,= -%—po +2a$pi, Dy=D1+Za} (dvi—a?) pi,

D3=D,+ 3a¥(dsi—a?) piy Dy= D1+ Za¥(dsi—al)pi,
Ds=D,+ Sa(dy;—a})pi, Dg=D1+2(ds;—a%) pi,

D;=D, +%2(63i —a%)pi —|——$~Za%(el,~ —api,

Dy=Di+ 23 (loy—aD pit > Tay(li—ad) pi
Dy=D;+Za(e; —~a§)p,~, Dyo=D,+2(my; _a?)Ph

D11:D1+2(r1i—a?)pi, D13:D1+2(d1id3i_a?)Pi7

Dy;=D, +%2(Q1i_a?)Pi‘i'%Z(dlieli_a?)Ph

353
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Dyy=D+Yai(d1;dsi—al) pi, D1s=D,+2(d3; —a%)pi,
Dis=D,+3a%(d?; —a}) pi, Di7=D1+2(d}; —a¥)p..

2.2 Special cases
If we impose the condition that
2.22) diy=ai (j=1, 2, 7),
then it follows that
(2.23) ei;=diszj Qii=disaj Tij=mij
(2.24) c1=d?, 2:gib]k+cj=a§ (j=2,3,..,7),
(2.25)  As= Ay, As=As, By=Bs=B;, Bs=B,, C;=Cy=Cj,

05:%(564 +3CS), Cg:C3, Dz—_—Du;:D”:Dl,

D1=—,]}‘(5D4+2D6), Dy=Ds, D1y= Dy, Dlzz—(ls—(5D4+Ds),

D13=D4, Dl4:D3.

In addition to the condition (2.22), if we impose further the condition
that

(2.26) dzi=a} (j=1,2,.,r),
then it follows that
(2.27) lij=diis,j

228) ai(ai—1)=0, 2 ;i;i BGas—Dbp=a2a;—1) (j=2, 8,1,
(2.29) A¢= Ay, B3=B,, C3=C3=C,, C;=0Cs,
Ds=Dyy=Dis=Dy, D8=%(3Ds+2D5).
Hence, for the choice a,=0, it must be valid that

(2.30) c1=0, b21=—é—a%(1—az), cz=a};

for the choice a; =1, it must hold that
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(2.31) =1, bZIZ%aE(az—l), cz=%a5(3—ag).

Besides the conditions (2.22) and (2.26), if we impose the condition that

(2.32) dsj=aj (j=1,2,38,.,71),
then it follows that
(2.33) mi;=ri;=di4,;j
(2.34) as(az—1) [a2(8a; —1)—8a;(2a; —1)]=0,

i-1
(2.35) 6 2 ax(2a,—1)bjr=0a3(a;—1) (j=2,38.., 1),
E=1
(2.36) B4:Bs-—_—Bl, C4:C1, D4:D13:D1, D11:D10:D6.
Hence, for the choice a;=(), it must be valid that

(2.37) c1=0, az=cy=1, b5, =0;

the choice a; =1 leads to the condition az:%, so that this case will be ex-

cluded usually because a,>1.

2.3 Explicit formulas
In the case of explicit formulas, since
(2.38) po=0,¢;=0 (G=1,2,,7r),
it follows that
(2.39) din=0, e;1=ei2=0, [;;=1;,=0, mj; =m;>=0,
gin=qi2=0, rn=rin=ri3=0.

If we impose the condition (2.22), then it follows that

(2.40) @=0, bu=-3a}

(241) dkz:O (k=2, 3,-~~, T), li3=m53=0 (l:1, 2,~~~, r),

and the conditions (2.23), (2.24) and (2.25) are valid
In addition to the condition (2.22), if we impose the condition that

(2.42) p2=0, dzj=a? (j=3,4,.,71),
it follows that

(2-43) A¢= A4, Bs=B;, C3=C1, D3=D5=D1,
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(244.) a% [Cs ———g—(a:«} + 114) B4 + >1:§0*(lga4 A4 :l + ((14 —az) <a3 —az) (C7 - C5)

i-1

=20a3 ZGP]' kzs ai(ar—as) (ar—aq)bj.
= -

3. Explicit formulas

8.1 Formula E-3

The formula of order 3 for r=1 is determined uniquely as follows:

3. a=g =g
(3.2) T (x0, 50 b) =%h4 < —%Zz —Z Y0)+ o).

8.2 Formula E-4

To obtain the formula of order 4 for r=2, we require that

T(o, y03 D)=O(K), =g
Then it follows that
a, az :4 i:—l.z]/ 6 .
In particular, we have the formulas as follows:
(33) a1 = 1(\)/63 02:4—112)/69 b21:9—_;%)/£:
_9+V6 9—V6

=g 2T g

B4 T(xe yo, h):—;Ths (‘/“6_2_22@0 Yi— 7, Vo) + OhS).

8.3 Formula E-5

Under the condition (2.22), to obtain the formula of order 5 for r=3, we
require that

T(x0, y0; B)=0(h®), Blzglo—.
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Then it follows that

54+45
10

Az, A3—

In particular, we have the following formulas:

(3.5) 4, =0, a2:5_—i2)/_5, 521:3;23_@,
as =§+1—g5, 63120 632:3_*_2\(453
1 5445 545

Pr=rg> P27 g > P3T g4

2 (BVE —B)(ZYo—2Z, Y1+ 2, YD)+ O(R).

8.4 Formula E-6

Under the condition (2.22), to have the formula of order 6 for r=4, we
require that

T, 305 D=0, Ci= oy Di= e
Then it follows that
asy a5, ag= L, TEV2L
S A 7

In particular, we have the formulas as follows:

BT ay=0, ay= 7‘121/21, 521:5_2%/21,
_ 1 321 214421
3= 5 bsr="qg9» bs2=""1g5
a:7+\/ﬁ b _21+5y21 b 4213 b _21+421
‘ 14 > " 204 YT g4 0 BT T1AT
1 _T(T+2D) 8 _T(7T—y2D)

P70 PPTT3e0 00T ase PATT 360

38)  T(wo, yo; B)= h?[(‘/i}f@(szlY2—622Y1+23Y0+32021X0
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—8Z, YY) + oy (95— 2NZD)Z, Y |+ O(R).

8.5 Formula E-7

Under the conditions (2.22) and (2.42), to obtain the formula of order 7
for r=5, we require that T'(x,, yo; )=0(h®). Then, by (2.44), it follows
that

3442

7 N a5=1.

az, 4=

In particular, we have the formulas as follows:

(3.9) (11—_—0, A= %, b21:—é—,
" _3—\/7 b —141— 68y 2 b _45—29y2
ST T T9058 0 2T T 1029
. _34+v2 b _255+50y2 b _195—103y 2 b _162+173y2
4 7 4 14406 > °** 7203 > ° 2401 °
V2 —1 _38/2-5 5—3J2 11— 6\/2

as=1, 6512 2 ) bsz— 3 ) b53— 6 b54- 6

1 o Bl1+10y2  _51—10y2  _ 1
=15 2= ps="0 s =" ggp o PsTgp

(8.10) T(xo, yo; b) —th [1_03(26 1157, V4 + 202, Y +60Z,Z, X,

F10Z2X, +4522 X, +15Z3 W) —.4%— (60— 43y 2)(Z, Y+ ZoZ: Xo)

216V 2)(Z Y1 +820 Y D+ 57 2 Yo
(28T —346) Z, Y Yyt o (83— 48V 2)Z, Yy Vi +

+%(2\/?—1)(22 Y24 Z,Y3) +21§(258\/?—353)Z?, YOX(,] +

+O0(h°).



On One-step Methods Utilizing the Second Derivative 359

4. Implicit formulas of the type A

4.1 Formula IA-3

The formula of order 3 for r=1 is determined as follows:

1 1 1
(4~1) alz—g—, 01:T> P1:—2—a
4.2) T (o, o3 B)=——Lh* L Z,+05)
' o> Yo W= gt O

4.2 Formula IA-4

Under the condition c¢,;=0, to obtain the formula of order 4 for r=2, we
require that T'(xo, yo; A)=0(h®). Then it follows that

4446
10 °

a, 2=

In particular, we have the formulas as follows:

46 _44+V6 , _36+29V6

4.3) ax ~7 10 ° c1=0, az—T, bm—w,
_153—-83J6 _ _9+4y6 _ _9-46
2T g5 > P1Tgg » P27 gg

49 T, 305 W= V8B 2,7, +0r).

4.3 Formula IA-5

To obtain the formula of order 5 for r=2,we require that T(xo, yo; h)=
O(h®). Then it follows that

4+46
10 °

ai, az=

In particular, we have the following formulas:

_4—y6  _11-4y6 _4+y6 , _36+29/6

_181-16V6 9446 9y
27950 > P17 36 * P27 36
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1

(4'6) T(x()) yO; h):“‘—6—l

% B%(Zﬁﬁzo Yo+27, Yo+ 22, Y3+3Z2X,)
+2- (V8 —DZY: |+ 0.

4.4 Formula IA-6

Under the conditions (2.22) and (2.26), to obtain the formula of order 7
for r=38, we require that 7' (x,, yo; A)=0(h"). Then it follows that

545
10 °

a2, A3=—

In particular, we have the formulas as follows:

A7) a=0, ;=0, ¢u=2=VY5 4, _5—V5 _5-2Jb

10 2~ 7100 > 2T 25 °
go=0FYE 4 _5+8V5 , _5+38y5  _5-y5
ST10  *YTT300 T 60 0 T 70

_ 1 _54+J5 _5—5
P1= 12: P2= 24 s P3= 24 )

1

48 T(ao, 303 )=~

% [%(Zﬁ 102, Vs 4102, Yy 4102071 Xo
+15Z§ X,) +T1§(Za Yo+2.Y3) +-2%(7\/§—5)Zz Y+
+ 21—0 (B —1)Z,Y, Y, ] +OG).

4.5 Formula IA-7

Under the conditions (2.22) and (2.26), to have the formula of order 7 for
r=4, we require that

T (o, y0; =0, Dy= .

Then it follows that

1 7421
2’ 14 °

Qz, @3, Q4=

In particular, we obtain the following formulas:
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4.9)  a1=0, ¢,=0, az:%, 1,21:7_19‘/%, CZZE%‘/%,
g THY21 . 133487y21 , 54421
4= 14 ) 41 4116 ) 42— 84 k)
b.._42+22021  _ 63—9y21
43 1029 > ** 686
1 _T(T4421) 8 7(7T—421)

Pr="30> P27 360 > P*T 45> P4T 860

410)  T(xo, yo; )= h“[—(7 Vo) (Z, Yy + Zo Yo Yot Z2 Yo X,

+ 2022 Xo)— (63—10y21) (Z;Y1+Z, Y, Y1 +82Z,Y2)

315

+ (\/ﬁ—Z)(ZZYﬁnLZOYS):‘+O(h9).

5. Implicit formulas of the type B

5.1 Formula IB-3

Under the conditions (2.22) and a¢; =0, we have the following formula of
order 3 for r=1:

(5.1) a=a1=0, =5 P1=g

(5.2) T(x0, Yo; h)—kh4 (Zz +2Z,Yy) +OR®).

5.2 Formulas of order 4
5.2.1 Formula IB-4-1
Under the condition (2.22), to obtain the formula of order 4 for r=1, we

require that T(x,, yo; h)=0(%%). Then it follows that alzgiﬁ\/ 3. To make
the coefficients in the principal error term as small as possible, we choose
a :3—6\/ 3

. Then it follows that




362 Hisayoshi SHINTANT

3—V38 2—4y8 3—y38 3
(6.3) ay = 6\/ s 1= 6\/ > Po= 6\/ > Plz\/_G—y

(B.4) Tlxo, yo3 W= b & Zst 5 ZaVi— 15 B—VB)Z Yo |[+OGD).
5.2.2 Formula IB-4-2

Under the conditions (2.22), (2.26) and (2.32), we have the following
formula of order 4 for r=2:

(5-5) 0120120, 02202:1, 52120,
1 1r o __ 1
po="p> P17y P2T T

(5.6) T(xo, Yos h): ——érhs —*17(23 +3Zo Yl +Z1 Yo) +0(h6)

5.8 Formulas of order 5

5.3.1 Formula IB-5-1
Under the condition (2.22), to obtain the formula of order 5 for r=2, we
require that
T(xa, 305 B)=0(), Bi=—gor.
Then it follows that
5+ \/ﬁ.

a1, Q2= 10

In particular, we have the formulas as follows:
5415 _4—415 54415 94415 7+2y15
(57) a; = 10 y C1— 10 ’ aZ—Ty b21— 220 y C2=— 22 b}

1 V15 V15
Po="9% P1=" g P2= " "3¢>

1,6 1
(5.8)  T(xo yo; h):—ﬁhﬁ[ 15 6—18) 7, Y1+110 (5+3v15) (2, Y,

7 Yg)] +Om.

5.3.2 Formula IB-5-2
Under the conditions (2.22), (2.26) and a;=0, we require that T'(xo, yo; k)
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=0(h®). Then it follows that a2:6i16/ . To make the coefficients in the

principal error term as small as possible, we take a2:6_16/ 6 . Then we have

the formulas as follows:

o _6—46 _48-3V6 162—57/ 6
(59) a;= Cl——O, asz —T, bm—w, Co=—"¢ 500 )
4—J6 _6+y6 _3+8J6

P(): 10 ’ Pl_ 90 ) pZ"‘ 90 >

(B10)  T(xo, 03 W)=—grh® gr [Zi+62 Y2 +4Z, Y1 +323 X,

+(BV6 —2) (Z, Yo+ Z, Y]+ O).

5.4 Formula IB-6

Under the conditions (2.22), (2.26) and (2.32), to have the formula of
order 6 for r=3, we require that 7(xo, yo; A)=0(h"). Then it follows that

as :5ilgg. In particular, we obtain the following formulas:
(511) a;=c1=0,a:=cy=1, b3, =0,
(512)  T(xe, yo; h)=-—%h7[ 2 (Zs+ 102, Y5 + 102, YV, +52: Y,
+1020Z, X, +15Z2 Xo) + 2~ (21 5 —25)(Z3 Yo+ Z, Y )

150

+ 310’ (21y5 —20) Z, Y, Y, ] FOMY).

5.5 Formula IB-7

Under the conditions (2.22), (2.26) and (2.32), to have the formula of
order 7 for r=4, we require that

T(xo, Yo h):O(hs)’ Dl_-glg



364 Hisayoshi SHINTANI

Then it follows that
7421

as, a4 :T

In particular, we have the formulas as follows:

(513) a1:C1=0, 02:(32:13 b21:0’

poo T2, _11—y21 , _\21-5 _ _33—7y21
57714 73T T Bgg > T pgg > @ 98
_T+421 , _86—9¢21 , _1821—145 , _75+5y21
MTTHg 0 "M T 4998 0 42T 9996 T 1428

. _ 411+109v21
tT 71666

_ 1 1 1 72l T2l
Po= o™ P40 P27 Ty PR 3600 P 360°

(G14)  T(xo, yo; B)= —81Th8 [%5(28—5«/§f)(23 Y, +82,Y?)

+3%7 (T+5V21) (Zi Yo +62Z, Yo Yot Z: Y3+ 2, Y§+3Z3 Y0 Xo)
+2—§5 (718—5y21) Z, Y, Yl} +O®).

6. Numerical examples

The initial value problem

(6.1) y'=5 y0)=1

is solved with step-size A=0.25 by the explicit methods, the implicit methods
of the type A and those of the type B. The errors in the numerical solutions
are listed in the tables 1, 2 and 3 respectively.

7. Auxiliary formulas

In the implicit methods, usually u; is solved by the iteration method
from the equation

(1.1) 1y =h? ;1 pilss
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or

(72) ur=poh(ks—hko) +4* 5, pils

To start the iteration, it is necessary to give the initial approximations to u;

for computing [;(i=1,2,..,r) and k;. Hence we construct the auxiliary
formulas of the form

(1.3) wP =h? 3 guil; (0<s<r)
i=1

for approximating u;.

Table 1. Explicit methods
formula E-3 E-4 E-5 E-6 E-7
0.25 —1.71E-04 —2.18E-06 —7.04E-08 —7.42E-10 1.66 E-10
0.50 —4.40E-04 —5.60E -06 —1.81E-07 —1.94E-09 2. 76 E-10
0.75 —8.47E-04 —1.08E-05 —3.48E-07 —3.78E-09 4.66E-10
1.00 —1.45E-03 —1.85E-05 —5.96E-07 —6.49E-09 7.57E-10
1.25 —2.33E-03 —2.96E-05 —9.57E-07 —1.04E-08 1.25E-09
1. 50 —3.59E-03 —4.57E-05 —1.47E-06 —1.61E-08 1. 86 E-09
1.75 —5.37E-03 —6.84E-05 —2.21E-06 —2.41E-08 2.79E-09
2.00 —7.88E-03 —1.00E-04 —3.24E-06 —3.54E-08 4.02E-09
2.25 —1.14E-02 —1.45E-04 —4.68E -06 —5.13E-08 5.59E-09
2.50 —1.62E-02 —2.07E-04 —6.68E-06 —7.31E-08 8.15E-09
2.75 —2.29E-02 —2.92E-04 —9.44E-06 —1.03E-07 1. 15E-08
3.00 —3.21E-02 —4.09E-04 —1.32E-05 —1.45E-07 1.61E-08
3.25 —4.47E-02 —5.69E -04 —1.84E-05 —2.01E-07 2.24E -08
3.50 —6.18E-02 —7.87E-04 —2.54E-05 —2.79E-07 3.07E-08
3.75 —8.50E-02 —1.08E-03 —3.50E-05 —3.84E-07 4.19E-08
4.00 —1.16 E-01 —1.48E-03 —4.79E-05 —5.26 E -07 5.73E-08
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Table 2. Implicit methods of the type A

formula 1A-3 1A-4 s | 1A-6 1A-7
0. 25 6. 00E -06 —1.27E-07 —2.71E-08 —5.68E-10 5.82E-11
0.50 1. 54 E-05 —3.26 E-07 —6.97E-08 —1.50E-09 1.16E-10
0.75 2.97E-05 —6.28E-07 —1.34E-07 —2.97E-09 1.46E-10
1. 00 5. 08 E -05 —1.07E-06 —2.30E-07 —5.09E -09 2.04E-10
1.25 8.15E-05 —1.72E-06 —3.69E-07 —8.15E-09 3.49E-10
1. 50 1. 26 E-04 —2.66 E-06 —5.69E -07 —1.26E-08 4.66 E -10
1.75 1. 88E-04 —3.98E-06 —8.53E-07 —1.89E-08 6.40E-10
2.00 2. 76 E-04 —5.84E-06 —1.25E-06 —2.79E-08 8.15E-10
2.25 3.99E-04 —8.44E-06 —1.81E-06 —4.04E-08 1.05E-09
2.50 5.69E -04 —1.20E-05 —2.58E -06 —5.74E-08 1.75E-09
2.75 8. 04E-04 —1.70E-05 —3.64E-06 —8.11E-08 2.44E-09
3.00 1. 13E-03 —2.38E-05 —5.10E-06 —1.14E-07 3.26E-09
3.25 1.56 E-03 —3.31E-05 —7.10E-06 —1.59E-07 4.42E-09
3.50 2.17E-03 —4.58E -05 —9.81E-06 —2.20E-07 6. 05E -09
3.75 2.98E-03 —6.30E-05 —1.35E-05 —3.04E-07 7.92E-09
4. 00 4. 08E-03 —8.63E-05 —1.85E-05 —4.15E-07 1.07E-08

Table 3. Implicit methods of the type B

fo";‘“la IB-3 IB-4-1 IB-4-2 IB-5-1 IB-5-2 IB-6 IB-7
0.25 6.55E-05 2.95E-06| —1.75E-06) —6.61E-08 1.02E-07 | —2.10E-09| 7.28E-11
0. 50 1.68E-04] 7. 58 E-06| —4.49E-06 —1.70E-07 2.61E-07 | —5.40E-09| 1.46E-10
0.75 3.24E-04) 1.46E-05 —8.65E-06] —3.27E-07] 5.03E-07 | —1.05E-08/ 2.04E-10
1. 00 5.55E-04 2.50E-05| —1.48E-05| —5.60E-07, 8.62E-07 | —1.80E-08| 3.20E-10
1.25 8.90E-04| 4.01E-05 —2.38E-05 —8.99E-07| 1.38E-06 | —2.88E-08/ 5.53E-10
1. 50 1.37E-03 6. 18E-05] —3.66E -05 —1.39E-06| 2.13E-06 | —4.44E-08 7.57E-10
1.75 2.05E-03 9.26E-05 —5.48E-05 —2.08E-06/ 3.19E-06 | —6.66E -C8 1.11E-09
2.00 3.02E-03| 1. 36 E-04) —8.05E-05 —3.05E-06/ 4.69E-06 | —9.78E-08 1.51E-09
2.25 4.36E-03 1.96E-04/ —1.16E-04) —4.40E-06] 6.77E-06 | —1.41E-07| 1.98E-09
2.50 6.22E-03 2.80E-04] —1.66E-04 —6.28E-06 9.66E-06 | —2.02E-07| 3.14E-09
2.75 8.78E-03 3.96E-04| —2.34E-04) —8.87E-06/ 1.36E-05 | —2.85E-07| 4.42E-09
3.00 1.23E-02 5.54E-04] —3.28E-04/ —1.24E-05 1.91E-05 | —3.99E-07| 6.05E-09
3.25 1.71E-02| 7.71E-04] —4.56E-04{ —1.73E-05 2.66E-05 | —5.55E-07| 8.38E-09
3.50 2.37E-02] 1.07E-03] —6.31E-04) —2.39E-05( 3.67E-05 | —7.68E-07| 1.12E-08
3.75 3.25E-02) 1.47E-03| —8.68E-04 —3.29E-05 5.06E-05 | —1.06E -06| 1.49E -08
4. 00 4.46E-02 2.01E-03] —1.19E-03} —4.50E-05 6.92E-05 | —1.45E-06/ 2.10E-08
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If the same step-size A is used again in the second step, better initial
approximations will be obtained by use of the values of functions computed
in the first step. Thus let

a i-1 A
(74) l,~=g(x1+aih, Zl+a,’hk1 +h2 Z bi]-lj+c,-uz),
ji=1
where
(7.5) uzzzz—zl—hkl.

Then we construct the auxiliary formulas of the form
(7.6) W =, +rooh(bkr—ko) +h2 3 roil;+hE 3 7.
i=1 i=1
for approximating u.,.

7.1 Formulas for IA-3

(1.7) wi®=0;
(7.8) 0,0=38, ro,1=—3,
where

w®=u,; +00R®), w® =u,+O0GR).
7.2 Formulas for IA-4

(7.9 wih) = %hm;

(110)  ri0=— 1+v6), 7”1,1::‘;_‘_178\/6 > r1,2:3—+188\/_6’ ’A1,1:4+6\/6

where

wi =u; +00R*), w =u,+ 0.
7.3 Formulas for IA-5
(7.11) w0 =03 wip = BL;

39—4J6  _  39+4J6

(7-12) To,o:13, To1=— — 6 s To,2=— 6 5
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(718) rio=— (1146y6), rl,lzi(399+266\/F), r1,2=L(699+364\/€),
114 114
P 26496
1,1— 19 b

where
w® =uy +OR®), wd =uy+O0R®).
7.4 Formulas for IA-6

1, 1-V5 5+v5 .
(714 Gam g5 G s gy

(115)  rio=1, ri,=—1, TI,ZZ—Z—(\/—E’__l): ,1,3:_%(\/3“);

(1.16)  ro0= %(25+20\/§), roi= —%(13%\/”5—),

S
2.2 132

(2354 111V5), rss= —ﬁ(5+15\/§),
For=— - (BL+2TVB), fra=-k (25+9W5)
2,1 33 sy 12,2 33 ’

where

wi? =u; +00h"), wd =u,+0h°®), wP =u,+OR").

7.5 Formulas for IA-7

1. 1++v21 T+421,
(7.17) 1T 575 4217 T 5 (22T g
(7.18) 93,1:—(15*, q3,2=0, qs,sz—é—;

(T19)  r10=—129, r1,1=—56§, rl,zzgg(133+3\/ﬁ),

ris= 4%6, r1,4=3%(133—3\/ﬁ), fl,lzégﬂ;
(7.20) rz,(,:%(303+924ﬁ), ’2’1:_ﬁ) (517 +158421),
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o= — gog IILHB60ED), ras=— 10 (341-+104/2D),
raa= — oo (1211-+419¢21), 7, = — - (761+219¢21),

- 7757 (38 +7421),

where

w =u, + 00", w® =u, + 0", wi’ =u+O0R") (i=1, 2).

7.6 Formulas for IB-3

(7.21) f? =W
(7.22) T1,0: —2, 71,1:%, f']_,l :%,
where

ws =uz+O0").
7.7 Formulas for IB-4-1

(7.23) Wi =03 wft =L Kly;

(7-24) ro,oz\/g, rO,]:_\/—?’—; 71,02—1, T1,1:——3—6\/3, f1,1:3+\/3

where
w® =uy+OR*), w =uy+ ORh).

7.8 Formulas for IB-4-2

(7.25) l]1,1:%§ 92,1:—;)', (]2,2:%§
(726) rio= —2, T1,1:—é—, T1,2:7£2;‘;
(7.27) roo=—1, rp =1 5 4, =1

q2° 22T g 22T g

where
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w® =u,+ 00, wd =u, + 00, wP =u,+0h®), I,=1,.

7.9 Formulas for IB-5-1

where

where

B

(7-28) <0)_0 g1, 1—%, q2,1—= 9—;2;/15, 92’2:?%%/&;
(7.29) To,0=— ‘_5, r0,1—_—1—5—-6—\/15, To 2-—15—}(_;\/15
54915 3—32y15 15 15
(7.30) r1,0= +17\/ s T1,1= 102\/ > r1,2=—150~{(;129\/15, f1,1:39—|:0’2\/15,
9_iE _ _
(7.31)  rz0=0, T2,1:——1\8/§, rz2= 9-+i\8/15’ '2,1=9+128\/15,
; :9—2\/ﬁ
2,2 18 9
w®=u;+ 00, ws’ =u,+O0OR®) (=0, 1), w? =u,+O0%®).
7.10 Formulas for IB-5-2
1. 3—6 6+v6
(7.32) Ga= g g gy gy
(138) rio=—G+3V6), =0, 5, <3486 g
w® =u;+O0R*), wd =u,+OR®).

7.11 Formulas for IB-6
(1.34) Ga= 5 Ga= e (=

_8-VJ5 5 _4J5-—-1
(7.35) 31T gg > 9327 79> 9337 o5 s
(1.86) r1o=— (24+3V5), T1,1=\/—5—4:?3, ri2= 1—2\/5, 1,3 %,

__14+49y5 9519  _179+9J5

(7-37) 2,0 = —‘11 ) 72,1-—ng—', rz,z—T,
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15y, 2
237 99 12,27 335

where

wi® = u1 +O0R?), W =uy+ O, WP =us+OR),
21 == Zz.

7.12 Formulas for IB-7

(7.38) q1,1:%; 92,1:-%, qz,zz%;

(7.39) VERES 1 21217 QB,ZZ@J‘;T_?’, 93,32%,

(7.40) q4,1=_61_0, q4,2:_T15, Gia= 105;;3\/21, q4,4:,1£3—6%¢ﬁ;
(TA) 11 0—26, rl,lz%%, rl,zz»%, r1,3=1172(x/ﬁ—28),

r1,4=—%(28+\/ﬁ);

(T42)  ry0= b (46+4821), ry =— & (200y21—167),

269 16140
r3 = — 16140 (2321 +8264421), r5 5= 16140 (1344 4 151421),
r3s=— 5380 o (16+5y21), 730= 4035 (46421 —68),
F3.3=—rop— 4035 — 2 (105+16421),
where

w® =u, + 0GR, wP® =u; +0R%), w® =u, +OK®),

wle) — U3 +0(h7) w‘a’ —Us +O(h8), Zl :lz.
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