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1.

Let L be a Lie algebra over an arbitrary field @ which is not necessarily of
finite dimension. We write H <L when H is a subalgebra of L and H< L when
H is an ideal of L. For an integer n>0, H<L is an n-step subideal of L if there
is a series of not necessarily distinct subalgebras

H=Hy<H<H,<-<H, ;<H,=L.

In this case we write H<"L. H is a subideal of L if H<"L for some n. We
then write H si L.

There is a transfinite generalization: For an ordinal ¢, H<L is a o-step
ascendant subalgebra of L if there is a series {H,},<, of not necessarily distinct
subalgebras of L such that

(i) Hy=H,H,=1L,

(ii) H,< H,,, for any « < a,

(iii) H,= \UH, for any limit ordinal A<o.
a<i

In this case we write H<1® L. H is an ascendant subalgebra of L if H<’ L for
some ordinal 6. We then write H asc L. When o is finite, the o-step ascendant
subalgebras are of course the o-step subideals.
We denote by Min-si (resp. Min-<a°) the class of Lie algebras over @ satisfy-
ing the minimal condition for subideals (resp. o-step ascendant subalgebras).
The classes Min-si and Min-<a” (n € N) are related by the series of inclusions

(1) Min-< 2 Min-<t? 2 Min-<a3 2.--2 Min-si.
In [2] Stewart showed that
2) Min-<3 = Min-si.

The purpose of this paper is to investigate the minimal condition for ascendant
subalgebras and to show a transfinite analogue of the result (2).

We introduce the class Min-(asc of step<g). By this we mean the class of
Lie algebras over @ satisfying the minimal condition for ascendant subalgebras
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of step<o. Then, for the first infinite ordinal w, Min-(asc of step <w) is nothing
but Min-si. Corresponding to (1), we have the following inclusions:

Min-<® 2 Min-<a?*! 2...2 Min-<a®™"*#2 o... 2 Min-(asc of step<w?)
Min-<1®? 2 Min-<a®>*1 ... 2 Min-<®’mtenztns o... 5 Min-(asc of step <w?)

Min-<1®* 2 Min-<®**! ... -+-2 Min-(asc of step<w=*?)

We shall show that for any ordinal a>1

Min-<a@**! = Min-(asc of step < w**1).

2.

For a Lie algebra L, L= ;.\ L" and L) = % L™, The following lemma
n=1 n=1

is well known (see [3]).
LeMMA 1. If L is a Lie algebra and H si L, then H°<a1L and H“< L.

L is perfect if L=L2. By using Lemma 1 and transfinite induction, we can
easily show the following lemma ([1, p. 11]).

LeMMA 2. Every perfect ascendant subalgebra of a Lie algebra L is an
ideal of L.

Furthermore we need the following two lemmas.
LemMA 3. Min-(asc of step <o) is E-closed.

Proor. Let L be a Lie algebra and assume that N<L and N, L/N € Min-
(asc of step<a). If

H,>H,>--, H;<°L with o;<c (i=1,2,.),
then

H NnN>H,nN>-, H;,nN<°N,

(Hi+ N)/N>(H, + N)/N >---, (H;+ N)/N<?L|N.
There exists n € N such that

H NN=H,, N N=-,
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(H,+ N)JN=(H,,, + N)/N =---.

Therefore for any m>n

Hm = Hm+1 +(Hm n N)=Hm+1 +(Hm+1 n N)=Hm+1'

Thus L € Min-(asc of step <o).
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LEMMA 4. Let o and B be any ordinals such that w*<f<w**l. Then

there exist ordinals p and o such that
B=p+o and 1<0< w0
PrOOF. B can be written in the form
f=w+d with 1<y<w and J<o
If 6=0, y>2 and we can take
p=w*(y—1) and o= w=
If 6 >0, it suffices to take

p=w% and o=394.

We shall now prove the following

THEOREM. Let o and B be any ordinals such that a>1 and w*<B<w*+i,

Then
Min-<©**! = Min-<f = Min-(asc of step < w**1).
Proor. Put y=w*and §=w**'. Then
Min-<1?*! 2 Min-<1# 2 Min-(asc of step < J).
Assume that there exists a Lie algebra L such that
LeMin-<'*! and Le Min-(asc of step < 9).
(a) There exists M minimal with respect to
M< L and Me¢Min-(asc of step < ).

This follows immediately from the fact that L € Min-<a.
(b) Any proper ideal N of M belongs to Min-(asc of step <46).
have

In fact, we
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NichN<M< L.
Hence Ni<2L. Since LeMin-<a?,
N® = N¢ for some ceN.
By Lemma 1 N°<aL and therefore by minimality of M
N¢ e Min-(asc of step < 9).
Since L e Min-<a3, N e Min-<a and therefore
NiIN#1eA n Min—< = &,

where U (resp. &) is the class of all abelian (resp. finite-dimensional) Lie algebras.
It follows that

N|N¢e§.

We now use Lemma 3 to conclude that N € Min-(asc of step <d).
(c) MeMin-<?. This follows from the fact that M<1L € Min-<a?+1,
Now, since M ¢ Min-(asc of step<§), there exists an infinite series {I,} of
distinct subalgebras of M such that

I,oI,>-, I,<f+tM with B;<d (i=1,2,.).

We may assume that I;<a®* M is false for any e<pf;. By (¢) f;=>y+1 for almost
all i. Therefore we may furthermore assume that §;>y+1 for all i.
Case 1. ;s not a limit ordinal for some i. In this case, f;=¢+1 and

I;<*N< M.

By (b), N eMin-(asc of step<d). But I;<s<*N and I;,,<f+*N (k=1, 2,...)
with ¢, f;,, <9, which is a contradiction.
Case 2. f; is a limit ordinal for some i. In this case, by Lemma 4 we have

Bi=p+c with 1<o<1.
Here o is a limit ordinal. We can obviously write
I;<x?N<° M.

But NO< M and therefore N()<a?*!L. Since 6+1<y+1, Le Min-<?*1c
Min-<t°*!, Consequently

N@) = N(e) for some ceN.

Hence N(© is a perfect ascendant subalgebra of L. It follows from Lemma 2
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that N(©)aL. By (b), we obtain
N e Min-(asc of step < 9).

On the other hand, observing the facts that N<°*! L € Min-<t°*! and that ¢ is a
limit ordinal, we obtain N) e Min-< (j=1, 2,...). Hence

NOINUH) e Y n Min-<a € §.
Consequently
NIN® e §.
Therefore we can use Lemma 3 to see that
N e Min-(asc of step < 9).

However, I;<<? N and I;,,<""** N (k=1, 2,...) with p, B;,; <&, which is a con-
tradiction. This completes the proof.

REMARK. Stewart’s result (2) stated in Section 1 is shown in the above
proof of Theorem where we replace w* and w**! by 2 and w respectively.
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