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1. Introduction.
Let us consider the nth order nonlinear delay-differential equation

D OO+ B AOF a0, w0y HED0)=0,
where

x P (&) =xP(—d; (1))

and the delays d;,(t) are assumed to be continuous functions, nonnegative
and bounded by some constant M on the half-line [¢y,+ o). In the special
case where d; ,(:)=0 for i=1,2,..., m, k=0, 1,..., n—1, equation (1) clearly
reduces to the ordinary differential equation

@) 2O+ 3 FAOF(x, &y 57D =0,
iz

Let F be the family of solutions of (1) which are indefinitely continuable
to the right. A solution x(¢) in F is said to be oscillatory if it has no last
zero, i, e., if x(¢;)=0 for some ¢,, then there exists some t,, t,>¢;, for which
x(t3)=0; otherwise a solution in F is nonoscillatory.

The purpose of this paper is to investigate the oscillatory properties of
(1), giving sufficient conditions that all solutions of (1) in F are oscillatory in
the case where n is even and are oscillatory or monotone in the case where
n is odd. Our results generalize to arbitrary n>2 recent results of Staikos
and Petsoulas [67] for the case n=2. It is to be noted that, still in the reduced
case of the ordinary differential equation (2), our results improve previous
results due to Kartsatos [ 1] and the present author [47], [57].

The author wishes to thank Professor T. Kusano for his interest in
this work and for several helpful suggestions.

2. Oscillation Theorems.

We shall prove the following theorems.
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Tueorem 1.  Assume for equation (1) that

(i) fi(6)=0 for every ¢t € [ty, =), i=1,2,..., m;
(ii) sgn Fi(x1, x2,---, x,)=5gN x1 and Fi(—x1, — %2,y — %n) = —F(x1,
Xy oy Xn) JOT every (xy1, x9,---, x,) € R”, i=1,2,..., m;
(iii) there is an index j such that
(@) Fi(Ax1, Azvgyoy Axy) =22 F(21, %2,y x,) fOT €VETY (%1, Xy -5 Xn)
€ R", 2 € R and some integer p=0;

® (" fiodi=co.
Then if n is eve;z, each solution of (1) in F is oscillatory, while if n is odd,
each solution in F is either oscillatory or tends monotonically to zero together

with its first n—1 derivatives.

TueoreMm 2. In addition to the hypotheses (i) and (ii) of Theorem 1, assu-

me that
(iii") there exists an index j such that
@) forany k,2<k<n, and any c =0
lim inf Fi(x1, x2,---, 2,) >0 0or oo, as x;—>oc0,...,
Xp_1—>00, xp—>Cy xp.1—>0,--, 2,0

CONMW/ OV
Then each solution of (1) in F is oscillatory when n 1is even, and each solution
wn F is either oscillatory or tends to zero together with its first n—1 derivatives
when n s odd.

Remark. Theorem 1 is a generalization of a recent result due to Staikos
and Petsoulas for the case n=2[6, Theorem 1]. When equation (1) is re-
duced to equation (2) it still generalizes the corresponding results that the
author has established in [4] and [5]. Theorem 2 is an extension of a the-
orem of Kartsatos [ 1, Theorem 37 concerning oscillations of the equations of
the form

x4+ fF@)F (x, x/)=0.

8. Proofs.

We begin by stating two lemmas which inform us of the possible beha-
vior of a nonoscillatory function defined on the half-line [ ¢y, o).

Lemma 1. Suppose ¢(t) € C*[ to, ), ¢(t)=0 and ¢™()<0 on [t,, o).
Then exactly one of the following is true:
Q) @), ¢ V() tend monotonically to zero as t—>oo;
(11) there is an odd integer k, 1<<k<<n—1, such that lim ¢"(:)=0 for
1</ <k—1, lim ¢*P()=0 (finite), lim ¢*~*(0)>0 and §(0), /(1) §"

(2) tend to oo as t—>co.
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For the proof we refer to the papers by Kiguradze[ 2, Lemma 1], Kneser
[3, pp. 410, 418-4197] and the author [4, p. 1117, [5, p. 877 .

LemMa 2. Let ¢(t) be a function such that ¢ € C*[ to, o), ¢(t)>0 and @™
=0 on [tg, o), and let di(t), i=0, 1,..., n—1, be continuous functions,
nonnegative and bounded by some common constant M on [ ty, ). Then

. gD —di(t) .
(3) ltim»m =0 for 1<i<n—1,

unless ¢(t) and its first n—1 derivatives tend to zero as t—oo. The exceptional
case may arise only when n 1s odd.

Proor. Suppose that the case 1 of Lemma 1 holds. Then, as the proof
of Lemma 1 shows, ¢(z) is monotone non-decreasing or non-increasing on [ zo,
o) according as n is even or odd. Hence, noteing that¢® (s —d;(t))—0 as t—
oo for 1<<i<<n—1, the assertion follows unless lim ¢(¢)=0, which is possible

t—o0

only when = is odd.

Suppose now that the case 11 of Lemma 1 holds. It is clear that (3) is
true for n—k<i<n—1.If i<n—k—1, ¢®() is (ultimately) non-decreasing,
so that we have

i 8OC—di®) 5, 800
@ =g —d(e) =R W=

By using L/ Hospital’ s rule we easily obtain

o 6O L
}1_)11010 50— ) =0 for 1<i<n—k—1.

Thus it follows from (4) that (3) holds also for 1<i<<n—k—1.
This completes the proof of the lemma.

Proor or TueorEM 1. Suppose (1) has a nonoscillatory solution x(z) in
F. Since, by condition (ii), —x(¢) is again a solution of (1), we can assume
that x(¢) >0 for :=t,, t; being sufficiently large. From (1),

500 = = 3 fOF 0,0 w5, 08852, (0)

and so our hypotheses imply that x™(¢)<<0 for :=t,=>¢,+ M.
If » is even, it follows from Lemma 2 that

o xD—d; @) _ - _1-
5) 1,152 2 —d, ) =0 for i=1,2,..., n—1;
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it is not difficult to see that

o x(t—d;o(8) _
1,‘12 x(2)

Let y=x""1/x. Then, in view of the fact that x'(z) and x""V(z) are ulti-
mately nonnegative, we have

_ a0 '@x" D) - x™(2)

Y O="20 PO R0

for t=t3> max (t;+ M, t;). Integrating the above inequality over [is, ]
and using (1), we have

® Y O= == L, (9, x4, 0 5D ds

2o(* %a,,(5) x0,,(8)  xg P (s)
_Exdj,o(t3):| pgjf;( ) %(s) F; <1’xdj’0(3)’“ > xdj,ﬂ(s) )d.s,

where we have used condition (iii) (a) and the monotonicity of x(z). Using
(iii) (b) and (5), we derive the contradiction — y(13)<<—co by letting t—co
in (6).
This completes the theorem for the case of even n.

We now turn to the case where n is cdd. Let x(z) be a nonoscillatory
solution of (1) in F. The case I I of Lemma 1 is impossible for x(z), because
the same argument as above leads to a contradiction. Suppose x(t) satisfies

@) lim x(¢)=¢>0, hm xD()=0 for 1<i;<n-—1.

t—o0
Integrating the inequality
s (O)=—fi()F(xa, (8), x5, (£),---, 771 (1))

which follows from (1) over [ ¢*, ¢] yields
t
®) x* V%) —x‘”‘l)(t)zg S F(xa, (s); 23, (5)y -5 270 .(5)) ds.
t*

We see that
lim Fi(xq, (0), 2, (), 2872 () =Fi(c, 0,..., 0)>0
t—oo0

and hence in view of (iii) (b)
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gf*fj(S)Fj(xdj,o(s)) x:ij,l(s)s" °y xt(i’;:—n]jl(s))d's:oo'

If we let ¢ tend to infinity in (8), we have the contradiction x" V(¢*)=co.
Thus we can conclude that a nonoscillatory solution of (1) in F, if it exists,
tends to zero together with its first n —1 derivatives as t—>oo.

This finishes the proof of Theorem 1.

Proor or TueEOREM 2. Suppose x(¢) is a nonosecillatory solution of (1) in
F. By condition (ii) we can assume that x(¢) >0 for : sufficiently large, say
t=>t;. From (1) we have

€) s PO =—fi(OFi(x4;,,(0), 24,,(0);--5 27712, (0)),

which implies x™(t)<<0 for t=>t,=1t,+ M.
An integration of (9) from ¢, to ¢t and by Lemma 1, we have

10 ) (| R, 51y, (s 22,50 ds

for t>>t,.
We distinguish two cases:
Case 1. There exists &k, 0<k<n—1, such that lim x®()=c0 for 0<i<

k—1, lim x®=c>0 and lim x®()=0 for k+1<\i<n—1. Then, because of
| Sndad t—o0
(iii") (@9,

lim inf Fy(xa, (), x4, (), x50 () >e

oo
for some positive constant ¢, so that there exists a t;>¢, such that

F(a, o(8), 24, (s> x50, (0)) = for all 1215,

,n

It is obvious that inequality (10) remains valid if we replace ¢, by t35. Thus
we obtain

t
2 D(e)ze| fi)ds
t3
and consequently x™~P(z,)=co, a contradiction.

Case 2. lim x(t)=¢>0 and lim x®(t)=0 for 1<i<<n-—1.

t—oo t—oo

If ¢ < oo, then by the continuity of Fj, for any given positive ¢ with e<<Fj(c,
0,..., 0) there is a t3>¢, such that

F'i(xdj,o(t% x;j,l(t),"'a xt(i’;,_l_)1<t))zFJ(C9 0,---, 0)—e for t=ts.

n

Then, from (10) with ¢, replace by z;, we find
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2™ V(t,)=>[Fi(c, O,..., 0)—¢] Stfj(s)ds for t=ts,
t3

which again leads to a contraciction. If c¢=oo, then by (iii’) (a’) we have
also a contradiction.
This completes the proof of Theorem 2.
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