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1. Introduction

Recently quite a few authors have spent considerable effort in finding condi-
tions to ensure that nonoscillatory solutions of both ordinary and their companion
retarded differential equations approach zero asymptotically. For these criteria,
the reader is referred to [3, 5, 6, 8, 9] and references cited in them. However
the literature is very scanty about similar results in regard to oscillatory solutions
of these equations. Our purpose here is to find conditions to ensure that the oscil-
latory solutions of the general n-th order equation

) (r@y' @)=V +a(@)yLt) = f(0), y) = y(t—(1))
approach to zero as t— 0.

We now give definitions and assumptions that hold in the rest of this paper:
(i) (), r(t), a(t), f(t) are real, continuous and defined on the whole real line R.
(i) r(¢) and 1(t) are positive on R. 1(t) is bounded above by K,>0.

We call a function h(t) € C[0, o0) oscillatory if it has arbitrarily large zeros.
Otherwise h(t) is called nonoscillatory on the half line [0, co0).

In what follows only continuous and extendable solutions of equations (1)
and (2) will be considered. The term ‘‘solution” applies only to such solutions
in this manuscript.

2. Main results

LEMMA 1. Suppose p;>p,>p3>ps>--+>p,_, are respectively the zeros

of
r@y' @), @y’ @), ((OY' @)=, (r(O)y' )=,

where y(t) is a solution of equation (1). Further suppose that t,<p,_, and
t,>p, are zeros of y(t). Suppose
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M = max|y(®)], te[t, t,].

If ly(DI<M in [ty, t,], then

(3) 4< (S:ﬁ/r(z)dz)(y’%-’_‘—%;;—zla(t)Idt+LMS”(t(%‘§;;2~lf(t)ldt>-

ty ty
Proor. On repeated integration from equation (1) we have

Pn-2

) LY@+ SSS a(s)y(s)dsds,_,+ds,

Pn-2

=S"‘S“...Ss f(s)ds---ds,.

tyJs2
Since p, >p,>ps3>--->p,_, we get from (4)

P

oy 1< (""" a1 yldsds,-p-ds,

52 Sn-

P 1pdsds,-pedsa,
t 2

52 Sn—
which gives

Pi(g—gf)n—3 Pi(g—g)n—3

® ey < ("0 0 |y lds+ (T EZDE ) 1ds.

Let
(6) M = |y(1,)l, toelty, t,].
Now

+M = y(ty) = S:°y'(t)dt,

which yields

0 M< S:; y(@)\dt.
Similarly

+M = —S:y’(t)dt
gives

(8) M< S| y(@)ldt.
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Adding (7) and (8) we have
ta
2M < g Ly'(0)\dt
ty

=\ r Oy @ .

By Schwarz’s inequality we have

t2

) aM? < S, %dt'S:(r(t)y'(t))y’(t)dt.

Integrating the second integral by parts we have

4M?

(10) T
S’ 1/r(f)dt

< - Sy OOy () 'dt

since y(t,)=y(t,)=0. From (10) we get

(11) __4M?

- <("ornroyora.
S, Ur@eyde ~ I

From (6) and (11) we have

= < M{" 1y 0 1as
S: 1/r(t)dt 1

(12) M < ("160y0ya
S, Ur@de o

From (5) and (12) we get

aM

(13) NGO
S 1/r(t)dt

< ("I 1y @) la(o | dxds

t2 Px(x__s)n_s
+ Stlgs -(7;—3—)'— |f(x)‘dXdS

Dividing by M and noting that t,> p, we have from (13)

4 t2(t2 (x_s)n—3
(14) —__Sul/r(l)dt < S”Ss =31 la(x)|dxds

_1— ta('t2 (x_s)n-s
g §o 3 G 16 s,
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From (14) we have

12 ta — n—2 t2 —_ n—2
4< g“ ;rlr)de““(,,—i‘ﬁ)!— la(s)| ds+LM§“(S(~ni%T ]f(s)]ds]

and the proof is complete.

THEOREM 1. Let y(t) be an oscillatory solution of equation (1). Suppose
further that

(15) gwt"‘zlf(t)ldt < o
(16) S“’tn—Z]a(t)]dz <
(17) Sw . ‘t) dt < 0.

Then y(t)—0 as t— 0.

Proor. Suppose to the contrary that y(¢)+>0 as t— co. Then

(18) lim inf | y(¢)] = 0
t— 0

and

(19) lim sup |y(t)| > 2d
t—o0

for some d>0. Due to oscillatory nature of y(z), (r(t)y’(¢))(*~2) must be oscil-
latory. 1In fact if (r(¢)y’(¢))(*~2 is nonoscillatory, then r(f)y’(t) assumes one sign
eventually. Since r(t)>0, y'(t) becomes nonoscillatory which in turn forces y(t)
to be nonoscillatory, a contradiction. Hence (r(¢)y’(¢))("~2) is oscillatory. Simi-
larly (r(®)y' (D))=, (r(t)y'())"=*,..., (r(H)p(t)) are all oscillatory. Let T be
large enough so that

T<ti+Kog<q<pyoz < Ppp3<-<p3<p,<p <t

are points where

(20) y() =0, y(@ =0, y(t;)=0
[¥3)) (r(p)y'(p))®» = 0, i=1,2,3,..,n=2.
Let

My = max|y(0)l,  telt, 1,].
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We shall show that y(¢) is bounded. Suppose not. Let g,>t, be the first point
such that y(q,)> M,. Let t;>q,; be the smallest zero of y(f). Let

(22) Ly = max|y(®)|, telt, t;].
Let '
(23) L, = max|y(t)|, telt,, t3].

Then L, >L,. Let

(24) Ll = y(tq), tq € [tla t3] .

Since by construction L; >M, we must have a point ¢, such that

(25) t3 >t,>q, > t,.
Hence
(26) L,>L,
From (24) and (25)

L, =L, =L,

Thus max |y(?)| in [¢,, t;] is achieved at a point ¢, >, and
t, €Mtz t3].
Thus
27 L, = max|y(t)|, te[t,, t;] and achieved in [t,, t5].
Now for te[q, t5]
t—1() > t—K,

and by construction

t<t—Ky <ty for te[gqg, t3].

Hence

(28) max|y()| < Lo,  telg, 5],
(29) max|y()] < Lo, telq, t3],
and

(30) W(tg) = Lo.
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Replacing M by L, t, by t; and ¢, by g we get from conclusion (3) of Lemma 1

O e < (I aar (IR ) a,
0

g (n—=2)! s (n=2)!

S;’l Irdt

Since in (31), the right hand side can be made as small as we please and the left
hand side can be made as large as we please in view of (15), (16) and (17), and

choices of ¢, t3, this is a contradiction and hence y(f) is bounded.
In fact looking at the proof more carefully we have shown that

(32) Y@l < My,  telt,, )

and hence

(33) [y < M, te[t,+ Ky, ).

Let now

(34) T<thh+K<t3<e,_,<e_;<<e3<e;,<e; <Ty

be such that

(33) Wty) = y(t3) =0
and
(36) (r(e)y'(e))® =0

i=1, 2,..., n—2; T, is such that
max |y(t)| > d
. te [t3a TO] .
max |y (t)] > d
Let t,> T, be such that y(t,)=0. Let
M, = max|y(®)], te[ts t,].
Then
37 d< M, <M,.

Now in the proof of Lemma 1 we recourse to inequality (13).

t; by t3, 1, by t,, M by M, and ‘p’s by ‘e’s we have

4 M, ta(ey (x_s)n—l’:
- (“urodr = Jos T e s

Replacing
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From (37) and (38) and the fact that e, <t, we have

4d ta(ts (x—gs)n3
(39) _S"l/r(t)dz gMOS”SS LSl a() | dxds

+ (L p s

1 7 — n—2 ta —_ n—2
- Mogu%——n_‘%! la(s)[ds+S'3 (in—{?.Z))-!—— LA(s)|ds.

Since right hand side of (39) can be made arbitrarily small and left hand side
arbitrarily large by proper choice of t; and t,, a contradiction is obtained. This
completes the proof.

ExampLE 1. Consider the equation
(40) (e'y'(t))' +e t"27sinty(t—n) = 4e *cost+2e 'sint—e 3*sin? ¢.

All conditions of Theorem 1 are satisfied. Hence all oscillatory solutions of
equation (40) approach to zero as t—oco. One such solution is

y(t) = e 2tsint.

REMARK. It is not possible to violate condition (17) on r(¢) if (15) and (16)
hold. The following example indicates this fact.

ExampLE 2. The equation

@D " @+ety @ =280 {00 CSDD 4 o—c5in (Ing),

t>0, () =0
has y(t) = sin(Int)

as an oscillatory solution not approaching zero. Only the condition on r(¢) is
violated.
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