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1.

Let L be a Lie algebra over an arbitrary field Φ which is not necessarily of
finite dimension. We write H<L when H is a subalgebra of L and H^L when
H is an ideal of L. For an integer n>0, H<L is an rc-step subideal of L if there
is a series of not necessarily distinct subalgebras

H = H0<ιHί^H2^- ^Hn_ί^Hn = L.

In this case we write H^nL. H is a subideal of L if H^nL for some n. We
then write H si L.

There is a transfinite generalization: For an ordinal σ, H<L is a σ-step
ascendant subalgebra of L if there is a series {#α}αί-σ of not necessarily distinct
subalgebras of L such that

(i) H0 = H9Hσ = L,
(ii) Hα<α #α+1 for any α < σ,
(iii) //A = \J HΛ for any limit ordinal λ<σ.

In this case we write H^σ L. H is an ascendant subalgebra of L if H*=3σ L for
some ordinal σ. We then write H asc L. When σ is finite, the σ-step ascendant
subalgebras are of course the σ-step subideals.

We denote by Min-si (resp. Min-o*) the class of Lie algebras over Φ satisfy-
ing the minimal condition for subideals (resp. σ-step ascendant subalgebras).

The classes Min-si and Min-<ι n (n e N) are related by the series of inclusions

(1) Min-<ι 2 Min-<ι2 ^ Min-<ι3 2 2 Min-si.

In [2] Stewart showed that

(2) Min-<a 3 = Min-si.

The purpose of this paper is to investigate the minimal condition for ascendant
subalgebras and to show a transfinite analogue of the result (2).

We introduce the class Min-(asc of step<σ). By this we mean the class of
Lie algebras over Φ satisfying the minimal condition for ascendant subalgebras
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of step < σ. Then, for the first infinite ordinal ω, Min-(asc of step < ω) is nothing

but Min-si. Corresponding to (1), we have the following inclusions:

Min-<3ω 3 Min-<αω+1 2 2 Min-<ι β>»ι+«2 3... 3 Min-(asc of step < ω2)

Min-oω2 2 Min-<ιω2+1 2 2 Min-<3ω2"1+ωΠ2+W3 2 2Min-(asc of step<ω3)

Min-o ω* 3 Min-<α ω"+1 3 - 3 Min-(asc of step < ωα+1)

We shall show that for any ordinal α > 1

Min-<ιωα+1 = Min-(asc of step < ωα+1) .

2.

00 00

For a Lie algebra L, Lω= Γ\ Ln and L(ω)= Γ\ L(w). The following lemma

is well known (see [3]).

LEMMA 1. If L is a Lie algebra and H si L, then Hω^L and H

L is perfect if L = L2. By using Lemma 1 and transfinite induction, we can
easily show the following lemma ([1, p. 11]).

LEMMA 2. Every perfect ascendant subalgebra of a Lie algebra L is an
ideal of L.

Furthermore we need the following two lemmas.

LEMMA 3. Min-(asc of step<σ) is E-closed.

PROOF. Let L be a Lie algebra and assume that N<ιL and N, L/Λf eMin-
(asc of step < σ). If

#ι>#2^ *> #ί<ισ'L with σ f < σ (/ = 1, 2,...),

then

#! n N>H2 n N>-"9 HtnN^ 'N,

(H, + N)/N > (H2 + N)/N > .-., (Ht + N)/AT<i" L/N.

There exists n e N such that
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Therefore for any m > n

Hm = Hm+l + (Hm Π N) = Hm+l + (Hm+ί n N) = Hm+l.

Thus L e Min-(asc of step < σ).

LEMMA 4. Let α and β be any ordinals such that ωct<β<ωct+ί. Then

there exist ordinals p and σ such that

β = p + σ and 1 < σ < ωΛ.

PROOF, β can be written in the form

β = co«y + δ with 1 < y < ω and δ < CD*.

If <5 = 0, γ>2 and we can take

p = ωa(γ — 1) and σ = ωα.

If <5>0, it suffices to take

p = co*y and σ — δ.

3.

We shall now prove the following

THEOREM. Let α and β be any ordinals such that α>l and ω"<β<ωΛ+ί.

Then

Min-oωβ+1 = Min-o^ = Min-(asc of step < ωα+1) .

PROOF. Put y = ωα and<5 = ωα+1. Then

Min-<ι y+1 ^ Min-α^ 2 Min-(asc of step < <5) .

Assume that there exists a Lie algebra L such that

L e Min-<3 y+1 and L & Min-(asc of step < δ) .

(a) There exists M minimal with respect to

M <j L and M^ Min-(asc of step < <5) .

This follows immediately from the fact that L e Min-<a .

(b) Any proper ideal N of M belongs to Min-(asc of step<<5). In fact, we

have



686 Shigeaki TOGO

Hence N'<3 2 L. Since L e Min-<α 2,

JVω = Nc for some c e N.

By Lemma 1 Nc<ι L and therefore by minimality of M

JVC 6 Min-(asc of step < <5) .

Since L e Min-<] 3, Nl e Min-<α and therefore

n Min-<] eg,

where 51 (resp. 5) is the class of all abelian (resp. finite-dimensional) Lie algebras.
It follows that

JV/ΛΓ'eg.

We now use Lemma 3 to conclude that N e Min-(asc of step < <5).
(c) M E Min-<ι y. This follows from the fact that M<ιL e Min-o y+1.

Now, since M^Min-(asc of step < (5), there exists an infinite series {/„} of

distinct subalgebras of M such that

Iι=>I2 =>•••, I^fi'M with βi<δ (i = l, 2,...)-

We may assume that /f<ιfiM is false for any ε<βf. By (c) βi>γ + l for almost
all /. Therefore we may furthermore assume that βι>y+l for all i.

Case 1. βi is not a limit ordinal for some ί. In this case, β~e+l and

/<ι ε JV<] M.

By (b), JVeMin-(asc of step<<5). But /^o N and Jί+k<3*+*N (fc=l, 2,...)
with ε, βi+k<δ, which is a contradiction.

Case 2. β is a limit ordinal for some ι. In this case, by Lemma 4 we have

β. = p + σ with 1 < σ < 7.

Here σ is a limit ordinal. We can obviously write

But N<'><JσM and therefore NW*a +1L. Since σ+l^y + 1,
Min-<ι σ+ί. Consequently

for some c e N.

Hence N(c) is a perfect ascendant subalgebra of L. It follows from Lemma 2
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that N(c><ιL. By (b), we obtain

N(c) e Min-(asc of step < <5) .

On the other hand, observing the facts that No*"1"1 L e Min-<dσ+1 and that σ is a
limit ordinal, we obtain N(J) eMin-<ι 0*=1, 2,...). Hence

n Min-o c 5.

Consequently

Therefore we can use Lemma 3 to see that

N e Min-(asc of step < δ) .

However, I^fN and Ii+k <3βi+kN (fc=l, 2,...) with ρ9 βi+k<δ, which is a con-
tradiction. This completes the proof.

REMARK. Stewart's result (2) stated in Section 1 is shown in the above
proof of Theorem where we replace ωα and ωα+1 by 2 and ω respectively.
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