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1. Introduction

By Hμ(RN) we shall understand the space of u e Sf'(RN) such that its Fourier

transform ύ is a locally summable function satisfying

where RN is an N-dimensional Euclidean space, ΞN its dual Euclidean space and

μ is a temperate weight function in ΞN. In our previous paper [2] we have given

a trace theorem for the space Hμ(RN). Let μ = μ(ξ', τ), ζf = (ξί,..., ξn), τ = (τ1,...,

Γ I τ 12M

t m ), N = n + m and assume \ —jA-,—^-dτ<co for a non-negative integer M.
jΞmμ (C s τ)

[C τ2k ) - I / 2

Put vfc(^) = i\ —27^—\dτ\ for fc = (fcl5..., fcm), fcy being a non-negative
integer, such that \k\ ^ M . Then the mapping

U >{Dfu(x',0)}e Π ^ V k ( ^ n )
\k)£M

is an epimorphism if and only if there exists a positive constant C such that

C ΠMK2k with

The purpose of this paper is to investigate the trace mappings for the space

Bp μ(RN), l < p < o o , which consists of all distributions ueSf'(RN) such that ύ

is a function and

Here B2>μ(RN) = Hμ(RN). We shall give some sufficient conditions for the trace

mapping of above type for Bpμ(RN) to be an epimorphism. We shall also in-

vestigate the trace mappings by making a comparison with the notions of multi-

plication of distributions and section of distributions.

2. Preliminaries

We shall use the same notations and terminologies as in our previous paper
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[2]. For any points x = (x1,..., xN)eRN and ξ = (ξu...9 ξN)eΞN the scalar pro-

duct is defined by <x, ξ> = Σjxjζj and t n e lengths of x, ξ are defined by |x|

= (Σj\Xj\2y/2,\ξ\=(Σj\ξj\2y/2 For an JV-tuple α = (α l f . . . , ocN) of non-

negat ive integers a,-, we p u t \<x.\ = ΣjθLj a n d α! = α 1 ! α N ! . W i t h D = (Dί,..., DN)9

DJ==Ί"ΈΓ> w e p u t D<X=:DV~D%" and similarly ξ* = ξ\ι~'ξ$». For a poly-

nomial P ( 6 = Σ « 0 « £ α in ί, we put P(Z))==Σα0αDα, ^ ( 0 = Σ« <*«£" and P<«>

For any rapidly decreasing C°°-function φey(RN), its Fourier transform

φ is defined by the formula

φ(ξ)=\ φ(x)e-ί<^>
JRN

and for any temperate distribution u e y'(RN), its Fourier transform ύ is defined

by

where < , > means the dualform between &"(RN) and y(RN). We shall use

the same notation also for the dualform between @'(RN) and @(RN).

A positive-valued continuous function μ defined in ΞN will be called a tem-

perate weight function if there exist positive constants C and k such that

μ(ξ + η)S- C(ί + \ξ\k)μ(η), v £, ηeΞN.

/'i+/*2> îM2> ~— a r e temperate weight functions with μt and μ2. By Bpμ(RN),

1 < p < o o , we shall understand the space of u eSf\RΉ) such that ύ is a function

satisfying | |u | | P j μ <oo. The discussion on the space BPtβ(RN) has been in full

detail in L. Hδrmander [1] and in L. R. Volevich and B. P. Paneyakh [8].

Bp,μ(RN) is a Banach space with the norm \\u\\Ptβ and sr(RN)cBPfβ(RN)cyχRN)

in the topological sense. 3>(RN) is dense in Bpμ(RN) [1, p. 37]. The strong

dual of BPtμ(RN) is Bp,Λ/β(RN), — + Λ = 1 [1, p. 42] and we have

<w9 u> =

for any u e Bp>fl(R») and w e Bp>Λlfl(RΉ).

Let N = n + m. We shall use the notations: x — (xr, ήeRN, x' = (xί,..., xn),

t = (t1,...,tm) and ξ = (ξ\ τ)eΞN, ξ' = (ξu..., ξn), τ = ( τ l 5 . . . , τm). For any tem-

perate weight function μ in ΞN, the integral v(^)=\ μ(ξ)dτ diverges for every
J Ξm

point ξ' G Ξn

9 or converges for every point ξ' e Ξn and it is a temperate weight func-

tion in Ξn [8, p. 10]. For any φeS?(RN) the partial Fourier transforms φx>
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and φt are defined by the formulas

φx,(ξ\t) = [ φ(x\t)e-i<x'>S'>dx\ φt(x',τ)=[ φix^ήe-^'^dt

and for any u e &"(RN) its partial Fourier transforms are defined by

<ύx,, φ> = <u9 φx,>, <ύt, φ> = <u, φt>, V

For any u = u(x\ t)e@(RN) the trace u(x\ 0) on Rn clearly belongs to the

space @(Rn)cz@χRn). @(RN) is dense in Bpμ(RN). If the mapping u^u(x\ 0)

can be continuously extended to the mapping from Bpμ(RN) into @'(Rn)

with weak topology, then the extended mapping is called the trace mapping on

R" and the image of u eBpμ(RN) is called the trace of u and denoted by u(x\ 0).

From its very definition, the trace mapping is defined if and only if 0®ό

e Bp>Λhι{RN) for any φe@(R"), where δ is the Dirac measure in Rm. From this

fact we see that the trace mapping is defined if and only if l/μ(0, τ)eLp'(Rm).

From the equations

u(x\ 0) = i2^yr\\vJ(ξ\ τ)ei<x'^>dξfdτ = ( 2 ^ J U * \ τ)dτ

for any u e £f{RN), we obtain

which remains valid for any u e Bp μ(RN).

3. Trace mappings

LEMMA 1. For any non-trivial polynomial P(ζ), the function Pp defined

by

Pp(ξ) = (ΣJP

is a temperate weight function in ΞN.

PROOF. From Taylor's formula

it follows immediately that

\P{a)(ξ + η)\p ύ C( Σ \P{a)(η)\p)(l + \ξ\Mp),
0 j J ^ O
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where M is the degree of P and C is a constant depending only on M and N.

Thus we obtain

with a constant C.

PROPOSITION 1. Let P be a non-trivial polynomial of ξ = (ξ'9τ) and μ

a temperate weight function in ΞN. A necessary and sufficient condition that

the trace mapping BPίμ(R")3u-+[P(D)u](x\ 0)e@'(R") may be defined is that

one of the following conditions is satisfied:

(1) j ά n - I L J f r ^ H ^ °° for somepoira ξ'eΞn-
(2) ( i y r ' : >

τ ) l ' ' < / τ < o o for every point ξ'eΞ».

In this case [P(D)w] (xf, 0) G ̂ p > μ ? (R").

Furthermore, [P(D)M](X' , 0)'eBpv(Rn) for every ueBPffl(Rn) if and only if

one of the following conditions is satisfied:

(3) v(<D^CiMjv(<D with a constant C x.

(4) v>'(ξ') [ ^ψ?ΦK-dτ ^ C2 with a constant C2.

PROOF. We suppose the trace mapping Bpμ(RN)Bu-+[P(D)u](x\ 0)e

@'(Rn) is defined. For any ηeΞN the mapping u^>ei<x>η>u is continuous

from BPifl(RN) into itself and we have P{D)ei<x^>u = ei<x^>P{D-\-η)u. For

any φ e &(Rn) the map

u > <ίP(D + η)u-](x\ 0), φ> = <u, P(D 4- η)(φ ® δ) >

is a continuous linear form on Bpμ(RN) and therefore

Pφ + η)(φ

which implies

From the fact that {η*} is linearly independent, it follows that φ(ξf)P(a)(ξ)lμ(ξ)

E Lp'(ΞN) for each α and then
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As a result,

L ^ f for a e ξ>eΞn

Since μ and Pp> are temperate weight functions, the integral exists for every

ξf e Ξn and it is a temperate weight function in Ξn.

The implication (1)=>(2) is trivial.

Suppose (2) holds. From the equation

for any u e @(RN) we have for any φ e 3>(Rn)

\<lP(D)ul(x'9 0), φ> I =

dt'T [I
S I P ( £ ) \p>

P'(k dτ is a slowly

increasing function of ζ'. From Taylor's formula P{ξ)— Σ -Vϊ-^ ( α }(0, τ)
| α ' | ^ 0 « !

S I P(α')^Γ) TΛ Ip'
1

 p / ^ ^'—dτ exists. Since μ(0, τ)

ξ'\k)μ(ξ'9 τ) with constants /c and C we have

Thus the trace mapping BPtfl(RN) 3 w->[P(D)w](x', 0)e&'(Rn) is defined.

Furthermore, we have for any u e

Since ^(i?"') is dense in Bp ̂ R"), [P(D)u] (x', 0) e Bp μ ^ (R») for any u e
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Suppose the trace [P(D)w] (x', 0) e Bpv(R' ) for any u e Bpμ(RN). As we have

shown before φ(ξ')Pp(ξ')lμ(ξ)e L>>'(ΞN) for any φeBp,tl/v(R"), that is,

Sn V'(ξ')

Thus we have for some constant CΛ > 0

Since v, // and Pp. are temperate weight functions, the estimate remains valid for

every ξ' eΞ" and therefore we have v(ξf)^CιμPjP'(ξ') for all ξ' eΞ".

Clearly (3) implies (4).

Suppose (4) holds. For any u e @(RN) we have

', 0)||S iV = ( - ^

n+pm

and therefore

\\\_P(D)u-\ (*', 0) | | P j v ^ (-^-) W / " 'c 2 | | i ί | | P i μ .

Since @(RN) is dense in Bpμ(RN), the estimate holds true for any u eBpμ(RN).

PROPOSITION 2. Suppose the integral

_ J _Jf Kit'. τ)dτV*'
μp,P'(ξ') \)Ξ-μ''(ξ', τ) I

is finite. A necessary and sufficient condition that the trace mapping

Ίϋ: Bp,μ(R»)3 u • IP(DM(*', 0 )eB p ^ p , {R»)

may be an epimorphism is that one of the following conditions is satisfied:

(1) The range of the transposed map '15 is closed in Bp Λ/μ(RN).
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i f I Pit' τ ) \ p ' } ~XIP'

(2) vp(ξ')=<\ -—P>,1, v dτ\ is a temperate weight function in

Ξn.

(3) If f(ξ')P(ξ)lμ(ξ)eLP'(ΞN) with a locally integrable function f(ξ%

thenflμPtP.eLP\Ξ»).
In this case, vp> ~μP,p>, namely, there exist two positive constants Cu C2 such that

PROOF. For any fe &(RN) and υ e @(Rn) we have

and

Since @(R») is dense in B p , f l / μ ? (Rn% we have tΊ9υ(ξ) = v(ξ')P(ξ) for any 1;

and therefore O(ξ') = 0a .e . in Ξ'\ which implies v = 0. Thus the map Tg is an

epimorphism if and only if the range of f(9 is closed in Bp>Λjμ{RN).

Suppose (1) holds. Then there exists a constant C such that

for any veBp>Λlμ^, (Rn), and hence

which implies llμPp^CIvp'(ξf)^CIμpfP'. Thus vp> is a temperate weight function

inΞ" and vp,~μPιP..

Suppose (2) holds. We shall first note that vp>~μPtP'. For any ηeΞN with

\η\ g 1 there exist two positive constants Cί9 C2 such that

vp:(ξ' + η') ) s m μ?'(ξ + η) "T =

By Taylor's formula P(ξ + η)= Σ — r ^ ( α ) ( ξ ) w e c a n fin(i a positive constant
||;>o α!
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C 3 such that

and therefore vp.~μp9P.. Suppose f(ξ')P(ξ)/μ(ξ) e LP'(ΞN) with /({') e L}0C(Ξ»).

From the relations

and vp, - μp9p, we obtain / / μ ^ e D>'{Ξn).

Suppose (3) holds. We shall first show that \ ' y^X dτ>0 for any

ξ' eΞn. Let ξ'o be any point of Ξn and B be a closed unit ball with center at ξ'o.

Let E be the set of feL\oc{Ξn) such that s u p p / c β and

Then £ is a Banach space with the norm

ll/llfi' =

Let feE. Then feL}0C(Ξ") and f(ξ')P(ξ)lμ(ξ)eD>'(ΞN) and therefore

eL p ' (S n ) by (3). By the closed graph theorem the map f-*flμptP> is continuous

from E into Lp'(Ξn). Let β ε be a closed ball with center at ξ'oeΞn and radius

ε, 0 < ε < l . If we take the characteristic function / on Bε, then there exists a

positive constant C independent of ε (depending on ξ0) such that

< \ (J
where \Be\ stands for the Lebesgue measure of Bε. Passing to the limit ε-»0,

we have

μp (ξ'o, τ)

Let us now show that the range of %% is closed in Bp'Λ/μ(RN). Let {vJ(ξ')} be

any sequence of Bp,Λ/μ^ (Rn) such that 'TovJ tends to M in Bp>Λ/μ(RN). Then f ^

= β 'ίξOPω/μίO tends to ύ/μ in L^(Ξ^) and therefore fr/({') I ί i ^ ξ ^ t / τ l V P '

is a Cauchy sequence in LP'(Ξn). From the fact that \ ^P$}\ dτ>® f o r

ξ'eΞn, t\ξ') tends to/(ξ ') in L\oc(Ξn) and we can write "fi =/({ ')^(0 From
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Ulμ=f(ξf)P(ξ)lμ(ξ)eLP\ΞN) and (3) we obtain flμPtP,eLP'(Ξ»), that is, fe

βpM/μ- ,(&")- Thus u belongs to the range of %%9 which completes the proof.

If P(D) is a polynomial in Dt and

then vp> is a temperate weight function in Ξn. By virtue of Proposition 2 the trace

mapping M->[P(Df)w](;x'', 0) from Bpμ(RN) into BpVp,(Rn) is an epimorphism in

this case.

4. Trace theorems

Let μ = μ(ξr, τ) be a temperate weight function defined in ΞN. We assume

that for some non-negative integer M

For any fc = (k1,..., fcm), fcy being a non-negative integer, such that |fc|^M we put

and consider the trace mapping %:

Π

For p = 2 we have already obtained the following theorem and its corollary in

our previous paper [2].

THEOREM 1. A necessary and sufficient condition that the mapping %:

B2μ(RN)3u-+{Dku(xf, 0)}e Π B2tVkt2(Rn) may be an epimorphism is that
\k\<.M

one of the following conditions is satisfied:

(1) The range of the transposed mapping x% is closed in B2 lffl(RN).

(2) There exists a positive constant C such that det |/c f c + / |^C Σ κ2k,
\k\<LM

(3) // ueB2Λlβ(R») and ύ(ξ)= Σ Λ(£V, then fklvk,2eL\Ξ») for

(4) IfueB21JRN)andύ(ξ)= Σ fk(ξ')τk, then
' ' \k\<.M

U(ξ\ τ l 5..., τj.u ^ τ i + 1 , . . . , τm)/μ(ξ) eL\Ξ")
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forj=l929..., m.

COROLLARY. // μ(ξ\ τ l 5 . . . , τj_i9 2xj9 τ J + 1 , . . . , τm)^Cμ{ξ\ C being a posi-

tive constant, for j=ί, 2,..., m, then the mapping % considered in the theorem is

an epimorphism.

For any p with 1 < p< oo we have

THEOREM 2. 77ie trace mapping % : J3PM(#N)9i/-»{Z)ίu(x',0)}e Π
\k\<.M

BpVktP,(Rn) is an epimorphism if and only if the range of the transposed

mapping r<© is closed in Bp,tί/μ(RN).

PROOF. We first note that the transposed image *1DO of v = {vk} e Π

Bp,Λ/Vkp,(R") has the form

It is sufficient to show this relation when vk e 3>(R"). For any / e @>{RN) we have

<ty, t> = (^)" Σ

- (id"Σ

and therefore tf^ϋ(ξ)= Σ ^(ξ /)τ k. By this relation we see that the transposed
\k\<,M

map f ^ is injective. Thus the map u5 is an epimorphism if and only if the range

of 1ΊD is closed in Bp>Λ/μ(RN).

THEOREM 3. The following conditions are equivalent:

(1) If ueBp,Λ/μ(R») and ύ(ξ)= Σ /*(«>*, then fk/vktP>eLP'(Ξ») for
\k \<LM

any k with \k\^M.
(2) IfueBp,Λ/μ(R")andU(ξ)= Σ M?}ck

9 then
\k\<.M

for every j = ί, 2,..., m.

(3) //«6B ί,-, 1 / μ(RΛ ')α«<iβ(0= Σ fk(ξ')τk, then
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for any non-negative integers ij.

In this case, the trace mapping % : Bpu(RN)3u->{Dku(x\ 0)} e Π

BpVk p, (Rn) is an epimorphism.

PROOF. (1)=>(2). Suppose (1) holds. Then fk/vKp>e Lp\Ξn), that is,

fk(ξ')τk/μ(ξ) e LP'(ΞN), and then fk(ξ')τk/2kJμ(ξ) e Lp'(ΞN). Thus we have

ύ(ξ'9 τ l f . . . , -IL,..., τ w )/μ = Σfk(ξ')τkl2*Jμ(ξ) e LP'(ΞN) .

(2)=*(3). Suppose (2) holds. Then ύ{ξ\ τ 1 ? . . . , - iL. . . , τm)/μ 6 L"'(ΞW)

and fl({', τ 1 ? . . . , ^L,. . . , τ m )=Σ*Λ(ί ' )τV2 k ^eLi ' ' (S w ) , which implies

w κ \ τ 1 ? . . . , -^-,. .J τmjlμeLp'(ΞN)t Repeating this procedure, we have (3).

(3)=>(1). Suppose (3) holds. Then ύ(ξ\ -g-,..., ^ / μ e L ^ ^ ) for any

non-negative integers ij and

ϋ(ξ', -fc,..., £)/μ(ξ) = ΣMΊ(jk)kι {J£yml

For any fixed / l 9 . . . , /OT_! if we take Ϊ W = 0 , 1,..., M, then we have

for each /tm = 0, 1,..., M. Repeating this procedure, we have fk(ξr)τk/μeLpf(ΞN)

for any k with |/c|^M, which means fklvkp,eLp'(Ξn).

We shall next show that the range of ^ is closed in Bp>Λ/fl(RN) when (1)

holds true. Let ϋJ={vJ

k}eHf = Π Bp>Λ/Vktp,(Rn) and suppose *%& con-

verges to u in β_, ί/u(RN). Namely Σ v{(ζ')τklμ converges to ύ/μ in LP\ΞN).
. . . l * l ^ M

From the fact that μ is a positive-valued continuous function, we see that
Σ,kH(ζ')τk converges to ύ in Ljoc(ΞN). Thus we can write w= Σ fk(ζ')τk

\k\£M

with fkeLj0C(Ξn). By the condition (1) fJvkiP,eLp'(Ξn) for |/c|^M. If we

take vk = &-l(fk\ then vkeBp.Λ/Vk p,(Rn) and M = Σ ^ ' ) τ f c . Thus the range

of f© is closed in Bp,Λ/μ(RN). By virtue of Theorem 2 the map (5 is an epi-

morphism.

COROLLARY. // μ(ξf, τu...9 τ^u 2τj9 τJ + 1,..., τm)^Cμ(ξ) with a positive

constant C for j = 1, 2,..., m, then the trace mapping Ίθ : Bpμ(RN)3u-+

{Dku(xf, 0)} 6 Π βp.vfc.pΛK") ™ an epimorphism.

PROOF. Bpμ(RN)c:Bpv(RN) if and only if there exists a positive constant C
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such that v^Cμ. Henee the condition μ(ξ\ τl9..., 2τj9.-..9 τm)^Cμ(ξ) means that

u(ζ', τ l s . . .,-ίi-,..., τmVμeLP'(ΞN) for any ueBp>tί/μ(RN). Since the condition

(2) of Theorem 3 is satisfied, the map % is an epimorphism.

PROPOSITIONS. Let {fΛ be an arbitrary element of Π β

D^ XRn)

and suppose for each k there exist a positive valued continuous function λk on

Ξn and a slowly increasing continuous function Φk on Ξm such that

μ(ξ', λk(ξ')τ) ^ λ[^^lP\ξ')vKp{ξ')Φk{τ).

Let \l/e@(Rm) such that ψ = l in a neighbourhood ofO. If we put

thenusBPιμ(RN) and D*u(x', 0)=fk(x')for \k\£M.

PROOF. By the equations

= Σ

we have

ί \U\Pμ'dξ
J ΞN

J j Λ ( O I * v ^

Thus u EBPffl(RN) and clearly Dk

tu(x\ 0) =fk(xf) for |fc| g M .

EXAMPLE. Let μ be written in the form

where μγ and μ2 are temperate weight functions defined in Ξn and a is a real num-

ber with a>m/pf. Let M be the largest integer such that M<a — m/p'. Then

we have

, p p ' ) / β for \k\ ύ M.

If we take λk = (μι/μ2y/a and ΦΛ(τ) = l + |τ|Λ for |fe|<fl-m/p', then
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μ(ξ'9 λk(ξ')τ) ^ Cλ[^P'(ξ')vk,p.(ξ')Φk(τ).

In fact, we have

_ J = | ί L ^ dτ\llP'
v t.,.(ί') \ ) * - (Aί.(ί') + I T I 'μ2(ξ'))r' I

ί i f |τ»K
)

and

Then Proposition 3 is applicable to this case; that is, for any given f={fk}e

Π Bp,Vfc ,,(*") if we take

with ι/̂  e @(Rm) such that ψ = l in a neighbourhood of 0, then u eBpμ(RN) and

0)=/k(x') for

5. The relation between trace mappings and other notions

Let us recall the concept of multiplication of distributions. Let w, ve

@'(RN). If the distributional limit lim (u*pj)v exists for every <5-sequence {p, }
j-KX)

on RN, then the limit is uniquely defined and it is called the multiplicative product

of u and v in the strict sense and denoted by u v [7]. In this case the distributional

limit limw(t;*pJ) exists for every (5-sequence {pj}, pjβ @(RN) and \im{u*pj)v
j-*<X> j -* CO

= limκ(ί;*p/).

For any φe@(RN) such that φ ^ O a n d \ ^φdx = l we put φε(x)=-pϊφ(γ)

for small ε > 0. If the distributional limit lim (u*φε)v exists for any φ and does not
εiO

depend on the choice of φ, then the limit is called the multiplicative product of

u and v and denoted by uv. The product uv is also defined as the distributional

limit of (u*pj)v for any restricted <5-sequence {pj}, which is a sequence {pj},

ρje9{RN\ such that (i) suppp,—•{()} asJ-»oo, (ii) \ p/Jx-»l as j-^oo and (iii)

\ \x\^\Dkpj\dx^Mk> Mk being a constant independent of pj [6, p. 91].

Let ue@'(RN) and \l/e@(R$>). By <u,ψ>x> we shall denote the dis-

tribution 6 3>'(R™) defined by
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and similarly, for any χe@(R?) we shall denote by <u, χ>t the distribution

6 ®\Rn

x>) defined by

9>(Rn

x,)Bφ > <u,φ ®χ>.

Let we3>'(Rψ) and ue@'(RN). If the product (\®w)u exists, then it is

called the partial product of w and u and denoted by wu [3, p. 170]. Let δ be

the Dirac measure on Rf. Then the partial product δu exists if and only if

δ<u, φ>x> exists in @'(R™) for any φ e ^(R^). In this case <δu, φ>x> = δ<u,

ψ>x>. Also <5M is defined as the unique limit lim (δ*pj)u = lim p u or equivalently
j-*O0 J-^OO

limδ(u*tpj) for any restricted ^-sequence {pj}, pjeS>{Rψ), where *, means the

partial convolution with respect to the variable t.

In accordance with S. iojasiewicz [5, p. 15] we say that u e @'(RN) has the

section e @'(Rn) for ί = 0 if the distributional limit limiφc', εt) exists and does not

depend on ί, namely, lim<w, φε>t exists in @'(R$>) for any φeί&iR'p) with
iOε i O

^O, \φ(t)dt=l, and it is independent of φ. By the equation <u, φε>t®δ

= δ(u*tφε) we see that u has the section for ί = 0 if and only if the partial product

δu exists [4, p. 406]. In this case, if α e ^ ' ( R ^ ) is the section of w, then α =

lim <w, 0 ε > f , limwίx', εί) = α ® l r a n c ^ δu = u.®δ.
εiO εiO

If lim <w, Pj > f exists in @'(R%,) for any ^-sequence {pj}, pJe2{Rψ)9 we

shall say that u has the section for ί = 0 in the strict sense. Then, by the equation

<u, Pj>t®δ = δ(u*tpj) we see that the partial product δ u exists if and only if

u has the section for ί = 0 in the strict sense.

THEOREM 4. For the space Bpμ(RN) the following statements are equivalent:

(1) The trace mapping BPtfl(RN)3u->u(x\ 0)e&'(Rn) is defined.

(2) The section for t = 0 exists for every u e Bpμ(RN).

(2)' The condition (2) holds in the strict sense.

(3) The partial product δu exists for every ueBpμ(RN), where δ is the

Dirac measure in R*p.

(3)' The partial product δ u exists for every u e Bpφ(RN).

(4) The distributional limit lim(l®δ)(u*pi) exists for a fixed restricted

δ-sequence {pj}, pje @(RN\ for every u eBpμ(RN).

(5) The distributional limit lim pjU exists for a fixed restricted δ-sequence

{pj}, pj e 9(R?\ for every u e BJ(R»).

PROOF. We have already noted the equivalences (2)<*>(3) and (2)'o(3) /.

The implications (3)'=>(3), (3)/=>(4), (5) are trivial. It suffices to show the im-

plications (1)=>(3)', (4)=>(1) and (5)=>(1).

(1)=>(3)'. Suppose (1) holds. Then φ®δeBp,Λ/μ(RN) for every φ e @(Rn).
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Let u eBpμ(RN). Then u*pj converges to u in Bpμ(RN) for any ̂ -sequence {pj}9

Pj e @(RN). In fact, we have

\ \(u*Pj-uΓ\pμpdξ = \ \ύ(βj-l)\>μ'dξ
JΞN J ΞN

g sup |/5 ; - l \ > [ \u\rμ'dξ
JΞN

and pj converges to 1 boundedly and uniformly on every compact subset of ΞN

when j - * oo. For any φ e @(RN) we have

» Φ> a',9 = <u*Pj> Φ(x

which implies the existence of lim(l®5)(w*pJ ). Thus the partial product δu

exists.

(4)=>(1). Let {pj}9 PjG^(RN)9 be a fixed restricted ^-sequence. For each

j the map

BPfμ(RN)3 u • (1 ® δ)(u*pj) = (u*pj)(xf

9 0) ® δ e ®\

is continuous, for the map u-+u*Pj is continuous from @'(RN) into #(RN).

By the Banach-Steinhaus theorem the map

Bpμ(RN)BU > lim(1 ® δ)(u*pj)e&'(RN)

is also continuous. Thus, for any φe@(RN) there exists wφeBp>1/μ(RN) such

that

( l ®δ)(u*pj), φ>9.t9 = < w , wφ>Bp, μ Bp,>1/μ.

If we take w = αe ^(KN), then

<α(5, φ>Q'y9 = <α, (/>(x', 0) ® ̂ > = <α, w ψ >.

Since ^(ΛN) is dense in Bpμ(RN), φ(x\ 0)®δ = wφeBp,Λ/μ(RN)9 which means that

the trace mapping is defined.

(5)=>(1). Let {pj}9 pjeS>{R1p), be a fixed restricted ^-sequence. Then the

map

BPtμ(RN) BU > pju e ®'(RN)

is continuous. By the Banach-Steinhaus theorem the map

BPtμ(RN) BU •lim pju e @'(RN)
JC
J-+CO

is continuous, and limpJ u = w(x/, 0)®δ for any u e @(RN). Thus the trace map-
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ping is defined.

We suppose l/μ(0, τ)eLp'(Ξm) and put v(<!;')=<\ - p > , ^ dτ> . Let

toeRm and ue&(RN). Then τ.toue&(RN) and (τ_ f o wΓ=e ί < ί o ' τ > w. In the

proof of Proposition 1 we have shown

Thus the trace ι/( , ί0) on t = t0 belongs to the space BPtVp,(Rn) for any ue

Bpμ(RN). For any u eBP f i(RN) there exists a sequence {uj}9 Uje^(KN) such that

u = limUj in Bpμ(RN) and we have
j->oo

lit//-, /o) - u(.9 to)\\PtVp, ^

Thus u / , ί0) converges to «( , ί0) iπ BPiVp,(Λ") uniformly with respect to t0.

Since ί->u/ , t) are BpVp,(i?w)-valued continuous functions, w( , ί) may be con-

sidered as a Bp^X^Ό-valued continuous function u(ί) of ί. Thus we have the

following

PROPOSITION 4. Suppose l/μ(0, τ)eL p ' (S m ) . T/î n ei βr;; ueBpμ(RN) is

identified with the BpVp/(Rn)-valued continuous function u(t), where vp>(ξ')
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