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1. Introduction

Throughout this paper let 1<p<oo, 1/p+1/g=1 and m be a positive inte-
ger. For an open set G in the n-dimensional Euclidean space R", we denote by
BL,(L%G)) the space of all distributions on G whose distributional derivatives
of order m are all in L%(G), that is, a distribution T on G belongs to BL,(L%(G))
if and only if

ITlng = 1Thg = ( 2 _ID*TILa)"* < o,

where « is an n-tuple (o, ®5,..., a,) of non-negative integers with length |¢|=a, +
ay+ - +a,, D*=01"1/0x{10x52---0x4» and | .|, denotes the Li-norm on G.
We write simply || - ||, for |- szn. We denote by A™ the Laplace operator
iterated m times and write simply 4 for A'. The value of a distribution T on G
at @ € CP(G) is denoted by <T, ¢>.

Let E be a compact set in R*. L. 1. Hedberg proved the following result
([5; Theorem 1]): Let ¥ be the space CP(R"\E) or the space of all functions
@ € CP(R™) such that |grad ¢|]=0 on a neighborhood of E. Then % is dense
in CP(R") with respect to the norm ||, , if and only if any Te BL,(L%(R")) such
that <T, 49> =0 for any ¢ € € is harmonic on R". We generalize this result
as follows:

THEOREM 1. Let € and %' be subspaces of CF(R®) such that €<¥%’.
Then % is dense in €' with respect to the norm |-|, , if and only if any Te
BL,(L4%R"™) such that <T, A"p> =0 for any e ¥ satisfies <T, 4™y > =0
for any Yye¥%'.

As an application of this theorem, we shall give a condition, in terms of
capacity, for a compact set in R" to be removable for a class of polyharmonic
distributions.

2. Proof of Theorem 1

We first suppose that # is dense in €’ with respect to |-|,, ,. We write
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Am =73 |, =mC,D?* with constants c,. Let T be a distribution in BL,(L4(R"))
such that <T, Am"p> =0 for any o€ 4. Let Yy e€%’'. Then there is a sequence
{@;} =% such that |p;—V|, ,—0 as j—>oo. Hence we have

<T, A™y> = (— 1)"'I IZ ¢, <D*T, Dxy>
al=m

= lim(— 1)"'| IZ ¢, <D°T, D*%@p;> = lim <T, 4"p;> = 0.
a|=m j—©

Jjo®

Next we show the converse assertion. Suppose % is not dense in ¥’ with
respect to ||, ,. Then there is a function uge %’ such that M =inf{|u,— 0|5 ,;
pe®}>0. Set

®(u) = |ulp,,,  u€BL,(LP(R").

Then there is a sequence {u;} =% such that M =lim;_, ,®(u;—u,). Since {P(u;)}
is bounded, we may assume that

D*u;—u®  weaklyin LP(R") as j— o

for each o with [¢|=m. Hence there is a sequence {@;;};=1,.. i;k=1,2,. of non-
negative numbers such that

Ayt g+t auu =1,
al,kD"‘ul + az_kDauZ + e + aik,kD“u,-k hd u(“)

strongly in LP(R") as k— oo for any a with |a|=m. Consequently

M < lim &3 a;u, — uo) = Tl = Dougllg
=1 al=m

k= i

S lim®(u; — ug) = M,
Jjoo©

so that M =3, -nlu®—Duo|} and ||D*u;—Du,|,—||u‘®—D*u,|, as j—oo0
for any o with |a|=m. It follows that D*u;—u(® strongly in LP(R") as j—oo.
It is easy to check that for any pe @

€8 3 S|u(a) — D%uy|P~2(u(® — D*ug)Dpdx = 0.

la|=m
We set
h(a) —_ 'u(“) — Dauolp—z(u(d) — Dauo),
P = 1D, = D=, — D),

T; = (— 1)'"l > D*h{®, U; = KxTj,

a|=m
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where K is the following fundamental solution of 4™, i.e.,

c|x|2m=n, in case n — 2m > 0 or
K(x) = nis odd and n — 2m < 0;

c|x|*m-rlog|x|, incasenisevenandn—2m <0

with some constant c¢. Since D*u;—u(® strongly in LP(R") as j— oo, we can show
that h{*)—h(® weakly in LYR") as j»>co0. Furthermore,

tim 1§, = lim [D*u; — Deugl}"
Jj—© Jj—©

= [[ut® — Du,|[§/* = @],
From these facts it follows that h{*)—h(® strongly in L4(R") as j— oo for each «

with |¢|=m. Note that

U = 3 (DK = D0y,

|=m

On account of [6; Lemmas 3.3 and 4.3], {U;} is a Cauchy sequence in
BL,(L%(R"), and hence, by [4; Théoréme 2.1 in Chap. III] there is Uye
BL,,(L%R")) such that |U;—Ug|,,,—0 as j»>co. For any ¢ € C3(R"), we have

<Us, dmp> = (= 1" = | DUs(D*p(x)dx
al=m
= (- 1r % clim SD“Uj(x)D“qo(x)dx = lim <4"U,, ¢>
¢|=m Jj—®© Jj—oo

= lim <T,, ¢> = lim 3 Sh}“)(x)D“go(x)dx
Jj—oo |a|=m

Jj—roo

=3 Sh(“)(x)D“(p(x)dx.

laj=m

Hence,

M= 3 u® = Duglp= % [h00) ) ~ Dugl}d

|af=m

- |a§m }T}ogh‘“’(") {D*uj(x) — D*uo(x)}dx

= llm <U0, A"'(uj - u0)> .

Jj—o©

By (1), <U,, 4™¢p> =0 for all ¢ €€, while <U,, 4™(u;—ug)> #0 for large j.
This proves the converse part and thus our theorem is established.



830 Yoshihiro MizuTta

COROLLARY. Let € be a subspace of CP(R™). Then % is dense in CJ(R")
with respect to | -|,,, if and only if any Te BL,(L4(R") such that <T, 4"p> =0
for any @ € € satisfies A"T=0 on R" (in the distributional sense).

3. Removable singularities

For a compact set EcR", we define the capacity
I, (E)=inf{[o[? ,; e CP(R") and ¢(x) =21 forall xekE},

where (@], =(X | smlP*@lI5)!/?. Using [1; Theorem A] and [6; Theorem
2.4], we have

LeEMMA 1. Let E be a compact set in R*. Then I, (E)=0 if and only if
C3(R™E) is dense in C§(R") with respect to || - | n,p-

By using Poincaré’s inequality (cf. [4; p. 318]), we obtain

LEMMA 2. Let E be a compact set in R". If CF(R™E) is dense in CY(R")
with respect to || - ||, then CF(G\E) is dense in C3(G) with respect to |- |,,, for
any open set GoE. Conversely, if CF(G\E) is dense in C§(G) with respect to
| Im,p for some bounded open set GoE, then CF(R"\E) is dense in CF(R") with
respect 10 || - ||y p-

We shall show

THEOREM 2. Let E be a compact set in R". If I',, (E)=0, then for any
open set Go E, any distribution Te BL,(L%(G)) such that A"T=0 on G\E satisfies
A"T=0 on G. Conversely, if for some bounded open set GoE, any
Te BL,(L%G)) such that A"T=0 on G\E satisfies A"T=0 on G, then I',, ,(E)=0.

Proor. We first suppose I',, (E)=0. Let G be an open set in R" which
contains E. By Lemma 1, CF(R"\E) is dense in C§(R") with respect to || - ||,
Hence Lemma 2 implies that C§(G\E) is dense in C(G) with respect to |- |, ,.
Since AmT=0 on G\E (G resp.) if and only if <T, 4m"¢p> =0 for any ¢ € CJ(G\E)
(C(G) resp.), the first assertion in our theorem follows from Theorem 1. The
second assertion follows also from Lemmas 1, 2 and Theorem 1.

A function f on an open set G<=R" is said to be (m, g)-quasi continuous if
given £>0, there is an open set w such that I',, (w)<e and f is continuous as a
function on G\w. If Te BL,(L4(G)), then there is an (m, q)-quasi continuous
function f in L{ .(G) such that <T, ¢> =S f(x)p(x)dx for any ¢ € CF(G) (cf.
[6; Lemma 2.3]). We shall say that a function f on G is ACL (absolutely con-
tinuous on lines) when f is absolutely continuous on each component of the part
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in G of almost every line parallel to each coordinate axis.

LemMMA 3. Let k be a positive integer and G be an open set in R*. If f
is a (k, q)-quasi continuous function in BL,(L4(G)), then fis ACL on G.

Proor. Take ¢eCP(G) and set u=¢-f. Then ueBL(L4R")) and is
(k, g9)-quasi continuous on R”. It suffices to show that u is ACL on R". By
[6; Theorem 3.1], there is a set E<R" with I', (E)=0 such that if x € R"\E, then

fl = v 3, 1Dy < oo

and

@) ux)= % a g(—xilll}mu(y)dy,

a=k ) |x—y

where a, are constants. With the aid of [3; Lemma at p. 297] and [6; Theorem
2.4], u is seen to be ACL on R” from the proof of [2; Theorem 1 in § 7] with G,g
replaced by the right-hand side of (2).

By Lemma 3 and [6; Theorem 3.3], we have

COROLLARY. Let G be an open set in R* and let f be an (m, q)-quasi con-

tinuous function in BL,(L4(G)). Then f, together with its derivatives of order
less than m, is ACL on G.

Lemma 4. If E is a compact set in R" with I, (E)=0 and if
Te BL,(L%R"™E)), then T can be extended to an element in BL,(L4(R")).

Proor. Let f be an (m, g)-quasi continuous function in BL,(LR"\E))
such that f=T in the distributional sense. Consider the function

[f(x) for xeR"\E

for xekE.

Je) =

Then f and its derivatives of order less than m are ACL on R" in view of Corollary

to Lemma 3. It is easy to see that fe BL,(L4R"). Thus f gives an extension
of T to the whole space.

LemMmA 5. If any TeBL,(L%R™E)) such that A"T=0 on R™E can be
extended to a distribution Te BL,(L4(R")) such that A"T=0 on R", then the
n-dimensional (Lebesgue) measure of E is zero.

Proor. Suppose the n-dimensional measure of E is positive. We consider
the function U(x)=K#yp(x) =SEK(x— y)dy. Then DU eBL(L4(R") for
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|| =m according to [6; Lemmas 3.3 and 4.3]. Furthermore
A™(D*U) = D*yp =0 on R"E.

By the assumption, D2U can be extended to a distribution T, e BL,(L%R")) such
that A"T,=0 on R, where |a|=m. In view of [6; Lemma 4.1], T, is a poly-
nomial. Hence U is equal to a polynomial outside E, which is a contradiction.

We now show

THEOREM 3. Let E be a compact set in R". If I',, (E)=0, then for any
open set GoE, any Te BL,(L%G\E)) such that A"T=0 on G\E can be extended
to a distribution Te BL,(L%G)) such that A"T=0on G. Conversely, if for some
bounded open set GoE, any Te BL,(LYG\E)) such that A"T=0 on G\E can be
extended to a distribution T such that A"T=0 on G, then I',, (E)=0.

Proor. The first assertion follows from Theorem 2 and Lemma 4. To
prove the converse part, suppose that any Te BL,(L%G\E)) such that A™"T=0
on G\E can be extended to T'such that A"T=0on G. Take any T* e BL,(L%(G))
satisfying A"T*=0 on G\E. Let T** be the restriction of T* to G\E, and T**
be an extension of T** such that AmT**=0 on G. Since E is of measure zero by
Lemma 5, A"T*=A4"T** on G. Thus 4"T*=0o0n G. This implies that I',, ,(E)
=0 by Theorem 2.

ReEMARK. In case m=1, Theorem 3 is a consequence of [5; Theorem 1].
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