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Introduction

Let M be a differentiable manifold with a given linear connection ¥ and
ee M be a fixed point. Then we have considered in [5] the local multiplication u
at e compatible with 7, which is given by

u(x, y) = Exp,ot, «°Exp; (),

where Exp, denotes the exponential mapping at x and 7, , denotes the parallel
displacement of tangent vectors along the geodesic joining e to x in a normal
neighborhood of e.

If M is a reductive homogeneous space A/K with the canonical connection,
due to K. Nomizu, then the local multiplication u given above satisfies

u(x,y) = (expX)y; X = Exp;'(x)eM < A,

where A =M + K is the decomposition of the Lie algebra of 4 such that ad (K)M <
9. (Cf.[15, Theorem 10.2].) Therefore, if M is reduced to a Lie group A
itself, then the canonical connection is reduced to the (—)-connection of [3] and
the local multiplication u coincides with the multiplication of A4 in local.

These facts suggest us a problem of the existence of a global differentiable
binary system on a reductive homogeneous space 4/K, which coincides locally
with the above geodesic local multiplication u. We have been interested in this
problem and in the question how such a multiplication relates to the canonical
connection and to the general Lie triple system defined on the tangent space I,
which will be called the Lie triple algebra in this paper (cf. [5-8]).

The main purpose of the present paper is to investigate the above problem
and to provide the basic concepts to construct the global theory of differentiable
binary systems, as an analogy and also as a generalization of the theory of Lie
groups and Lie algebras.

Our considerations are based on the purely algebraic concept of a homo-
geneous loop (Definition 1.4) and the concept of a homogeneous Lie loop (Defini-
tion 3.1), a homogeneous loop admitting a natural differentiable structure. We
shall prove that any homogeneous Lie loop has the canonical connection and is
a reductive homogeneous space. We shall investigate the condition for the
multiplication of such a loop G to coincide in local with the geodesic local multi-
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plication p given above. Especially, if G has in addition the symmetric property,
ie.,

() t=x"1y7t (x,ye(),

then we shall prove that G is a symmetric homogeneous space and satisfies the
above condition.

We study in § 1 various properties of homogeneous loops used in the subse-
quent sections.

We shall consider in §2 the semi-direct product A=G x K of a homogeneous
loop G by some group K of automorphisms of G, and show that A4 is a group and
G can be regarded as the factor set A/K by the left coset decomposition of A
modulo its subgroup K.

In § 3, we shall investigate the various properties of the canonical connection
of a homogeneous Lie loop G. Above all, we shall prove that G can be identified
with the reductive homogeneous space 4(G)/K(G) with the canonical decomposi-
tion A=+ K of the Lie algebra of A(G), A(G) being the semi-direct product
G x K(G) (Theorem 3.7).

In §4, we shall show that the geodesic local multiplication u of a locally
reductive space G defines the geodesic homogeneous local Lie loop, which is a
basic example of a homogeneous Lie loop in local.

In §5, we shall investigate the conditions for a homogeneous Lie loop G to be
coincident with any geodesic local Lie loop and we shall say such a loop to be
geodesic. Connected Lie groups are examples of geodesic homogeneous Lie
loops.

§6 will be devoted to studying the symmetric Lie loop G, i.e., a homogeneous
Lie loop with the symmetric property. After proving that G is a symmetric
homogeneous space (Theorem 6.1) we shall show that G is geodesic (Theorem
6.4).

Finally, in § 7, we shall consider the Lie triple algebra ® defined on the tan-
gent space of a geodesic homogeneous Lie loop G by

XY=[X,Y]y; [X,V,Z] =[[X,Y]e, 2] (X,Y,Z€0),

with respect to the canonical decomposition U=G+ K, and show that G can be
characterized locally by its Lie triple algebra & (Theorems 7.3 and 7.8).

The correspondence between the subloops of G and the subsystems of ®&
is going to be discussed in another article.

Recently, A. Sagle and others are studying a local multiplication on a reduc-
tive homogeneous space with the same interest as ours in its relations to linear
connections and to non-associative algebras. (Cf. [17, Appendix] and [18].)

For the terminologies used in this paper, we refer mainly to R. H. Bruck
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[1] in the theory of loops, and S. Kobayashi-K. Nomizu [9] in differential
geometry.

§1. Homogeneous loops

In this section, we shall introduce the notion of homogeneous loops and
investigate their basic properties.

Let G=(G, p) be a binary system with a binary operation
u:GxG—G.

The multiplication u(x, y) (x, y € G) is denoted by xy when no confusion occurs.
The left and right translations by an element x € G are denoted by

(L.1) L, R;:G—G; L(y)=xy, R(y)=yx (yeG).

DEerFINITION 1.1. A binary system G=(G, ) is a quasigroup if all left and
right translations (1.1) of G are permutations of G.

A quasigroup G is a loop if there is a (two-sided) identity ee G, xe=ex=x
(xe G). The concepts of subloops, homomorphisms and isomorphisms of loops
and quasigroups are defined in a natural manner.

For the systematic theory of loops, we refer to R. H. Bruck [1].

DEerFINITION 1.2. Let G be a loop. The left translation group L(G) of G
is the transformation group of G generated by all left translations of G. Also,

the left inner mapping group Ly(G) of G is the subgroup of L(G) generated by all
left inner mappings

(1.2) Ly, = LifeLeL,)  (x,y€G).

ProrosITION 1.1. The left inner mapping group Lo(G) of a loop G is the
isotropy subgroup of the left translation group L(G) at the identity eeG.

Proor. Consider the subset
H = {0 e L(G); Ly yea € Lo(G)} = L(G).

It is clear that Lo(G) is contained in H since L, (e)=e. Conversely, if ae H
leaves e fixed, then a € Ly(G). Therefore, it is sufficient to show that H= L(G).

For any a e H, put a(e)=a and =L 'oa € Lo(G). Then, for any xe G we
see that L,oo € H, since (L,oa)(e)=xa and

1) In this paper, go f means the composition of mappings f and g such as go f (x)=g(f (x)).
Therefore, we notice that our notations differ slightly to those in [1].
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LiteLyoa = LytoLoL,e0 = L, ,o0 € Lo(G).
Furthermore, we see f=L;'oa e H, since a=xb (b=pf(e)) and
Lytop = (Lyp)~toLzyoa = (Lyp) ™ 'o0 € Lo(G).
Thus we see that L(G)<= L(G)-H = H as desired. g.e.d.

REMARK 1.1. The multiplication group M(G) of a loop G is the transforma-
tion group of G generated by all left and right translations of G. Also, the inner
mapping group I(G) is the subgroup of M(G) generated by all left inner mappings
L, ,, right inner mappings R, , and proper inner mappings T, (x, y € G), where

(1.3) Rx’y = R;yloRyoRx; Tx = L;loRx_

Then, the above proof is on the same line as that of [1, IV Lemma 1.2]:
I(G) is the isotropy subgroup of M(G) at e G.

DerFiniTION 1.3. A loop G is said to have the left inverse property, or to be
a left 1. P. loop, if, for any x € G, there corresponds an element x~! € G such that

(14 xMxy)=y  (yeG),

or equivalently,

(1.4)y Liy-i,=1id® or L;'=L,-:.

This element x~! is uniquely determined by x, and x~! is the inverse of x.

Now, let G be a left 1. P. loop with the identity e. For any fixed element a €
G, consider a binary operation y,: G x G—G defined by

(1.5) Ba(x,¥) = a((@ 'x)(a"'y))  (x,y€G),

where the multiplications on the right hand side are the original ones of G.
Then it is easy to see the following

LemMmA 1.2. G@=(G, u,) is a loop with the identity a, and G'® is the
same as the original loop G.

This loop G will be called the transposed loop of G centered at a. In the
following, we denote the multiplication (1.5) by
(a)
Xy = p(x, ).

THEOREM 1.3. Let G be a left I.P. loop. For any a, be G, the left inner

2) id means the identity transformation.
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mapping L, , of (1.2) is an automorphism of G if and only if the transposed loop

G®) s isomorphic to G under the left translation L, of G.
Proor. By (1.5) and (1.2), we have
Lx"y) = (LasLap) (=10 (571y),
L) Ly) = LLo(b™ 5)Lag(5™1 7).

Since L,, and L,-. are permutations of G, these are equal if and only if L, is an
automorphism of G. g.e.d.

Since L,-:,=id by (1.4)’, we have

CoROLLARY 1.4. Any transposed loop G® of a left 1. P. loop G is isomo-
rphic to G by L,-1, and is thereby a left 1. P. loop.

LEMMA 1.5. The inverse of x in G is expressed by a(a=!'x)~! in the
original loop G.

Proor. Put x'=a(a"'x)"!. Then we see easily p,(x’,x)=a. Since a is
the identity of the left I. P. loop G®, the element x’ must be the inverse of x in
G@, g.e.d.

By the condition of Theorem 1.3, we give the following

DEerFINITION 1.4. A loop G is called a left A-loop, if the left inner mapping
group Ly(G) of Definition 1.2 is a subgroup of the automorphism group AUT(G)
of G. By a homogeneous loop, we mean a left A-loop with the left inverse proper-
ty.

ReEMARK 1.2. A loop G is an A-loop, if I(G) in Remark 1.1 is a subgroup of
AUT(G). Various properties of A-loops have been investigated by R. H. Bruck
and L. J. Paige [2].

THEOREM 1.6. Let G be a homogeneous loop. Then, for any a, beG,
the transposed loops G and G®) are isomorphic under the left translation L,
of G, where c is the element determined by b=ca. Moreover, the transposed
loop (G@)® of G coincides with G®),

Proor. The first half of the theorem is an immediate consequence of
Theorem 1.3.

(a)
Let (G', @) denote (G, -), which is a left I.P. loop by Corollary 1.4.
Consider the multiplication

Hy(x, y) = be((b'ex)e(b’ey))  in G'®,
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where b’=a(a"1b)~! is the inverse of b in G’ by Lemma 1.5. By (1.5) and (1.4),
we see that b’ez=a((a~1b)"1(a"!z)) and

(%, ¥) = (LeeL)) ((d™ (@ 'x))(d7 (@7 1y)  (d = a™'b).

Here, L,oLy=L,p°L,4=LyL,,;and L, , is an automorphism of G by the assump-
tion. Also

Lyd™'(a'z)) = (Ly 'oLpeLy)(d™ (@™ '2)) = b7 'z.
These show that uj(x, y)=L,((b~1x)(b~1y))=puy(x, y) as desired. q.e.d.

By this theorem, we can give the following

DEeFINITION 1.5. A class {G,;ae G} of homogeneous loops on the same
underlying set G will be called a homogeneous structure on G, if G, is the trans-
posed loop G'»’ of G, centered at b for any a, be G. A homomorphism

¢:{G,;aeG} —> {H,; be H}

of homogeneous structures is a mapping ¢: G—H such that ¢: G,»Hy,, is a
homomorphism for any a e G.

CoRrOLLARY 1.7. For any homogeneous loop G, the class
Hg={G®;aeG}

of all transposed loops of G is a homogeneous structure on G, and conversely any
homogeneous structure on G is given by this manner. Also, any automorphism
¢: H g is a composition

¢ = Lpa, a= ¢e), ae AUT(G),
where e is the identity of G and L, is the left translation (1.1) of G.

Lemma 1.8.  The following identities are valid in a homogeneous loop G:

(1.6) Lyy=Ly,,-15-1.
.7 L;y =L, ,-«=1L,, (u = xy,uv = x).
(1.8) (xp)~t = x((y~'x71)?).

Proor. Since L, ,e AUT(G) and L, (y~'x~!)=(xy)~!, we have easily
L, (y~'x71)z)=(xy)"'L,,(z) and so

L, = LypeL, oL,-1x-1= Ly ,-1,-1,
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L;,ly = L;—le—loLy—loLx—l =Ly—1’x—1 = Lx—z,xy

= Lx",u = Lu,u“x = Lu,v'

‘These show (1.6) and (1.7). Also, (1.8) is obtained by

()™t = (ey)(xy)™1)? = (xy)Le (Y~ 'x7 1)) = x(p(y~'x71)?).
qg.e.d.

DEeFINITION 1.6. A loop G is said to be left alternative if
(1.9 x(xy) = (xx)y, forany x,yeG,

or equivalently L, ,=id in G. A left I. P. loop G is said to be left power alterna-
tive® if

(1.10) L,» .« = id, for any x € G and any integers p, g,

where x0=e, x"=xx""1 and x™"=(x")"! for any positive integer n. Also, a loop
G is said to be power associative (resp. di-associative) if any element of G gener-
ates (resp. any two elements of G generate) an associative subloop, i.e., a subgroup
of G.

The following is evident:

ProrosiTION 1.9. A power alternative loop is power associative, and a di-
associative loop is left power alternative.
As a corollary to Theorem 1.3, we have the following

ProposITION 1.10. Assume that a left 1. P. loop is left power alternative.
Then, the transposed loop G*") is isomorphic to G for any a€ G and any integer
p.

ProposiTION 1.11. Let G be a homogeneous loop. Then the following
three conditions are equivalent to each other:

(1) G is left power alternative.
(2) L,.,=id, for any x € G and any positive integer n.
(3) L, .=id, for any xe G and any positive integer n.

Proor. From the definition (1.10), it is clear that (1) implies (2) and (3).

Assume (2), which is equivalent to (x"x)z=x"(xz) (x,zeG,n>0). Then we
see easily by induction that x"x™=x"*m and (x~!)"=x"" for any positive integers
m, n. So we see also that

3) In [10, II], we called G with this property left di-associative in the strong sense.
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id = (an’x)_l = Lx“,(x"‘)"

for any x € G and n>0 by (1.7). Therefore we get (3).
Now assume (3). Then we see by induction

(%) xntmz = xn(x™z) (x,zeG,n,m 2 0),

which shows

(%) Lyn m = id, for n,m=0.

For n=2m =0, since x" = x""(x"x""™)=x""x" by (1.4) and (%), we have L,-» m
=Ly m »-m=1d by (1.6) and (#*). This and (1.7) show L,-» ,m=L:;n ,n=id for

m=n=0. Therefore, (%) holds also for m=0=n. Finally, we have (x%) for
m <0 by these results and the first equality of (1.7), and so (1) is valid. g.e.d.

ProOPOSITION 1.12. Let G be a homogeneous loop, satisfying the condition
(1.11) (xy) =y x"1,  forany x,yeG.

Then

(1) G has the right inverse property, i.e., (yx)x~1=y for any x, y €G.

(2) R,y,=L,-:,-: and thereby R, , is an automorphism of G.

(3) If G is left alternative in addition, then G is left power alternative and
hence power associative.

ProoOF. (1) and (2) are easily seen by (1.11) and the left inverse property.

(3): By (2), wesee R, (x"))=y(xy)"'=y(y"'x"!)=x""! and so R, (x")=
x" for n>0. The latter equation is equivalent to L,. (y)=y, and hence G is left
power alternative by the above proposition. g.e.d.

DEFINITION 1.7. A homogeneous loop G will be said to have the symmetric
property if the inverse mapping J: G—G, J(x)=x"1, is an automorphism of G,
that is, the identity
(1.12) (xy)t=x"1y"1  (x,yeG)
holds for G.

ProrosITION 1.13. Let G be a homogeneous loop. Then G has the sym-
metric property if and only if any one of the following identities holds for
G (x,y,zeG):

@ x(y(yz=1)) = xy)(xy)(xz)~1).
) x(y(y2)) = Cey)(xy)(x~12)).
3) L,eL,, = LooLoLyL,.
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Moreover the following is valid if G has the symmetric property:
(4) Lx—l’y—l = Lx,y (x,yeG).

Proor. It is clear that (1.12) is obtained by substituting x~! for y in (1),
or y~! for z in (2). Also, (3) is a restatement of (2).

Assume that G has the symmetric property. By replacing x with x=! in (1.8),
we get

(%) x(xy~1) = y(y~'x)>.
Further, by substituting zx for x and zy for y in (), we get
(*%) (@x)((zx)(zy)™1) = (zy)(zy)~1(2x))*.

Since L, (y~'x)=(zy)"!(zx) and L,, is an automorphism, we have

((zy)"1(zx))? = L, ,((y"'x)*) = (zy)"'z(y(y~'x)?)).
Thus, by (*) and (*x), (1) is shown as follows:

z(x(xy™1)) = (2y)(2y)" 1 (zx))? = (zx)(zx)(zy)™ ).

(2) follows immediately from (1.12) and (1).
Also, (4) follows from (1.12) and (3). q.e.d.

ReMARK 1.3. From (1.7) and the above proposition it follows easily that
the symmetric property implies the identity L, ,oL, ,=id. In §6 it will be shown
that if G is a homogeneous Lie loop with the symmetric property, L, ,=id holds,
that is, G is left alternative.

Here, we shall give some examples of homogeneous loops.

ExaMpPLE 1.1. A group G is a homogeneous loop with the trivial left inner
mapping group Ly(G).

ExAMPLE 1.2. An A-loop G (cf. Remark 1.2) is a homogeneous loop, if G
has the (left and right) inverse property, or equivalently, if G is di-associative
(cf. [2, Theorem 3.1]).

ExamMpLE 1.3. A loop G is a Moufang loop if G satisfies the following con-
dition for any x, y, ze G:

(1.13) x(y(xz)) = ((xy)x)z.

Then a Moufang loop has the inverse property, and is an A-loop if it is commuta-
tive. (Cf., e.g., [1, VII Lemmas 3.1, 3.3].) Therefore, a commutative Moufang
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loop is a homogeneous loop.

ExAMPLE 1.4. In general, Moufang loops are not always (left) A-loops. For
instance, the sphere S7={ze(C; |z|=1} in the Cayley number system € is a Mou-
fang loop with the multiplication of €. But it is not a homogeneous loop. Never-
theless, S7 contains a non-trivial homogeneous subloop G={+e¢;;i=0,...,7}
consisting of all generators of € and their inverses. The left inner mappings act
on G by L, . (e)=e, or —e, according as e;e;= te, or not.

ExAMPLE 1.5. In [8, II Theorems 3, 5] we have proved the following:

Let G be a subset of a group A satisfying the conditions

(1) eeG and G~'=G, where e is the identity of A.

(2) Ifx, yegG, then xyxeG.

(3) Any element x € G has a unique square root x'/2 in G. Then G is a
homogeneous loop with the symmetric property, under the multiplication

(1.14) u(x, y) = x12yx12  (x,yeG).

Let P, denote the set of all positive definite symmetric real n x n matrices.
Then P, satisfies the above conditions (1)~(3) as a subset of the group of all non-
singular n x n matrices and so P, is a homogeneous loop with the symmetric proper-
ty under the multiplication u(X, Y)=X1/2YX!/2 for X, Ye P,.

Also, the set H, of all positive definite Hermitian matrices is a homogeneous
loop under the multiplication as above.

REMARK 1.4. More generally, it can be shown that, if G is a Moufang loop
in which each element has a unique square root, the loop G(1/2)=(G, u) of [1,
VII Theorem 5.2] is a homogeneous loop with the symmetric property, where u
is defined by (1.14).

§2. Semi-direct products
In this section we shall study the semi-direct product of a homogeneous loop
G by a subgroup K of the automorphism group AUT(G) of G.

DEerFInNITION 2.1. Let G be a homogeneous loop and K be a transformation
group of G such that Ly(G)= K =« AUT(G), where Ly(G) is the left inner mapping
group of Definition 1.2. The semi-direct product G x K of G by K is the Car-
tesian product G x K together with the binary operation

(21) (x’ d)(y, ﬁ) = (x“(J’), Lx,a(y)caoﬁ)

for (x,a), (y, /)€ Gx K, where L, € Lo(G) is the left inner mapping of (1.2).
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THEOREM 2.1. The semi-direct product Gx K of the above definition is
a group with the identity (e, id) (e is the identity of G) and the inverse

2.2) (x,0)"' = (@ '(x",a"!)  for (x,x)eGxK.
Moreover, by using the left translation L, of (1.1), we have an isomorphism
(2.3) p: GxK — AUT(5#), p(x,0) = Loa

Jor (x,0)e Gx K, of GxK into the automorphism group AUT(s#;) of the
homogeneous structure # ¢ of G of Corollary 1.7.

Proor. From Corollary 1.7 it follows that p(x, ) is an automorphism of
#g. Moreover, for any x, ye G and a, Be K, the equality L,co=Lf implies
x=L,(e)=L(x(e))=Ly(B(e))=y and so a=ph. Therefore p is injective.

Also

p(x, 0‘)°P(y, ﬁ) = onaoLyoﬁ = Lx° a(y)odoﬁ
= an(y)oLx,a(y)oaoﬁ = p((xs a)(y’ ﬁ)) .

Thus p preserves the multiplication, and so G x K is associative. It is easily seen
that (e, id) is the identity and the inverse is given by (2.2). g.e.d.

 The automorphism L,oa= p(x, @) of # is called the representation of (x, a)e
G x K. Then the semi-direct product G x K can be identified with the subgroup
p(Gx K) of AUT(s#;) by the above theorem. In particular, by Corollary 1.7,
we have the following

COROLLARY 2.2. p: GXAUT(G)»AUT(s#;) is an onto isomorphism.
Therefore, the semi-direct product G x AUT(G) can be identified with AUT(# )
and AUT(G) is the isotropy subgroup of AUT(#¢) at e€G.

The following lemma is also proved easily by definition.

LEMMA 2.3. The notations being the same as in Theorem 2.1;

(1) The group K is the representation group of the subgroup ex K of Gx K,
and we can identify K=ex K.

Q) (x,0)=(x,id)e, a), (e,a)(x,id)(e, ) ! =(a(x),id) for any xeG and
ae K.

(3) Gx K=(G;y)K (uniquely factored), where G;4=G x id.

(4) G4 is an ad (K)-invariant subset of G x K.

Here we give the definitions of normal subloops and quotient loops.

DEeFINITION 2.2. A subloop H of a loop G is normal if H is invariant under
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the inner mapping group I(G) of Remark 1.1, i.e., if the followings are valid for
any x, yeG:

(1) x(yH) = (xy)H, (2) (Hx)y = H(xy), (3) Hx =xH.
Then the quotient loop G/H of G modulo H can be defined naturally by
G/H = {xH;xe G}, (xH)(yH) = (xy)H,

and the projection p: G—G/H, p(x)=xH, is an onto homomorphism of loops
(cf. [1, IV]).

THEOREM 2.4. Let H be a subloop of a homogeneous loop G. Then

(1) H is a homogeneous loop.

(2) If H is a normal subloop of G, the quotient loop G/H of G modulo H
is also a homogeneous loop.

Proor. It is easily seen that x~! is contained in H if xe H. Hence (1) is
clear.

Since the projection p: G—G/H is an onto homomorphism, (2) is obtained
also immediately. g.e.d.

THEOREM 2.5. Let H be a normal subloop of a homogeneous loop G and
suppose that a transformation group K, Ly(G)= K= AUT(G), leaves H invariant.
Then:

(1) The subset Hx K is a subgroup of the semi-direct product G x K.

(2) Any left coset of Hx K is (x,x)(Hx K)=xHx K (x€G, a € K).

(3) The factor set Gx K/Hx K by the left coset decomposition of Gx K
modulo H x K, with the multiplication

2.4) (xHx K)(yHx K) = (xy)Hx K (x,yeq),
is a homogeneous loop isomorphic to the quotient loop G/H.

Proor. (1), (2): These are clear by (2.1), (2.2) and the assumption for H.
(3): By (2), the mapping j: G/ H-Gx K/Hx K, j(xH)=xH x K, is a bijec-
tion. Therefore we have (3) by the definition of the quotient loop and Theorem
34. qg.e.d.

ReEMARK 2.1. In the above theorem the kernel K; of the restriction homo-
morphism r: K-AUT(H), r(e)=a|y (x€ K), is a normal subgroup of H x K,
and H x K/K, is isomorphic to the semi-direct product H x K,, where K, is the
image of r. In fact, the mapping r induces a homomorphism (h, a)—(h, o|g) of
the group H x K onto the semi-direct product H x K, since Lo(H) =K, c AUT(H)
follows from Ly(G)= K< AUT(G).
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COROLLARY 2.6. The factor set Gx K|/K of left cosets of K, with the mul-
tiplication
(2.5) (xxK)y(yxK)=(xy)xK  (x,yeG),

is a homogeneous loop isomorphic to G itself.
By the above corollary and Corollary 2.2, we get

COROLLARY 2.7. Any homogeneous loop G can be identified with the
set AUT(s#3)AUT(G) of all cosets of AUT(G) in the automorphism group
AUT(5#) of the homogeneous structure of G, under the mapping j: G—
AUT(s#5)]AUT(G), j(x)=L,,AUT(G), x € G.

THEOREM 2.8. Let H be a normal subloop of a homogeneous loop G,
and consider the subgroup

Lo(G, H) = {a e Ly(G); (xH) = xH for any xe G} = Ly(G).
Then (1) Ly(G, H) is a normal subgroup of Ly(G) and
Lo(G/H) = Lo(G)/Lo(G, H).

(2) The subset H x Ly(G, H) is a normal subgroup of the semi-direct product
G x Lo(G) and

G/H x Lo(G/H) =~ G x Ly(G)/H x Lo(G, H) .
Proor. (1): Any ae Ly(G)is an automorphism of G-and it leaves H invari-

ant. Hence a induces the automorphism o’ of G/H by o'(xH)=(ax)H, and we
obtain the homomorphism

J:Lo(G) — AUT(G/H), f(0)=o'.

Since a'=L,y,n€ Lo(G/H) for a=L,, we see that Im(f)=Ly(G/H). Also,
Ker (f)=Ly(G, H) by definition. Thus (1) is proved.

(2) Let p: G—G/H be the natural projection. We see easily by definition
that the onto-mapping

pxf: Gx Lo(G) —> G/H x Lo(G/H)

is a homomorphism of the semi-direct products and Ker(p xf)=H x Ly(G, H).
Thus (2) is proved. g.e.d.

§3. Homogeneous Lie loops

In this section, we shall consider a homogeneous Lie loop, a homogeneous
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loop admitting a natural differentiable structure, and assert that such a loop is a
reductive homogeneous space due to K. Nomizu [15]. For well known termi-
nologies and results on differentiable manifolds with linear connections, we refer
to [9].

DEFINITION 3.1. A homogeneous Lie loop G is a homogeneous loop of
Definition 1.4 and also a (C~-) differentiable) manifold such that the loop
multiplication u: G x G—G is differentiable.

ReEMARK 3.1. By A.I Mal’cev [14], the tangent algebras of some analytic
loops have been treated.

ExAMPLE 3.1. A Lie group G is a homogeneous Lie loop.

ExAMPLE 3.2. The set P, of all positive definite real symmetric nxn
matrices in Example 1.5 is a homogeneous Lie loop. In fact, the multiplication
u(X, Y)=X1/2YX12 js differentiable with respect to the natural differentiable
structure on P,. (Cf.[10].)

In the same way, the manifold of all positive definite Hermitian matrices is a
homogeneous Lie loop. These are examples of homogeneous Lie loops with the
symmetric property, that is, symmetric Lie loops (cf. § 6).

ProrosiTION 3.1. Let G be a homogeneous Lie loop. Then the inverse
mapping J: G—G, J(x)=x"! (xe€G), is a diffeomorphism of G.

Proor. Choose a local coordinates (u!,u2,..., u") (n=dim G) centered at
the identity e with a domain U. Then there exists a neighborhood V of e such that
wVxV)cU. Since u(x,e)=x for xe U, it follows that

i . L
‘“—gﬁj 0,00=¢6" @, j=1,2,..,n).

Thus the implicit function theorem shows that there exists a neighborhood W of
e such that J is differentiable on W.

Now, for any fixed element a e G, consider the neighborhood W,=L,(W)
of a, where L, denotes the left translation of G. Since J(x)=a(w(wla~1)2)
(Lemma 1.10), for any x=aw € W,, we see that J is differentiable at a by the above
result and the differentiability of p. g.e.d.

ReEMARK 3.2. By using Proposition 3.1, we can show that every connected
homogeneous Lie loop is generated by any neighborhood of its identity. In fact
it is proved by a method similar to that for connected Lie groups.

Let G be a homogeneous Lie loop and consider the module X(G) of all

4) In the rest of this paper, the differentiability is always assumed to be of class C~.



Geometry of Homogeneous Lie Loops 155

differentiable vector fields on G over the real algebra §(G) of all differentiable
real valued functions on G. Denote by L{® the left translation in the transposed
loop G@ of G centered at a (cf. Lemma 1.4). For any two vector fields X, Ye
X(G), we construct the vector field VY by

(3. (Px¥),=lim - [@LEH) ! (Ya) ~ Y], ¥

for a € G, where x(t) is an integral curve of X through a=x(0). Then the fol-
lowing lemma is seen easily:

LeEMMA 3.2. The assignment (X, Y)—>FV yY defines a linear connection V
on G, that is, V x is linear and satisfies

VixigtZ = fVxZ+gVyZ,
Vx(fY)=fVxY+(XN)Y, (X,Y,ZeX(G)and f, g€ FG)).

DEerFINITION 3.2. The linear connection ¥ on G defined by (3.1) will be
called the canonical connection of the homogeneous Lie loop G.

In this section, we consider a homogeneous Lie loop G=(G, F) together with
the canonical connection 7.

THEOREM 3.3. Any left translation L, (x € G) of a homogeneous Lie loop
G is an affine transformation of the canonical connection V. Therefore, V is
invariant under the left translation group L(G) (Definition 1.2) of G.

ProOOF. As was shown in the proof of Theorem 1.3, we have

(a) (xa)
L(g - y)=(xg) - (xy),

®)
where - denotes the multiplication of the transposed loop G»). This is equivalent
to

®) oL = L§od (= L.

Then, we see by the definition (3.1) that
. 1 -
(xx)  dop(FxY),= lllqﬂg e dL(dL§) ™ (Yyey) — Y.l

= lim —-[(@LR) " (@ (¥ )g(en) — 4B (¥ g] -

Here, g(t) is an integral curve through a=g(0) of the vector field X, and so ¢(g(?))

5) For a differentiable map ¢, we denote by d¢ the induced linear mapping of tangent vectors.
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is an integral curve of d¢(X). Therefore, by the definition (3.1) of F, (xx)
implies

3.2) dp(F xY) = Vd¢(X)d¢(Y)-
Hence ¢ is an affine transformation. g.e.d.

THEOREM 3.4. The differentiable automorphism group Aut(G) of a homo-
geneous Lie loop G is a subgroup of the affine transformation group Aff(G).

Proor. Let ¢eAut(G). Then we have (x) in the above proof, by applying
¢ to (1.5). Thus we see that ¢ satisfies (3.2) by the above proof. qg.e.d.

Now, let G be a connected homogeneous Lie loop. Then, since any left
inner mapping L, ,=L;}!°L,cL, (x,y€G) is a diffeomorphism of G, the left
inner mapping group Ly(G) (Definition 1.2) is a subgroup of Au#(G) by Defini-
tion 1.4, the latter being a subgroup of Aff(G) by the above theorem. Since
Aff(G) acts on G as a Lie transformation group (cf., e.g., [9, IV Theorem 1.5]),
it is seen that Aut(G) is a closed subgroup of Aff(G), and we can consider the set

3.3 K(G) = the closure of Ly(G) in Aut(G),

which is also a Lie transformation group of G. Moreover, Ly(G) is connected
since G is supposed to be so, and consequently the group K(G) is a connected Lie
group satisfying Lq(G) = K(G) < Aut(G)= AUT(G).

Furthermore, we can consider the semi-direct product

(3.4) A(G) = G x K(G)

of Definition 2.1, which is a group by Theorem 2.1. A(G) is also a connected
Lie group with the product manifold structure by definition. Then we have the
following theorem by Lemma 2.3 and Corollary 2.6.

THEOREM 3.5. For a connected homogeneous Lie loop G, the connected
Lie group A(G) of (3.4) contains K(G)=ex K(G) as a closed subgroup, and
the mapping

(3.5) it G — AG)K(G), i(x)=xxK(G) (xeG),

is a loop-isomorphism onto the homogeneous space A(G)|K(G) with the multipli-
cation (2.5).

Also, we can show that A(G)/K(G) is a reductive homogeneous space,
defined by K. Nomizu [15] as follows:

Let M=A/K be a homogeneous space of a connected Lie group A by a closed
subgroup K.
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DreriniTiON 3.3. A homogeneous space M= A/K is reductive® if and only
if A acts effectively on M and the Lie algebra 2 of A4 is decomposed into a direct
sum such as

(3.6) A = M+ K (direct sum),  ad(K)M < M,

where K is the Lie algebra of K and 9t is a subspace of .

With respect to the direct sum decomposition (3.6), we see that the subspace
9t can be identified with the tangent space M, to M at the origin e=n(K) under
the induced linear map drn of the natural projection n: A-M=A/K. In the Lie
group A, we can find a neighborhood V of the identity 1€ 4, a connected sub-
manifold N cexp9t and a connected submanifold H< K such that the mapping
(a, h)—ah (ae N, he H) gives a diffeomorphism of Nx H onto V (cf., e.g., [4,
II Lemma 2.4]). For X eM=M,, we put a vector field X* on n(N)=N* as

(3'7) X#(a) = dta(X) (a € N) s
where ¢, is the natural action of a on M.

THEOREM 3.6. [15, Theorem 8.17 Let M=A/K be a reductive homogeneous
space with a fixed decomposition (3.6). Then there exists a one-to-one corre-
spondence between the set of all A-invariant linear connections V on M and the
set of all bilinear functions A: MxIM->IM satisfying

(3.9 ad (k)A(X, Y) = A(ad (k)X, ad (k)Y) (X, YeM, keK).
The correspondence is given by

3.9 AX,Y) = (P Y¥), (X, YeM),

where X* and Y* are vector fields defined as (3.7).

DeriNiTION 3.4. By the above theorem, there corresponds to A=0 an
A-invariant connection ¥ on M=A/K. This connection is called the canonical
connection of the reductive homogeneous space M.

Now we prove the following:

THEOREM 3.7. In Theorem 3.5, the homogeneous space A(G)/K(G) is reduc-
tive and the isomorphism i: G— A(G)/K(G) of (3.5) is an affine isomorphism with
respect to the canonical connections of Definitions 3.2 and 3.4.

Proor. Since the action of any element a=(x, a)e A(G) on G is the same as
its representation L.ca, A(G) acts effectively on G. By the product manifold

6) We note that, in the original definition of the reductive homogeneous space of [15], the
action of 4 on M is not assumed to be effective. See also [9, X p. 198 Remark].
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structure, the Lie algebra A of A(G)= G x K(G) is decomposed into the direct sum
(3.10) A=06+K,

where ®=0,, is the tangent space to the submanifold G;,;=G xid at e and & is
the Lie algebra of K(G). By Lemma 2.3 (4), the submanifold G,4 is invariant by
ad (K(G)) acting on A(G). Hence we have

(3.11) ad (K(G)® < 6 in .

Thus A(G)/K(G) is a reductive homogeneous space by (3.10) and (3.11). It is
clear that i: G—A(G)/K(G) of (3.5) is a diffeomorphism, which induces a linear
connection V' on A(G)/K(G) from the canonical connection V¥ of G. For each
a=(x,ax)€ A(G), L,oa. is an affine transformation by Theorems 3.3 and 3.4.
Hence, t,=ioLcaci~! is an affine transformation of F’, that is, V' is an A(G)-
invariant connection on A(G)/K(G).

Now, we choose a neighborhood V of 1=(e, id)e A(G) and submanifolds
N, H such as 1e Ncexp®, 1 e H=K(G) and Nx H-V, (n, h)—nh, is a diffeo-
morphism. For X,, Y,e ® we define the vector fields X* and Y* on N*=nr(N)
as (3.7). Then we have

(3.12) F Y )1y = (V'di(X)di(Y))n(x);

where X and Y are the vector fields on G defined by

~

(3.13) X, =dL(X,), Y.=dL(Y) (xeG).

In fact, if we consider a differentiable curve exp tX =(x(t), a(t))=a(t) in N, we
have a(0)=1, (do/dt)o=0 and Y%,y =dicdL,,oda(t)(Y,). So,for any connec-
tion on N*, the covariant derivative of Y* and di(Y) in the direction of di(X,)
at n(1) must be coincident. Thus by the definition (3.1) of the canonical connec-
tion 7 of G we see (P ¢ Y),=0 and so the right hand side of (3.12) must be equal
to zero. Therefore /' is the canonical connection of the reductive homogeneous
space A(G)/K(G) by Theorem 3.6 and Definition 3.4. g.e.d.

Hereafter, we denote by G = A(G)/K(G) the connected homogeneous Lie loop
G identified with the reductive homogeneous space A(G)/K(G) together with their
canonical connections under the natural isomorphism i: G—A(G)/K(G). The
direct sum decomposition (3.10) of the Lie algebra 2 of A(G) will be called the
canonical decomposition of U.

Here we recall some results given in [15], concerning reductive homogeneous
spaces. These are valid for any connected homogeneous Lie loop G= A(G)/K(G)
by Theorem 3.7.
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THEOREM 3.8. [15, Theorem 10.2] The canonical connection of a reductive
homogeneous space G=A/K, with the decomposition W= &+ K of the Lie algebra
of A, is the unique A-invariant connection which has the following property:

For every X € ®, let a(t)=exptX be the 1-parameter subgroup of A generated
by X and let x(t)=mn(a(t)) be the curve through x(0)=e=n(1). Then the parallel
displacement of vectors along the curve x(t) is the same as the translation by the
natural action of a(t) on G.

THeorREM 3.9. [15, Theorem 10.3] In Theorem 3.8, denote by S and R
the torsion and curvature tensors”) of the canonical connection, respectively.
Then

(1) ¥ islocally reductive, that is, 7S=0 and V R=0.

2) S(X,Y)=[X, Y] for X,Yeb.

(3) R(X,Y)Z=[[X,Y]g, Z] for X, Y,Ze®.

4) [9, X Corollary 2.5 (3)]1 V is complete.

Here, [ , Jg (resp. [ , 1g) denotes the &-component (resp. K-component)
of the Lie bracket [ , ]in A=6G+K.

ExampLE 3.3. If G is reduced to a connected Lie group then K(G)={id}
and A(G)=G. In this case the canonical connection of G is reduced to the (—)-
connection of E. Cartan [3, §1].

As was seen in the proof of Theorem 3.7, the action of A(G)=G x K(G) on
G is the same as that of its representation group p(A(G))={L.°x; (x,«) € A(G)}
of Theorem 2.1. The fact similar to this is valid also for the semi-direct product
G x AUT(G). By Corollary 2.2 and Theorems 3.3, 3.4, its representation group
is the differentiable automorphism group Aut(s# ;) of the homogeneous structure
2 of G, which is a subgroup of Aff(G). By definition, s# assigns to each ae G
the transposed loop G® (cf. Definition 1.5 and Theorem 1.7).

THEOREM 3.10. Let G be a connected homogeneous Lie loop. The (differ-
entiable) automorphism group Aut(s#;) of the homogeneous structure 3 of G
is a subgroup of the affine transformation group Aff(G) of the canonical connec-
tion of G. The automorphism group Aut(G) (resp. Aut(G®)) is the isotropy
subgroup of Aut(s# ;) at the identity e (resp. at a € G).

Moreover, G can be regarded as the reductive homogeneous space Aut(# )/
Aut(G).

Proor. These are proved in the same way as that of the proof of Theorem
3.7, by substituting K(G) with Aut(G). g.e.d.

7) In this paper, we adopt the signs of § and R opposite to the usual ones, that is, we define
S(X’ Y)=[X, Y]—VXY+VYX5 R(X:Y):VEX,Y]_[VX: VY]
for X, Y €%(G).



160 Michihiko Kikkawa

§4. Geodesic local Lie loops

In this section, we shall give a geometric example of homogeneous Lie loop
in local. By means of the parallel displacements of geodesics along geodesics,
we define a local multiplication for a differentiable manifold with a linear connec-
tion, and show that it satisfies the conditions of the homogeneous loop in local,
for a locally reductive space.

Let G be a connected differentiable manifold with a given linear connection
V. For a differentiable curve y: t—y(f) (a<t<b) in G, by using the parallel
displacement 7,: 6,,)—©,, of tangent vectors®) along y and the exponential
mapping Exp,, with respect to the connection, we can define the diffeomorphism

(41) ¢l,s(y) = EXPY(S)O‘E,,SD(EXPYU))_I

of a normal neighborhood U, of y(f) onto a normal neighborhood U, of y(s).
We call ¢, (y) the parallel displacement of geodesics along the curve y, since
it sends each geodesic through y(¢) in U, to a geodesic through y(s) in U,,.

Let U be a normal neighborhood of a fixed point e € G, such that U is a normal
neighborhood of each point of U. For the existence of such a neighborhood (said
to be simple and convex), see, e.g., [4, I Theorem 6.2]. For any x € U, choose
the unique geodesic y in U such that p(0)=e, y(1)=x, and set

4.2) u(x, y) = ¢, 1()(y) for y contained in a domain of ¢, ((7),

where ¢, ((7) is the parallel displacement along y of (4.1). Then

(4.2.1) u is a local multiplication defined on a (nonempty) open subset of
U x U containing (e, e) with its values in U, and u is differentiable on a neighbor-
hood of (e, e).

(4.2.2) For any x € U, both of u(e, x) and u(x, e) are defined and equal to
x, that is, e is the identity.

(4.2.3) For xe U, the left translation L,: y—u(x, y) is a local diffeomor-
phism of a neighborhood of e onto a neighborhood of x, and the right translation
R,: y—u(y, x) is also so.

The differentiability of yu and (4.2.3) for R, have been shown in [5, Theorem
11.9

DEFINITION 4.1. A pair (U, u) defined as above will be called a geodesic
local Lie loop of G at e.

In general, we give the following

8) &, denotes the tangent space to G at x.
9) In [5], p(x, ») of (4.2) is denoted by f.(, x).
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DEFINITION 4.2. Let M be a differentiable manifold, and U be a connected
neighborhood of a fixed point ee M. If a local multiplication p satisfies (4.2.1)-
(4.2.3), then (U, p) will be called a local Lie loop.

Moreover, if the following conditions (4.2.4) and (4.2.5) are satisfied, the local
Lie loop (U, p) will be said to be homogeneous:

(4.2.4) There exists a neighborhood V of e and, for x eV, there exists an
inverse x~1 € U such that u(x~1, x)=pu(x, x"!)=e and L,-:°L, induces an identity
map on a neighborhood of e.

(4.2.5) If u(x, y)=xy and its inverse (xy)~! are all defined, then the left
inner mapping

Lx!y = L(xy)—loonLy

induces a local diffeomorphism commuting with pu, i.e., L, ou=po(L, %L, ,),
in a neighborhood of (e, e).

In the sequel, we consider the geodesic local Lie loops in a locally reductive
space (cf. Theorem 3.9 (1)).

ProrosiTION 4.1. Let G be a differentiable manifold with a linear connec-
tion V. Then the following conditions (1)-(3) are mutually equivalent:

(1) V¥ is locally reductive, i.e., Y'S=0 and FR=0.

(2) The parallel displacement (4.1) of geodesics along any differentiable
curve in G induces a local affine transformation.

(3) The parallel displacement of geodesics along any geodesic induces a
local affine transformation.

Proor. (1)«(2) is found in [9, VI Corollary 7.6]. (2)=>(3) is trivial.

(3)=>(1): Let S and R denote the torsion and curvature tensors of V, re-
spectively. At any point e € G, we take a normal neighborhood U of e. For any
tangent vectors X, Y, Ze ®, at e, denote by X*, Y* and Z* the vector fields on U
given by the parallel displacement of X, Y, Z, respectively, along the geodesic
joining e to each point in U. Let x(f) be the geodesic tangent to X at e=x(0).
Since the parallel displacement of geodesics along x(¢) is a local affine transforma-
tion, S(t)=Sy)(Y¥) Z¥)) is constant on the geodesic x(f). Hence, we have

(7 xS)Y, Z) = ((F x+S) (Y*, Z*)),
= [(7xd(S(Y*, Z*)]e = S(F x: Y*).» Z)
— S(Y, (F xsZ%).)
=0.

(7 xR),=0 is shown in the same way. q.e.d.
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As an immediate consequence of the above proposition, we have

LemMA 4.2. Let (U, u) be a geodesic local Lie loop of a locally reductive
space. Then any left translation L, (x € U) is a local affine transformation.

Now we prove the following

THEOREM 4.3. Let G be a locally reductive space. Then any geodesic
local Lie loop of G is homogeneous.

Proor. Let (U, u) be a geodesic local Lie loop at e e G, where U is a simple
and convex normal neighborhood of e. For any x=Exp, X (X €®,) of U, put
x~1=Exp,(—X). Let x(¢) be the geodesic in U such as x(0)=e and x(1)=x.
Then, by definition, x(t)"!=x(—t) whenever x(—t) is defined in U. Suppose
that x~! and xy belong to U for x, ye U and consider a geodesic triangle in U
constructed by the geodesic segments y,, y, and y; joining e to x, x to xy and xy
to e, respectively. Then y, is the L -image of the geodesic segment joining e=
y(0) to y=y(1). Since L.-, is a parallel displacement of geodesics along the
geodesic x(t) by the definition (4.2), it sends every geodesic joining e to y,(s) to a
geodesic through x~!, and, in particular, it sends x(f) to x(t—1). So we have
L.-«(x)=e. By Lemma 4.2, L,-, is a local affine transformation at each point
for which it is defined, and so the geodesic segment y, must be mapped onto a
geodesic through e=L,-i(x), and the parallelism of vectors along the geodesic
x(f) must be preserved by L.-.. From these facts it follows that L,--image of
the geodesic segment y, is the geodesic y(s) from e to y, that is, L, -.(L(y(s)))=
y(s). Thus the condition (4.2.4) is shown.

The left inner mapping L, ,=LZ!oL,°L, is also a local affine transformation
at each point of its domain, if x, y and (xy)~! belongs to U. Hence it commutes
with the local multiplication u, for u is defined by means of parallel displacements
along geodesics. As was proved above, L;}(xy)=e and so we have L, (e)=e.
Therefore, L, , is a local automorphism of (U, ) in a neighborhood of e. Thus
we get (4.2.5). q.e.d.

ProrosITION 4.4. In any geodesic local Lie loop (U, u) of a locally reduc-
tive space G, any geodesic x(t) through the identity e=x(0) is a local 1-parameter
subgroup of (U, n). Moreover, L, is a local 1-parameter group of local trans-
formations of G, that is, Ly°L,= Ly, whenever they are defined in U.

Conversely, any local 1-parameter subgroup of (U, p) is a geodesic of G.

Proor. Let x(t) be a geodesic through e=x(0) in G. For a fixed value s
such as x(s)e U, L, is a local affine transformation defined as the parallel
displacement of geodesics along the geodesic x(?) from e to x(s) by (4.2). Hence,
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by the uniqueness of the geodesic tangent to %(s)!°) at x(s), Ly;%(t) must coincide
with x(s+1¢) as long as they are contained in U. This shows the first assertion.

By the proof of Proposition 4.5, we have also dL, «,=1d as the linear trans-
formation of the tangent space ®,. Since L, . is a local affine transformation
by Lemma 4.2, it must be the identity mapping on its domain (cf. [9, VI §6
Lemma 4]).

Conversely, if x(¢) is a local 1-parameter subgroup of (U, p), then it is differ-
entiable in ¢ by definition, and so it is an integral curve of the vector field X,
X,=dL,(%(0)) (xe U), through e=x(0). On the other hand, the geodesic X()
tangent to x(0) at e must satisfy the differential equation

dx

7= de(,)()'c(O))

with the initial condition %(0)=e, for dLy, is the parallel displacement of vectors
along %(t). Therefore we get x(f)=X(t). q.e.d.

PRrOPOSITION 4.5. In Proposition 4.4, the induced linear map dL,,: ,—
&, of any left inner mapping L, ,, if it is defined for x, ye U, is an element of
the restricted holonomy group ¥9.

Proor. Let y,, y, and y; be the geodesic segments considered in the proof
of Theorem 4.3. Then, by (3) of Proposition 4.1 and by the definition (4.2),
we can see that dL,odL, induces the parallel displacement of vectors along the
piecewise differentiable curve y, followed by y,. By Theorem 4.3, dL,, -1 is
the inverse of dL,, and so it must be the parallel displacement along y;. Thus
we see that dL, ,=dL,-i°dL,°dL, gives the composition of the parallel dis-
placements along the geodesic triangle constructed with y,, y, and y;. Since the
normal neighborhood U is contractible by definition, dL, , belongs to ¥2. g.e.d.

§5. Geodesic homogeneous Lie loops

Any homogeneous Lie loop G is a locally reductive space by Theorems 3.7
and 3.9, and so a geodesic local Lie loop (U, ) of Definition 4.1 at the identity
e of G is homogeneous by Theorem 4.3. In this section, we investigate the condi-

tions for the given loop G itself to be coincident locally with the geodesic local Lie
loop (U, p) of G.

Let G be a connected homogeneous Lie loop with the canonical connection F
and regard it as a reductive homogeneous space A(G)/K(G) by Theorem 3.7,
where A(G)=G x K(G) is the semi-direct product of G by the closure K(G) of the
left inner mapping group Ly(G). Let A=+ K be the canonical decomposition

10) % (s) denotes the tangent vector to the curve x(¢) at x(s).
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(3.10) of the Lie algebra of A(G), ® and K being identified with the tangent space
to G at e and the Lie algebra of K(G), respectively. For each X, e ®, denote X
and X the vector fields on G defined by the left and right translations of G as

follows:

5.1 X, =dL(X,), X,=dR(X,) (x€0G).
PROPOSITION 5.1.  For each X,€ G <, denote by

5.2) exptX, = (x(2), «(?)), x(t)e€G,a(t) e K(G),

the 1-parameter subgroup of the Lie group A(G)=G x K(G) generated by X,.
Then,
(1) x(t) is a geodesic tangent to X, at e.
(2)  x(s+O=x(s)a(s)(x(1)),
oS + )= Lig(5),a5)(x(t)°U()o0K(2).

3) x()7'=a@(X(—1), ()"t =o(—1).

@) —‘ZC—= X .y that is, x(?) is an integral curve of the vector field X of
(5.1), through e=x(0), and
de _ d

dt = ds o (Lx(sy, xtyox(@®) .

ProoFr. Since the natural projection 7: A(G)—G=A(G)/K(G) sends (x(1),
a(?)) to x(f) by Theorem 3.7, (1) is immediate from Theorem 3.8. (2) and (3) are
clear by the definition (2.1) and (2.2) in Theorem 2.1. (4) is obtained by differ-
entiating the equations of (2) with respect to s and evaluating at s=0. g.e.d.

PROPOSITION 5.2. For any X,, Yo€®, let X and ¥ be the vector fields on G
defined as (5.1) by left translations of G. Denote by X(t) and j(t) integral curves
of X and Y, respectively, through e=3%(0)= 7(0). Then for each fixed value of t,
the curve Z,(s)=X(t)j(s) in G is an integral curve of the vector field

Zt: u— de‘i('))( i;i(t)) (u € G),

where L) denotes the left translation in the transposed loop GE®) of G
centered at X(t) (cf. Lemma 1.2).

ProoOF. By using the definition (1.5) of the multiplication in G&*@)), we have
Z,(2(9)) = dLy(y°d L) - 15(5°d L3¢ Vi)
= dL:’E(t)"dLi(s)( Yo)

dy d .
= dLgq, (d—:>=—a§—(z,(s)) . g.e.d.
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LEmMMA 5.3. ForeachzeG
(5.3) dJedR,+dL;! = on 6,
where J denotes the inverse mapping J(x)=x"? of G.

Proor. For each X,e®, let x(¢) be a differentiable curve in G satisfying the
conditions x(0)=e and (dx/dt)o=X,. From (1.8) of Lemma 1.8, we obtain

(x(D2)71 = x()(z(z7'x()71)?).

Differentiating both sides of this equation with respect to ¢ and evaluating at t=0,
we get

dJodR,(X,) = dR,-1(X o)+ dR,-10dJ(X ) +dL,-10dJ(X,).
Since dJ(X,)= — X, we have the required equation. q.e.d.

A 1-parameter subgroup x(t) of a homogeneous Lie loop G is an immersion
x: R—G which is a homomorphism of homogeneous Lie loops, where R denotes
the additive Lie group of real numbers.

PROPOSITION 5.4. For Xoe® let X and X be the vector fields of (5.1).
Denote by %(t) and x(t) the maximal integral curves of X and X, respectively,
through e=3%(0)=Xx(0). Then the following conditions (1)-(5) are mutually
equivalent:

(1) X(¢) is a geodesic in G.

(2) X(¢) is a 1-parameter subgroup of G.
(3 EFEOXE) =X (s,teR).
(4) dTg.(Xo)=Xo, where T,=L;'°R,.
5) X@®=x@) (teR).

(6) X(t) is the 1-parameter subgroup of G.

Proor. (1)<(5) is clear from (1) and (4) of Proposition 5.1, that is X(t)=
x(t) in (5.2). Also, (5)<>(4) is clear by definition of X(¢) and x(?).

(D=(2): If X(¢) is a geodesic in G, Z,: s—>X(t)X(s) is also a geodesic because
Lz is an affine transformation of G by Theorem 3.3. Clearly, Z,(0)=X(¢) and
(dz,/ds)s=o=dLs4(Xo)=dX/dt. On the other hand, the curve z,: s—X(t+s)
is a geodesic which satisfies the same initial condition as Z, at t=0. Hence we
get X(t+s)=x()%(s) which proves (2) since X(¢) is defined for all values of R.

(2)=>(3) is clear.

(3)=(4): If (3) holds, by Lemma 5.3, we get
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dledLoo(Xo) = —-| _ GO = S| G@#6)™)

= dLz(yedJ(Xo) = dJodRg,(X,),

and so we have dL;,(X,)=dR(X,) which is the same as (4).

(6) follows clearly from (2) and (5).

(6)=(5): 1If the integral curve x(f) of the vector field X is a 1-parameter
subgroup of G, it follows from (2) and (4) of Proposition 5.1 that x(s)x(f)=
x(8)a(s)(x(t)) and x(t)=x(¢) hold for all s, te R and so we get

(5.4) a(s)(x(®) = x(t) (s, teR),

where exp tX,=(x(?), «(t)), the 1-parameter subgroup of the Lie group A(G)=
G x K(G) generated by X,e€®. Hence da(t)(X,)=X, for teR. Using (2)
of Proposition 5.1 again, we have

dxfdt = | | x(t+5) = dLyyeda®(Xo) = dLy(Xo)

Thus we get x(1)=X(1). qg.e.d.

RemARrk 5.1. In the above proof, we have the equality (5.4) provided one of
the conditions (1)-(6) of the above proposition for G. Hence, by (2) of Proposi-
tion 5.1,

(5.5) a(t+5) = Ly xs°t(t)o(s)
is valid in that case.
In view of (3) in Proposition 5.4, we have

COROLLARY 5.5. Suppose that a homogeneous Lie loop G has the symme-
tric property of Definition 1.7, then every geodesic x(t) of G through e=x(0)
is a 1-parameter subgroup of G.

PROPOSITION 5.6. Let G be a connected homogeneous Lie loop and A=
&+ 8K be the canonical decomposition of the Lie algebra of A(G)=G x K(G).
Then each of the following conditions (1)—(4) implies all the other:

(1) The 1-parameter subgroup exptX, of A(G) generated by an arbitrary
element Xq,€ ® is contained in the submanifold G;3=G xid of A(G).

(2) For each Xye ®, the curve x(t) in G defined by (5.2) satisfies the follow-

ing
(5.6) Ly, x5 = id (s,teR).

(3) Foreach Xy e ®, the maximal integral curve X(t) (X(0)=e) of the vector
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field X of (5.1) satisfies the following
Liws =1 (s, 1eR).

(4) The left translation L., (teR) of G by any x(t) on the curve of (2)
yields the parallel displacement from any point x(s) to x(t)x(s) along it.

Moreover, when any one of these conditions is satisfied, all conditions
(1)~(6) of Proposition 5.4 are satisfied.

Proor. (1)<(2): By Definition 2.1 of the multiplication of the semi-direct
product, we get

(*) (x(2), id)(x(s), id) = (X(1)x(5), Lx(o),x(s)) -

If (1) is satisfied then from (*) it follows that x(t+s)=x(#)x(s) and L, s =1id
for the curve x(t) of (2). Conversely, if (5.6) is satisfied for x(¢), we have

x($)(x()x(u)) = (x()x(D)(x(u))

for all s, t,ue R. So, by using (4) of Proposition 5.1, we have
(+4) L (x(®x()) = dRyuy(dx] d)

= de(u)ode(t)(X 0)

=Tjs‘ _, [x()x@)x(w)]

=_ddT . [x(s)(x(@®)x(u))]

= de(t)x(u)(X o) s

for any fixed value of u. On the other hand, (4) of Proposition 5.1 implies also
the equation

(%%x) dx(u+1t)/dt = dR,(,+4(Xo)

for any fixed value of u. By comparing the differential equations (**) and (s*x),
we see that x(u+1t)=x(f)x(u) for all values of u, te R. Combining this result
with the assumption (5.6), we see easily that (x(?), id) is the 1-parameter subgroup
of the Lie group A(G), generated by X,. Hence (1) is obtained.

(D<=>(3): If (1) is satisfied, x() is a 1-parameter subgroup of G as was shown
above. Then by Proposition 5.4, we see x(t)=X(f). Thus (3) is reduced to (2).
Conversely, if (3) is satisfied, in the same way as the proof above, merely replacing
x and R, with X and L, respectively, in (*x) and (%**), we can obtain (1).
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()=(4): If exptX,=(x(t),id) in the Lie group A(G), its action on G=
A(G)/K(G) is equal to the left translation L,,, by (+). Hence, Nomizu’s Theorem
(Theorem 3.8) asserts that L, yields the parallel displacement along x(f) from
e to x(t). Since L, is an affine transformation of G and since x(f) is a geodesic,
we see also that L,,, yields the parallel displacement from any point x(s) to
x(t)x(s) along the curve s—x(f)x(s). However this curve is equal to s—x(t+5s)
as was seen in the above proof of (1)=>(2). Hence (4) is obtained.

(4)=(2): Let exptXy,=(x(t),«(t)) as in (5.2). Then the curve y: t—x(?)
is a geodesic of G by Proposition 5.1. Since L, is an affine transformation of
G, the curve y': s—x(£)x(s) is also a geodesic of G. If dL,, is the parallel dis-
placement along y, then the geodesic y’ is tangent to y at x(f) and so we have
x()x(s)=x(t+s). Since the affine transformation L,,, preserves the parallel
displacement along any curve, so does it for the curve y. Thus we have

de(t)ode(s) = de(t)x(s) »

which is equivalent to (5.6).
In the course of the above proof, x(¢) is shown to be a 1-parameter subgroup
of the homogeneous Lie loop G. Hence the second half of the proposition is

clear. g.e.d.

DEFINITION 5.1. A connected homogeneous Lie loop G will be said to be
geodesic if one of the conditions (1)-(4) of Proposition 5.6 is satisfied.

By this definition we have

THEOREM 5.7. Any geodesic local Lie loop (U, u) of Definition 4.1 at the
identity e of a connected homogeneous Lie loop G= A(G)/K(G) with the canonical
connection is homogeneous and satisfies the condition (5.6) for any geodesic
x(t) through e=x(0) whenever the local affine transformation L, ., is defined,
that is, the local Lie loop (U, p) is geodesic by definition.

Moreover, if G is geodesic, then the multiplication u of any geodesic local
Lie loop (U, w) of G at e coincides with the given multiplication of G, as far as u
is defined.

Proor. The first half of the theorem is an immediate consequence of Theorem
4.3 and Proposition 4.4, taking account of Theorems 3.7 and 3.9, and the remain-
ing half is clear from (4) of Proposition 5.6. q.e.d.
By combining this to Example 3.3 and Theorem 3.8, we have

COROLLARY 5.8. Any connected Lie group G is a geodesic homogeneous
Lie loop. For every 1-parameter subgroup x(t)=exptX of G (X € ®), the left
translation L., is the parallel displacement along x(t) with respect to the (—)-
connection of G.
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REMARK 5.2. A.A. Sagle and J.R. Schumi [18] have considered also a local
multiplication x on a reductive homogeneous space 4/K defined in a neighborhood
of the origin e by

5.7 u(nexp X, nexpY) = nexp F(X, Y)

for X, Y belonging to a neighborhood of 0 in the subspace & of the direct sum
decomposition A=G+ K of the Lie algebra of 4, where F(X,Y)e® and F is
analytic at (0,0)e ® x ®. (Cf. also [17, Appendix].)

§6. Symmetric Lie loops

In this section, we study the connected homogeneous Lie loops with the
symmetric property of Definition 1.7. Such loops are called symmetric Lie loops
and shown to be in a special class of symmetric spaces. By using the methods
and results of O. Loos [13], we show that any symmetric Lie loop is geodesic in
the sense of Definition 5.1.

Let G be a connected homogeneous Lie loop and let A(G)=G x K(G) be the
semi-direct product of G by the closure K(G) of the left inner mapping group
Ly(G) (cf. Theorem 3.5).

Denote by 6: A(G)— A(G) the mapping defined by

(6.1) o(x, o) = (x~1, ) for (x,a)e A(G) = Gx K(G).
o is differentiable since the inverse mapping J is so by Proposition 3.1.

THEOREM 6.1. A connected homogeneous Lie loop G has the symmetric
property, i.e.,

(xyyt=x"1y"t (x,yeG) (cf. Definition 1.7)

holds, if and only if the mapping o of (6.1) is an involutive automorphism of the
Lie group A(G).

Therefore, the reductive homogeneous space G=A(G)/K(G) is a symmetric
homogeneous space by the triple (A(G), K(G), 6)!' V) if and only if G has the sym-
metric property.

Proor. For any elements (x, a), (y, f) € A(G)=G x K(G), we have
o((x, )y, B)) = (xo(¥))™ !, Ly,a¢spe0toB) »

O'(x, “)O-(y’ B) = (x_ ’oc(y)‘ 1’ Lx“,a(y)“‘)aoﬂ) .

11) For the terminologies and results about (affine) symmetric spaces, we refer to [9, XI
§§ 2-5] and [13].
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For the mapping ¢ to be an automorphism of 4(G), it is necessary and sufficient
that

(*) (xa(y)™! = x"la(y)"' and L,y = Li-14¢)-1

hold for all x, ye G and e K.
If () holds, the first equality implies the symmetric property of G. Con-
versely, if G has the symmetric property, () follows from (4) of Proposition 1.13.
If ¢ is an automorphism of A(G), it is clear that K(G) is the subgroup of A(G)
consisting of all elements fixed by o, and so the effective symmetric homogeneous
space A(G)/K(G) is defined by the triple (A(G), K(G), o). qg.e.d.

DEFINITION 6.1. A connected homogeneous Lie loop with the symmetric
property will be called a symmetric Lie loop.

In the rest of this section we assume that G is a symmetric Lie loop. Then,
by the above theorem, the general theory of symmetric homogeneous spaces is
applicable for G = A(G)/K(G).

The canonical decomposition A=6G + K (direct sum) of the Lie algebra of
A(G) is just the canonical decomposition of (2, &, do), that is, ® is the eigenspace
of do for the eigenvalue —1 and R is the one for +1. The canonical connection
of the symmetric homogeneous space is, by definition, the canonical connection
of the corresponding reductive homogeneous space G=A(G)/K(G), which is
identified with the canonical connection of the homogeneous Lie loop G by Theo-
rem 3.7.

We define the symmetry S, of G at each point x € G by

S, = LoJoL;1! (xeG),

where J denotes the inverse mapping of G. By Lemma 1.5, S, is the inverse
mapping of the transposed loop G®) of G centered at x. By Corollary 5.5, every
geodesic x(t) (t€ R) of G through e=x(0) is a 1-parameter subgroup of the loop
G. Hence, by J(x(f))=x(—1), the symmetry S,=J at e is the geodesic symmetry
and, for each x € G, S, is also the geodesic symmetry at x, because the left transla-
tion L, is an affine transformation of G (Theorem 3.3). Thus we see that x is an
isolated fixed point of the geodesic symmetry S, at x. (Cf. [13, Annexe].)

In the following we shall show that a symmetric Lie loop G is geodesic.

LemmA 6.2. L, .=id, that is, G is left alternative, and S,=L,.°J for any
xeG.

Proor. We put 0=L,, for any fixed xe G. Then 6 e Aut(G)<Aff(G)
by Theorem 3.4 and 6-6=id by Remark 1.3. Consider the induced linear map
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df: -6, ® being the tangent space of G at e. Then, for Ye®, dO(Y)=+Y
and so, in a normal neighborhood U of e, 8(y)=y or 6(y)=y~! for each y=
Exp.(Y)e U. But the latter case is impossible if y#e. In fact, if we consider a
continuous curve x() joining e=x(0) to x=x(1) in G, then L, .»(») is continu-
ous in ¢t for each fixed ye U. If y#e then y#y~! in U and since L, «o)=id
we have L,y . (y)=y for yeU,0=t=<1. Thus we have 6=id on U. By
Theorems 6.1 and 7.7 of [9, VI], we can conclude that #=id on G.
By using the fact just proved above, we get

S:(») = x(x71y)™" = x(xy™') = LyoL,2J(y) = L2oJ(y)
for any ye G. Hence S,=L_.0J. q.e.d.

O. Loos has defined in [13, Chapter II] a symmetric space to be a differen-
tiable manifold G with a differentiable multiplication

(6.2) xxy =S(») (x,y€Q)

satisfying the following conditions (R.1)-(R.4):

R.1) X*X = X.
(R.2) x*(xxy) = y.
(R.3) xx(ykz) = (xxy)*(x*2).

(R.4) Every x € G has a neighborhood U such that x*y=y implies y=x for all
yeU. Cf. [12] also.

By fixing a base point e of G, he has defined also the quadratic representation
Q of G by

(6.3) 0(x) = S5, (x€G).

If G is a symmetric space in the usual sense, its geodesic symmetries S, (x € G)
satisfy the conditions (R.1)-(R.3) and (R.4) is assured also for a normal neighbor-
hood U of x. The mapping Q above means the transvection along the geodesic
passing through e and x (cf. [9, X, p. 236]).

O. Loos has given also the canonical connection of the symmetric space G
by means of the tangent algebra of the multiplication (6.2). (Cf. [13, Chapter I
§4 and Chapter IT §2].)

If we apply his theory to our symmetric Lie loop G, we can translate it in
terms of our multiplication of the loop G as follows:

By Lemma 6.2, (6.2) is written as

6.4) xxp = x(xy~1) = (xx)y~*.
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The quadratic representation (6.3) is written also as
6.5) 0(x)=L,.,
since S,=J.

Also, by examining into details of the definition of the canonical connection
of [13, II §2], we can see that it is exactly the same as our canonical connection
of the symmetric Lie loop G. If x(f)=Exp,tX (X € ®) is a geodesic through
e=x(0), we have seen in Corollary 5.5 that x(¢) is a 1-parameter subgroup of the
loop G. By putting

(6.6) ¢ = Q(Exp.(1/2)X) (Xe6),

O. Loos has proved the following theorem for symmetric spaces in general
([12, Satz 5.7] and [13, Il Theorem 2.7]).

THEOREM 6.3. The transformation ¢, (teR) of a symmetric space G given
by (6.6) is a 1-parameter group of transformations, and d¢, induces the parallel
displacement of vectors along the geodesic x(t)=Exp,tX.

Translating these results into our symmetric Lie loop G, we have the following
theorems:

THEOREM 6.4. Any symmetric Lie loop is geodesic.

Proof. Let G be a symmetric Lie loop and let x(f)=Exp,tX (Xe®) be a
geodesic of G through e=x(0). By Corollary 5.5 x() is a 1-parameter subgroup
of G. In view of (6.5) and (6.6), we can see ¢,=L,, (teR). Then the above
theorem implies that L., ., =id for any ¢, se R. Thus the proof is completed
by Proposition 5.6 (2) and Definition 5.1. g.e.d.

THEOREM 6.5. In Theorem 6.4, any geodesic local Lie loop (U, p) at e has
the symmetric property whose multiplication u(x, y)=xy can be expressed as

6.7) xy = x1/2x(exy),
where x1/2 denotes the middle point of the geodesic segment joining e to x in U.
Proor. In view of (6.3) and (6.4), we get
?(y) = Q(x(t/2Ny) = x(t/2)x(exy)  (y€C).

Since ¢, =L, is the parallel displacement along x(t), we have (6.7). Restricting
it to a normal neighborhood U of e, we have a geodesic local Lie loop (U, uy)
with the symmetric property. g.e.d.



Geometry of Homogeneous Lie Loops 173

REMARK 6.1. It is well known that the torsion tensor of the canonical con-
nection of a symmetric homogeneous space vanishes identically, and hence so
does it in any symmetric Lie loop.

REMARK 6.2. Motivated by the relation between the transvection L, and the
symmetry S, (or reflection across x) in (6.4) and (6.7), we have constructed in [8]
a homogeneous loop with the symmetric property, called a symmetric loop,
that is defined as a left alternative homogeneous loop whose element has a unique
square root. Then it can be shown that (G, *) given by (6.4) for a symmetric loop
G is a quasigroup satisfying (R.1)-(R.3), called a quasigroup of reflection, and
that any quasigroup of reflection has the canonical homogeneous structure which
assigns to each e e G a symmetric loop G(¢)=(G, u) by (6.7).

Taking account of Lemma 6.2, these global algebraic theory of symmetric
loops and quasigroups of reflection are applicable for any symmetric Lie loop G
if each element of G has a unique square root.

ExaMpLE6.1. The homogeneous Lie loops P, and H, given in Example 3.2
are symmetric Lie loops. In fact, they have the symmetric property and each
element of them has a unique square root.

§7. Lie triple algebras

In this section, after giving the definition of the Lie triple algebra (i.e. general
Lie triple system introduced by K. Yamaguti [19]), we show that a Lie triple alge-
bra ® is defined on the tangent space of a geodesic homogeneous Lie loop G
and that ® can be regarded as the tangent algebra of G in a certain sense.

DeFINITION 7.1. A Lie triple algebra (or a general Lie triple system
[19, Definition 2.1]) is an anti-commutative algebra ® (over an arbitrary field)
with the trilinear operation ® x ® x ®—®, denoted by [X, Y,Z] for X, Y, Ze 6,
satisfying the following conditions for any X, Y, Z, U, Ve G:

(7.1.1) [X,X,Y]=0.

(7.1.2) S{[X, Y, Z]+(XY)Z} = 0.

(7.1.3) S{[XY,Z, U]} = 0.

(7.1.4) [X,Y,UV] = [X,Y,U]V+U[X, Y, V].

(7.1.5) LU, V,[X, Y, Z]1 =[[U, V, X1, Y, Z1+[X, [U, V, Y], Z]

+[X, Y, [U,V, Z]].

Here the symbol & in (7.1.2) and (7.1.3) denotes the cyclic sum with respect to
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the three elements X, Y, Ze 6.

ReMARK 7.1. From the definition above, it is clear that the underlying
anti-commutative algebra of a Lie triple algebra ® is reduced to a Lie algebra
if the trilinear operation is trivial, i.e., [X, Y, Z]=0.

Also, if the underlying anti-commutative algebra of ® is trivial, ® is reduced
to a Lie triple system under the ternary operation [X, Y, Z] of .

Homomorphisms and isomorphisms of Lie triple algebras should be under-
stood to be the mappings which preserve both of the binary and ternary operations
of them. For the terminologies of Lie triple algebras (general Lie triple systems),

see also [20, §1].
In the sequel we are only concerned with finite dimensional real Lie triple

algebras.

Let ® be a Lie triple algebra. For X, Ye ®, denote by D(X, Y) the endo-
morphism of ® defined by

DX, Y)Z=[X,Y,Z] (X,Y,Ze©).

It is called an inner derivation of . By (7.1.4) and (7.1.5), any inner derivation
of ® is a derivation of both of the binary and ternary operations of &. Let
Ko=D(®, ®) denote the Lie algebra of endomorphisms of & generated by all
inner derivations of . In fact, from

(1.3) [D(U, V), D(X, Y)] = D(D(U, V)X, Y)+D(X, D(U, V)Y)

it follows that K is closed under the Lie bracket of endomorphisms.
Now, set Uy=6+ K, (direct sum) and define a new bracket operation in
A, as follows:

(7.4.1) [X,Y]=XY+D(X,Y) (X,Ye®),
(7.4.2) [4,X]=—[X,A] = AX) (Aef,, Xe©),
(7.4.3) [4,B] = AB—BA  (4,BeR,).

THEOREM 7.1. (Cf. [15, the proof of Theorem 18.1] and [19, Proposition
2.1].) Let ® be a Lie triple algebra and K, =D(®, ®) be the Lie algebra of all
inner derivations of ®. Then Wy=0G+ K, (direct sum) forms a Lie algebra
under the bracket operation of (7.4.1-3), and K is a Lie subalgebra of N,.

Proor. The bracket (7.4) is bilinear by definition, and [ X, X]=0 by (7.1.1).
Jacobi’s identity follows from (7.1.2-5). The fact that &, is a subalgebra of U,
is clear from (7.3) and (7.4.3). q.e.d.
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DerFiNiTION 7.2. The Lie algebra A, =6+ K, obtained in the above theo-
rem is called the standard enveloping Lie algebra of the Lie triple algebra ®.
In general, W= ® + K is called an enveloping Lie algebra of ® if K is a Lie algebra
generated by derivations of ® and if & contains K, the bracket of 2 being defined
as (7.4) for A, Be K.

TaeoreMm 7.2. (Cf. [15, the proof of Theorem 18.1].) Let G be a locally
reductive space with the torsion and curvature tensors S and R, respectively
(cf. foot note 7) in §4). Then, at each point e€ G, the tangent space G=06,
to G is a Lie triple algebra under the operations defined as follows:

(1.5) XY=S,X,Y); [X,Y,Z] =R(X,Y)Z (X,Y,Ze®).

Proor. It is clear that ® is an anti-commutative algebra with respect to XY
of (7.5). (7.1.1) follows from R (X, X)=0. Also, (7.1.2) and (7.1.3) are obtained
from Bianchi’s first and second identities (cf. Theorem 5.3 of [9, III]), respec-
tively, by using the assumption /S=0 and FR=0. (7.1.4) and (7.1.5) are the
immediate consequences of the following identity substituted T with S and R,
respectively:

R(X’ Y)(T(Xla"'9 Xk)) = {g=1 T(Xl,"-’ R(Xy Y)Xi5--', Xk)
for any vector fields X, Y, X,,..., X, if Tis a (1, k)-tensor satisfying V T=0.
g.e.d.

From the above theorem we have

THEOREM 7.3. Let G=A(G)/K(G) be a connected homogeneous Lie loop
with the canonical decomposition W=6G+K of the Lie algebra U of A(G).
Then ® is a Lie triple algebra under the operations

for X, Y, Ze ®, where the brackets on the right hand side are those in the Lie
algebra U.

Moreover, the adjoint representation of K on the subspace & of W is faithful
and W is regarded as an enveloping Lie algebra of the Lie triple algebra 6.

ProoF. Since the canonical connection of G is locally reductive by Theorem
3.7, from (2), (3) of Theorem 3.9 and from the above theorem, it follows that &
is a Lie triple algebra under the operations (7.6).

Since ad (K)® = ®, we can restrict the adjoint representation of & to & as

ady: RS—End(6), ady(A)X =[4,X] (4def, Xeb).

Let &, denote the kernel of this Lie algebra homomorphism. Then it is
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easy to see that & is an ideal of 2. Since A(G) acts on G effectively, we get &, =0
and so adg is an into isomorphism. By identifying & with ady(K) under this
isomorphism, we have an enveloping Lie algebra U= ® +ady(R) of the Lie triple
algebra ®. In fact, the inner derivation algebra K,=D(®, ®) is an ideal of
K=adg(R). q.e.d.

ProrosITION 7.4. Let G be a connected locally reductive space. For any
two points e and €', the Lie triple algebras ®, and ®,. of Theorem 7.2 are mutual-

ly isomorphic.

Proor. Let y be a piecewise differentiable curve in G joining e to e¢’. The
parallel displacement 7 of vectors along y is a linear isomorphism of &, onto ©,.
and it preserves the torsion and curvature tensors because they are supposed
to be parallel on G. Hence 7: ,—®,. is an isomorphism of the Lie triple alge-
bras by (7.5). q.e.d.

PrOPOSITION 7.5. Let G be a connected locally reductive space and let
& =G, be the Lie triple algebra of Theorem 7.2 at ee G. Then the inner deriva-
tion algebra K, =D(®, ®) is the holonomy algebra of G, i.e., the Lie algebra of
the holonomy group V..

Proor. Since the curvature tensor R is parallel on G,
R(X, Y)Z = R(«(X), ©(Y)):(Z) (X,Y,Ze©®)

holds for any piecewise differentiable curve from e to an arbitrary point x in G,
where t denotes the parallel displacement along the curve. Then, by Theorem
9.1 in [9, 111], the holonomy algebra § is generated by the set {R (X, Y); X, Ye
®} of linear endomorphisms of . By the definition (7.5) of the ternary operation
of ®, R(X,Y)=D(X,Y) for any X, Ye ®. Hence we get H=8K,. qg.e.d.

PROPOSITION 7.6. Let G and G’ be locally reductive spaces. Let (U, p)
and (U’, u') be geodesic local Lie loops of Definition 4.1 with the identities ee G
and e’ € G', respectively. Then (U, p) and (U’, i') are locally isomorphic if and
only if the Lie triple algebras ® =6, and ®&'=6". are isomorphic.

ProOOF. Suppose that F: &— &’ is an isomorphism of the Lie triple algebras.
Then, by Theorem 7.4 in [9, VI], there exists a local affine diffeomorphism ¢
of a neighborhood V of e onto a neighborhood V’ of ¢’ such that d¢,=F. Hence
this map ¢ sends the parallel displacement of geodesics along any geodesic in V
to one in V’. Therefore, for a normal neighborhood W of e contained in U n V,
the restriction of u to W gives a local isomorphism of the geodesic local Lie loop
(W, uy) at e and the corresponding (¢(W), douy) at e'.

Conversely, if a local isomorphism ¢: W—W', W= U, W’ < U’, of the geodesic
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local Lie loops (U, 1) and (U’, i') is given, ¢ sends every geodesic through e to a
geodesic through e’ by Proposition 4.4. Moreover, since ¢ commutes with the
left translations by elements under correspondence, ¢ must send all parallel
displacements of geodesics along geodesics in W to those in W’ by Lemma 4.2.
Then it is shown that 7, x,dd(Y)=dd(V xY) holds for any vector fields X, Y
on W, where F and F’ denote the linear connections of G and G’, respectively.
Therefore, ¢ is a local affine diffeomorphism and so d¢: 6,— .. preserves the
torsion and curvature, that is, d¢ is an isomorphism of the Lie triple algebras.
qg.e.d.

From Propositions 4.5 and 7.5, we have the following

THEOREM 7.7. Let G=A(G)/K(G) be a geodesic homogeneous Lie loop
with the canonical decomposition W=6+K. Then there exists a neighborhood
U of the identity e such that dL, , belongs to the restricted holonomy group ¥?
for any left inner mapping L, , (x, y e U).

The holonomy algebra of W2 is the inner derivation algebra K, of the Lie
triple algebra ® of G at e.

Also, the following theorem follows from Theorems 5.7, 7.4 and Proposition
7.6:

THEOREM 7.8. Two geodesic homogeneous Lie loops G and G' are locally
isomorphic if and only if their Lie triple algebras ® and &' are isomorphic.

As a corollary, we have the following by Theorems 6.4, 7.2 and Remarks
6.1,7.1:

CoROLLARY 7.9. Two symmetric Lie loops G and G’ are locally isomofphic
if and only if their Lie triple systems ® and ®' are isomorphic.

RemaARk 7.2. It is well known that the curvature tensor of the (—)-connec-
tion of a connected Lie group vanishes identically. Therefore, Theorems 7.2, 7.3,
Corollary 5.8 and Remark 7.1 show that, if G and G’ are reduced to connected
Lie groups, Theorem 7.8 is reduced to the well known theorem in the theory of
Lie groups and Lie algebras.

ReEMARK 7.3. In T.Noéno [16], it has been proved that a finite dimensional
space ® of vector fields on a differentiable manifold M is a Lie triple system under
the operation

[X,Y,Z] =[[X,Y],Z] (X,Y,ZeG)

if and only if the family G={¢,,;a(t)e UcR"}, te R, of local 1-parameter
transformations @,.), Po= a0, =1d, generated by elements of ® satisfies the
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condition (2) of Example 1.5 in local, that is, if and only if G can be regarded as
a local symmetric Lie loop under the multiplication

ﬂ(¢a(:)’ l/’b(s)) = ¢a(:/z)°‘/’b(s)°¢a(:/z)s

for any local I-parameter subgroups ¢,), ¥ of local transformations of M
belonging to G.
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