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Introduction

In the recent study of infinite-dimensional Lie algebras the concepts of

coalescence, ascendant coalescence and local coalescence have been investigated

considerably in detail [1-12]. However, very little is known concerning local

ascendant coalescence. The only fact known about it is that the class 9t of nil-

potent Lie algebras over a field of characteristic 0 is locally ascendantly coalescent

[5, 6]. Therefore it is desirable for us to know more about this concept. The

purpose of this paper is to investigate the properties of locally ascendantly coa-

lescent classes and to show that several known classes and others are locally

ascendantly coalescent.

We shall show that if a class X is a Q-closed and locally ascendantly coa-

lescent (resp. ascendantly coalescent) subclass of (E$Γ)(CO) then the class £ ( ω ) is locally

ascendantly coalescent (resp. ascendantly coalescent). We shall also show that,

for the classes X and ^) such that X < ^ < MX, X is locally ascendantly coalescent

if and only if so is ^ . The applications of these results to the special case where

X is the class 91 of nilpotent Lie algebras over a field of characteristic 0 yield that

the following classes are locally ascendantly coalescent: 9l (ω), the class D (resp.

£)') of Lie algebras L such that every subalgebra of L is a subideal (resp. an

ascendant subalgebra), the class $t o f Fitting algebras, the class 33 of Baer algebras,

the class (Sr of Gruenberg algebras, and the class 3 of hypercentral algebras.

1.

Throughout this paper, we shall be concerned with Lie algebras over an arbi-

trary field Φ which are not necessarily finite-dimensional, and we denote by X

an arbitrary class of Lie algebras over Φ, unless otherwise specified.

X is ascendantly coalescent provided the join of two ascendant X-subalgebras

of any Lie algebra L is always an ascendant 3£-subalgebra of L. X is locally

ascendantly coalescent [5] provided whenever H and K are ascendant 3E-subalge-

bras of a Lie algebra L, for every finite subset F of the join (H, K} there exists

an ascendant £-subalgebra X of L such that F^X<(H, K}. Any ascendantly

coalescent class of Lie algebras is obviously locally ascendantly coalescent.

We denote by % E9Ϊ, g and © respectively the classes of nilpotent, solvable,
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finite-dimensional and finitely generated Lie algebras. It is well known that,
when Φ is of characteristic 0, the classes g, 91 n 5 and E9I n S are ascendantly
coalescent and the class 9t is locally ascendantly coalescent [6].

For any class X, ύX is the class of Lie algebras L such that every finite
subset of L lies inside an ascendant -E-subalgebra of L [10], and NX is the class
of Lie algebras which are generated by their ascendant 3E-subalgebras [8]. X is
Q-closed (resp. s-closed) provided every quotient algebra (resp. subalgebra) of
an X-algebra is always an ϊ-algebra. For any class X of Lie algebras, X(ω) (resp.
Xω) denotes the class of Lie algebras L such that LjL^ω) e X (resp. L/Lω e X) [9],
where

, Lω = Γ\|ZΛ
i = 0 ί = l

We shall give the following two lemmas for later use. The first lemma is a
slight modification of the statement (1) before Theorem 3.2.5 in [5].

LEMMA 1.1. If H is an ascendant (^-subalgebra of a Lie algebra L, then
//(ω) and Hω are ascendantly stable in L and especially characteristic ideals
ofL.

PROOF. Let L be an ascendant subalgebra of a Lie algebra K. Then H
is an ascendant subalgebra of K, whence #<ι σK for some ordinal σ. Let x be
any element of K and let M be the finite set of generators of H. Denote by A
the set of all ordinals λ<σ for which

[x, ,,M] c= Hλ

for some positive integer n. Then A is non-empty and therefore A contains the
first ordinal μ. It is easily seen that μ = 0. Hence

[x, nM~\ c H for some n.

It follows that

Hence

for m = l, 2, 3,..., and therefore

[x, Hω'] c Hω

Similarly
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[x, #<">] S [x, H 2 " ] <= [x, 2 Λi/] c / id)

By induction on m we have

[x, #<»+«-!)] c //(«)

for m = 1, 2, 3,.... Therefore

[x, H ( ω ) ] <Ξ #<ω).

Hence H ω and // ( ω ) are ideals of X. Thus Hω and f ί ( ω ) are ascendantly stable in

L.

LEMMA 1.2. Every perfect ascendant subalgebra of a Lie algebra L is an

ideal of L.

This is Proposition 1.3.5 in [5].

2.

We begin with the following

P R O P O S I T I O N 2.1. (a) // X is locally ascendantly coalescent, then 3Eπ©

is ascendantly coalescent.

(b) // X and ty are s-closed and locally ascendantly coalescent, then so

is ΐn?).

(c) IfX is ύ-closed and locally ascendantly coalescent and *?) is ascendant-

ly coalescent, then ϊ f l ? ) is ascendantly coalescent.

PROOF, (a) The proof is immediate.

(b) Let H and K be ascendant X n ?)-subalgebras of a Lie algebra L. Put

J=(H, K) and let F be any finite subset of J. Then there exist subalgebras

X and Y of J containing F such that

XeX, X asc L,

Yety, Y asc L.

Since X and 9) are s-closed, it follows that X Π Γ is an ascendant X n ^-sub-

algebra of L. Hence X Π ?) is locally ascendantly coalescent.

(c) Let H and K be ascendant £ Π ^)-subalgebras of a Lie algebra L. Put

J = (H, K). Then J is an ascendant ^-subalgebra of L. For any finite subset

F of J, there exists an ascendant £-subalgebra X of L such that

F c jp < J.
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It follows that X is an ascendant £-subalgebra of J. Hence J e ύX = X. There-

fore X Π V is ascendantly coalescent.

We generalize Theorem 2.2 in [11] in the following

THEOREM 2.2. // X is Q-closed and locally ascendantly coalescent, then

£(ω) Π © and Xω Π © are ascendantly coalescent.

PROOF. Let H and K be ascendant Xω n ©-subalgebras of a Lie algebra

L. Put J = (H, K). Then J e § . Put I = H<» + Kω. Then / is an ideal of L

by Lemma 1.1. Hence

H + I/I asc L//, X + /// asc L/I.

Since £ is Q-closed,

Since 3C is locally ascendantly coalescent, X n © is ascendantly coalescent. Hence

J/IeX, J/I asc L//.

Now

jω -j Hω + Kω = I.

By Q-closedness of £ it follows that

J/JωeX.

Therefore J is an ascendant Xω Π ©-subalgebra of L. Thus Xω Π © is ascendantly

coalescent.

Ascendant coalescence of 3E(ω) Π © is similarly proved.

Over any field Φ of characteristic 0 the following classes are ascendantly

coalescent [5, 11]:

Wng, 5t(ω)n3r, E<ttn& δ

Min, Min-asc, Min-si, Min-o α (α > 1),

Min-<ι π ©, Min-<α Π Max-<i.

We assert that the class E$ί n 9lω Π © is ascendantly coalescent. In fact,

let H and K be ascendant E$ί Π 9lω Π ©-subalgebras of a Lie algebra L. Put J

= (H,K). Since 9lω n © is ascendantly coalescent by Theorem 2.2, J is an

ascendant 9lω Π ©-subalgebra of L. Put I = Hω + Kω. Then / is a solvable ideal
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of L as the sum of two solvable ideals. Hence H + IjI and K + I/I are ascendant

91 Π ©-subalgebras of LjL Now the class 91 Π © is equal to 91 Π $ a n d ascendant-

ly coalescent, and therefore Jjl e 91 Π ©. It follows that J is solvable. Therefore

E91 n 9lω Π (5 is ascendantly coalescent, as was asserted.

By Theorem 2.2 it now follows that

E2i(a» n 9iω n © = (E<H n 9iω n ©) ( ω ) n (5

is ascendantly coalescent.

Now by the facts shown above and by applying Theorem 2.2 for the classes

55, 91, Min-<] Π © and Min-<] Π Max-o we have the following

COROLLARY 2.3. Over any field Φ of characteristic 0 the following classes

are ascendantly coalescent:

δ ( ω ) n ©, &, n ©,

w (ω) n ©, 9lω n (5,

E9I n 9iω n ©, E^r(ω) n 9iω n ©,

(Min-<ι) ( ω ) Π (5, (Min-<ι)ω Π ©,

(Min-<ι Π Max-<α)(ω) Π ©, (Min-<i Π Max-<i)ω Π ©.

For the classes related with minimal conditions we have the following rela-

tions :

(Min) ( ω ) = (Min-asc)(ω) = (Min-si)(ω) = (Min-o α ) ( ω ) = g ( ω ) (α> 1),

(Min)ω = (Min-asc)ω = (Min-si)ω = (Min-<]α)ω = 5 ω (α> 1),

S ( ω ) Π © < (Min-<a n Max-<3)(ω) n © < (Min-<i) ( ω ) n ©

< B«ί(ω) n 9tω n ©,

S ω n © < (Min-o n Max-<ι)ω n © < (Min-<a)ω n © < 9lω Π ©.

By Proposition 2.1 over any field of characteristic 0 the intersection of any

locally ascendantly coalescent class and any class in the above Corollary 2.3 is

ascendantly coalescent.

REMARK. In the case where the basic field Φ is of arbitrary characteristic,

we have the following statement:

If either (a) X is Q-closed and locally ascendantly coalescent and X n 91 is

locally ascendantly coalescent, or (b) X is {i, Q, Enclosed and X n 91 is locally
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ascendantly coalescent, then the classes

x n 9i ( ω ) n (5, x n 9iω n ©, x n E « n <rcω n ©

are all ascendantly coalescent.

3.

We first observe that (ESΪ)(ω) is the class of Lie algebras L such that L ( ω )

= L(M) for some positive integer n. For subclasses of the class (E21)(CO) we can

show the following statements which are analogous to Theorem 4.1 in [9].

THEOREM 3.1. Let X be a Q-closed subclass o/(E9l)(ω).

(a) If X is locally ascendantly coalescent, then so is X{ω).

(b) IfX is ascendantly coalescent, then so is X(ω).

PROOF, (a) Let H and K be ascendant £(ω)-subalgebras of a Lie algebra

L. Since

X{ω) < (ESI) (ω)(ω) = (E9I)(ω).

Hence /f///(ω> and X/X<ω> are solvable and therefore

for some integer n. This shows that H(ω) and X ( ω ) are perfect. Hence these

are ideals of L by Lemma 1.2. If we put J = H ( ω ) + K ( ω ), then / is an ideal of

L. Therefore

asc L//,

K + I/IeX, K + I/I asc L/7.

Put J = <//, K) and let F be any finite subset of J. If we denote by F the image

of F under the natural homomorphism of L onto L/I, F is a finite subset of J//.

Since X is locally ascendantly coalescent, there exists a subalgebra Z of L such that

Fςzχ/i< j/i9

X/IeX9 X/I asc LjL

Therefore

F <Ξ X < J, I asc L.

Since #<ω> and X(ω> are perfect,
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# ( ω ) < X(ω\ K(ω) < X(ω\

It follows that X/X(ω)eX and hence X eX(ω). Thus X(ω) is locally ascendantly

coalescent.

(b) Let H and K be ascendant i£(ω)-subalgebras of a Lie algebra L. Put
/ = if(ω) + χ(ω># 7 1 ^ b y u s j n g t n e fact t n a t #<«,) a n c l K(ω) a r e ideals of L

by Lemma 1.2 we deduce that H + ljI and K + I/I are ascendant -E-subalgebras

of L//. Put J = (H, K). Since X is ascendantly coalescent,

J/IeX, J/I asc LjL

Clearly IaJ^ω\ These, combined with Q-closedness of X, imply

JjJ^eX, J asc L.

Thus 3i(ω) is ascendantly coalescent.

The proof is complete.

COROLLARY 3.2. Let the basic field Φ be of characteristic 0. Then

(a) 9t ( ω ) is locally ascendantly coalescent.

(b) The classes

(Min-<i Π Max-<i n ©) ( ω )

are ascendantly coalescent.

PROOF. Since 91 is locally ascendantly coalescent, by Theorem 3.1 9t ( ω )

is locally ascendantly coalescent. Since 91 n δ and g are ascendantly coalescent,

(91 Π 5)(ω) a n d δ(ω) are ascendantly coalescent by Theorem 3.1. The other classes

are ascendantly coalescent by Corollary 2.3 and Theorem 3.1, since

(Min-o Π ©) ( ω ) = ((Min-<3)(ω) n ©) ( ω ),

(EM n ©) ( ω ) n 9iω = (E3i(ω) n 9iω n ©) ( ω ) ,

(Min-<ci Π Max-<] Π ©) ( ω ) = ((Min-o Π Max-<i) ( ω ) n ©) ( ω ) .

REMARK. AS for the class E^X n S w e have

4.

We may ask whether the closure operations M and N preserve the local as-
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cendant coalescence of classes of Lie algebras. In this section we shall give several

answers to this question. We begin with

PROPOSITION 4.1. IfX is locally ascendantly coalescent, then

UX = m < LX.

PROOF. Let L be an NΪ-algebra. Then L is generated by ascendant X-

subalgebras of L. If F is a finite subset of L, it follows that F is contained in a

subalgebra H generated by a finite number of ascendant ΐ-subalgebras of L. By

the assumption that X is locally ascendantly coalescent, we can find an ascendant

ϊ-subalgebra X of L such that

F <Ξ * <H.

Therefore L is an M £-algebra. Thus ύX < ύX. The statement is now im-

mediate since

ύX < NX9 MX < LX.

In the following theorem we shall show, in a more general form, the fact that

if X is locally ascendantly coalescent then so is ύX.

THEOREM 4.2. Let X and 9) be classes such that X<ty<MX. Then X

is locally ascendantly coalescent if and only if ty is locally ascendantly coales-

cent.

PROOF. Assume that X is locally ascendantly coalescent. Let H and K

be ascendant ?)-subalgebras of a Lie algebra L. Put J = <//, K). If F is a finite

subset of J, then there exist finite sets A^H and B^K such that

F c (A, B) < J.

Since H is an ώϊ-subalgebra, there exists an ascendant ϊ-subalgebra M of H

containing A. Similarly there exists an ascendant ϊ-subalgebra N of K con-

taining B. Then

F c <M, N>.

Now M and N are ascendant X-subalgebras of L and X is locally ascendantly

coalescent. Therefore there exists an ascendant X-subalgebra X of L such that

Clearly X belongs to ?) and

F <= x < j .
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Therefore ^) is locally ascendantly coalescent.

Conversely, assume that 9) is locally ascendantly coalescent. Let H and K

be ascendant X-subalgebras of L. Then H and K are ascendant ^-subalgebras

of L. Put J = (H, K) and let F be any finite subset of J. Then there exists

an ascendant 2)-subalgebra Y of L such that

F <=Y<J.

Since ^ <ύX, there exists an ascendant X-subalgebra X of Y such that

F ς^X <Y.

Clearly X is an ascendant X-subalgebra of L and

F ςiχ <j.

Therefore X is locally ascendantly coalescent.

The proof is complete.

Over any field Φ of characteristic 0 there are several classes related to the

class 51 as follows.

Ό: The class of Lie algebras L such that every subalgebra of L is a subideal

of L.

gt : The class of Fitting algebras, that is, the class of Lie algebras which are

generated by their nilpotent ideals.

35: The class of Baer algebras, that is, the class of Lie algebras which are

generated by their nilpotent subideals.

(Sr: The class of Gruenberg algebras, that is, the class of Lie algebras which

are generated by their nilpotent ascendant subalgebras.

3 : The class of hypercentral Lie algebras.

We now define the new class £)' as follows: A Lie algebra L belongs to Ό '

if and only if every subalgebra of L is an ascendant subalgebra.
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This diagram is obtained by adding £)' to Fig. 2 and Fig. 3 in [5] and shows

the interrelation among the above classes. The inclusions £)<£)' < © r are strict,

as we shall show it by examples in Section 5.

COROLLARY 4.3. Let the basic field Φ be of characteristic 0. Then the

following classes are locally ascendantly coalescent:

O, D', 8rt, 33, ®r, 3 ,

Mθ',κ3,M(Jl ί β , ) ),ό(Jl ( β , ) ).

PROOF. By definition ©r = N$l. Since 91 is locally ascendantly coalescent,

we have

©r = 691

by Proposition 4.1. By Corollary 3.2 9ΐ(ω) is locally ascendantly coalescent.

Therefore, taking account of the above diagram, we can use Theorem 4.2 to

establish the statement.

We can show that, if X < 9) < N £ , in the definition of local ascendant coa-

lescence of ^ "for any two ascendant ^-subalgebras" may be replaced by "for

any finite number of ascendant X-subalgebras". Namely, we have the following

THEOREM 4.4. Let X and ty be classes such that 3 E < 9 ) < N £ . Then the

following statements are equivalent.

(a) 9) is locally ascendantly coalescent.

(b) For any finite number of ascendant X-subalgebras Hί,..., Hn of a Lie

algebra L and for any finite subset F o/<if1,..., i/n>, there exists an ascendant

3)-subalgebra Yof L such that

This can be proved in the same way as Theorem 3.1 in [12]. We have only

to replace there N, local coalescence and subideals respectively by N, local as-

cendant coalescence and ascendant subalgebras.

5.

In this section we shall show by examples that the class £>', which has been

introduced in Section 4, is different from both X> and ©r.

First let L = Λ + Φy be the Lie algebra over a field Φ of characteristic 0

defined in [6] as follows: A is an abelian subalgebra with basis e0, eί9 e29...

and
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ί ei_ί for ί > 0

1 0 for i = 0.

Then L belongs to the class I)'. In fact, let H be any subalgebra of L. If H < A,

then

H <α yl <] L.

If # $ , 4 , put

//. = #-f.φ£>o + φ έ ? 1 + ... + φ έ ? ._ 1 for i = 1, 2,...,

Then

Therefore HSLSCL. Thus L e O ' . However L does not belong to T). In fact,

assume that L e O . Then Φy is a subideal of L. Hence

for some positive integer n. It follows that

which is a contradiction. Therefore L φ Ό. Thus D<£>'.

Secondly, we consider the Roseblade-Stonehewer algebra L in [5]. As a

vector space L is the sum of an abelian ideal V and a subalgebra J generated by

two abelian subideals of L. It is known that J = IL(J). Hence J is not an ascend-

ant subalgebra of L. Therefore Lφΐ>r. However Le(5r, since L is generated

by three abelian subideals. Therefore X)' < ©r.
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