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1. Introduction

In the n-dimensional Euclidean space Rn

9 we are concerned with the

differentiability properties of Riesz potential U% of order α, 0 < α < n , of a non-

negative measure μ. The potential U% may fail to be differentiate at any point

of Rn, since l/J may take the value oo on a countable dense subset of Rn. We

are therefore motivated to relax the requirement in the definition of differen-

tiability; in fact, if we restrict the set of approach to x°, then we may be able to

conclude

Um Wl(x)-Ui(xo)-L(x-x°)\ -Q

Λ ι*-*°ι
where L = Lxo is a linear function. The following problems are proposed here:

(i) Characterize the excluded set E in an appropriate manner,

(ii) Evaluate the size of the set of all x° at which Uμ

Λ is not differentiable

in such a sense.

Before finding answers to these problems, we fix some notation which will

be used in this note. For a point x = (xl9..., xn) e Rn and a multi-index γ = (yu...,

γn\ we define

γl = 7i! yπ!, |y| = y1 + - + yn.

We denote by RΛ the Riesz kernel of order α. Fix a point x° e Rn and set

Km(x,y) = Ra(x-y)- Σ -~ (X

for a positive integer m.

A set E is said to be α-thin at x° either if x°&E\{x0} (the closure of E\{x0})

or if x° e E\{x0} and there is a non-negative measure μ satisfying

liminf U%x) > Uμ

a{x°).
x->x°,xeE,{x°}

Our first aim is to prove the following theorem.
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THEOREM 1. Let μ be a non-negative measure such that

(1) [\x° - y\«-m-ndμ(y) < oo.

Then there exists a Borel set E<=Rn which is a-thin at x° and satisfies

lim |x - x9\-»[κm(x, y)dμ(y) = 0.
x-*x°,xφE J

Next we consider the case when μ has a density in Lp(Rn), \<p<oo. Let-

ting G be an open set in Rn, we define the capacity

where the infimum is taken over all non-negative measurable functions g such

that g vanishes outside G and U9

a(x)^l for all xeE. A set EczRn is said to be

(α, p)-thin at x° if

JEk; B(x°, 2))]1/^~1) < oo, in case ocp g n,

X°$ΞE\{X0}, in case <xp > n,

where Ek=EθB(x°9 2-k+1)\B(x°, 2~k), B(x°, r) being the open ball with center

at Λ:0 and radius r.

REMARK. In case ocp<n, E is (α, p)-thin at x° if and only if

Cβ,p(£ Π B(x°, r); J5(χθ, 2))]1/<i"1) - ^ - < oo.

Thus our thinness in this case coincides with the thinness defined by Meyers [4].

For a proof, see the Appendix. We also refer to Adams and Meyers [1].

THEOREM 2. Let f be a non-negative function in Lp(Rn) such that \\x° —

y\a~m~nf(y)dy< oo and

Jβ(jc°,r)JO

Then there exists a set £<=JR" which is (α, p)-thin at x° and satisfies

lim \x - x°\-m\κm(x, y)f(y)dy = 0.
χ->x°,xφE J

Our theorem corresponding to the case ra = 0 has been proved by Meyers

[4; Theorem 3.1].
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2. Proof of Theorem 1

To prove Theorem 1, we use the following elementary lemmas.

LEMMA 1 ([2; Theorem 5.2]). A set EaR" is a-thin at x° if and only if

where Ek = E Π B(x°, 2-k+1)\B(x°, 2~k) and Cα denotes the Riesz capacity of

order α. This is equivalent to

LEMMA 2. Let λ be a non-negative measure and set A = {xe Rn; C/£(x)^l}.

Then Ca(A)^2»-"λ(Rn).

Lemma 2 follows readily from a maximum principle (cf. [2; Theorem 1.10]).

LEMMA 3. There exists a constant C>0 such that

\Km(x, y)\ g C\x - χθ\>»\y - x°\"-m-"

whenever |x —y|^|x—x°|/2.

PROOF. In the case where \x-y\t\x-xo\l2 and | X ° - J ; | ^ 2 | X - X O | , it

suffices to evaluate each term of Km separately. In the case where \x° — y\ >2 |x —

x°|, we apply the mean value theorem for the function

and obtain the desired result.

PROOF OF THEOREM 1. By Lemma 3, we can apply Lebesgue's dominated

convergence theorem to obtain

lim |x - x°\-"\ KJx, y)dμ{y) = 0.
x^x° J\x-y\^\x-xQ\l2

For each integer fc, we set

« * = ( . . . .Λy-xΎ-^dμtt).

Then Σ?=i βfc<°° by o u r assumption, and hence we can find a sequence {bk} of

positive numbers such that lim^oo bk=co and Σ?=i akbk<co. Consider the set
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p(k) __ )Ύfz ί?« 1-k < |v — γθ| <r J-k+ί
Xi — S A c Λ , Zr ^ |Λ A I N L ,

)\χ-y\<\χ-χ°\/2

Then from Lemma 2 it follows that

< 2n-*2kmbk{ dμ(y)

so that Σ?=i2 f c ( w~α )Cα(E (*>)<oo. If we set E=\jf=ίE^k\ then we see from

Lemma 1 that E is α-thin at x°. Moreover,

lim \x - x°|-m\ |x - y\*-ndμ(y) = 0,
x-+χθ,xφE J | | | ° | / 2

which yields

lim |x-χθ|-mf Km(x,y)dμ(y) = 0.
x-*x°,xφE J\χ-y\<\x-x°\/2

Thus we obtain limx^xotXφE\x-x0\~m\Km(x9 y)dμ(y) = 0.

COROLLARY. Let l < α < n and let μ be a non-negative measure such that

U£(x°)<oo and l/S-i(x°)<oo. Then there is a Borel set E<=:dB(O, 1) such that

lim uϊ(χ° + r& - U*(χ0> = (fl-oofo- c0, ξ)\y-x°\*-2-ndμ(y)
riO T J

for every ξedB(O, 1)\E, where ( , •) denotes the usual inner product in Rn.

For this, we have only to note the following lemma which can be proved by

Lemma 1.

LEMMA 4. For a set AczRn, denote by A~ the set of all points z edB(x°9 1)

such that x° + r(z-x°)eEfor some r > 0 . If E is oc-thin at x°, then CΛ{Γ\k^i{E n

REMARK 1. We say that [7J is α-finely m times differentiate at x° if the

conclusion of Theorem 1 holds. If 0 < m < α and U%φoo, then U% is α-finely

m times diflferentiable on Rn except possibly for a set A with Cα_m(>l) = 0; in fact,

A = {xeR»; U^m(x) = co}.

REMARK 2. In Theorem 1, Condition (1) is needed. For example, we can
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find a non-negative measure μ such that l/£(O)<oo and HmJ C_O j c e

Ufί(O)'] = - oo for some E which is not α-thin at 0. It is easy to see that this

is not α-finely differentiable at O.

To construct such μ, let

A = {y = (/, yn)eR»-* x R*; | / | < yJ2, \y\ < 1},

^ = {y = (/, yJeΛ-"1 x R1; (/, -

and consider the potential

u(χ) = [ \χ - y\*-n\y\
JB

Then u(x)<oo for all xeRn. We shall prove l i m ^ o ^ ^ |x|-1[w(0)-w(x)] = oo.

There is a constant C > 0 such that

|^|α-Λ - |x - y\"-n ^ C|x| l^h- 1-"

whenever xeA,yeB and |y |>2 |x | . Noting that \x — y\>\y\ whenever xeΛ

and y e B, we obtain

M-'tXO) - M(X)] ^ c[ \y\*-l~n\y\-*+i/2dy
J{yeB;\y\>2\x\}

> cx) as x > 0, xeA.

With the aid of Lemma 1, one sees easily that A is not α-thin at 0.

REMARK 3. Let £ be a set which is α-thin at x°. Then there exists a

non-negative measure μ such that \\x° — y\a~m~ndμ(y)<oo and lim^^^o^.^ |x —

To prove this fact, take sequences {ak}, {bk} of positive numbers such that

l i m ^ ^ ak=oo and

Σ2ki*-a)aklCJtEJ + fcj < oo, Ek = E n B(χθ, 2- f c + i )\^°, 2" fc).

For each k we can find a non-negative measure μfc with support in B(x°, 2~k+2)\

B(x°, 2-*"1) such that μfc(R")gCα(£fc) + V and C/SKx)^l for all xeEk. Set

^ = Σ ^ i 2-*mαfcμfc Then (|x° —j;|α-m-wrfμ(j;)<: oo. This gives:

(2) lim \x - x 0 ! ' - ^ |x° - y^'^dμiy) = 0
° J | | | 0 |
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for i = 0, 1,..., m;

(3) lim |x - x°\-4 \χ - y\a~ndμ(y) = 0;
x-*x° )\x-x°\/2£\x-y\<5\x-x°\

(4) lim |x - x°\-m[ Km(x, y)dμ(y) = 0.
x-+x° )\χ-y\Z\x-x<>\/2

On the other hand we have

liminf |x - x°\-m\ |χ - y\a~ndμ(y) ^ lim inf 2-makU
μ

Λ

k(x) = oo,
x-+x°,xeE J|jc-yJ<5|x-Λ°| k-*oo xeEk

which together with (3) implies

(5) lim |x - xΌ\-m{ |x - yKndμ(y) = oo.
x-*x°,xeE J\x-y\<\x-x°\f2

By (2), (4) and (5), we obtain

lim |x - x°\-4κjtx9 y)dμ(y) = oo.
oE J

REMARK 4. Let m and μ be as in Theorem 1. If, in addition, there are
constants C>0 and r o >0 such that μ(B(x, r))^Crn+m'a for all xeB(x°,r0)
and all r>0 with r < r 0 , then

lim |x - x°\-m\κm(x9 y)dμ(y) = 0,

i.e., XJμ

Λ is m times differentiable at x°.

For this it suffices to prove

(6) lim |x - x°\-m{ |χ - y\"-"dμ(y) = 0.
x->x° J\x-y\<\x-x°\/2

Set α(r)= ( \y-x°\a-m'ndμ(y) for r>0. Then α(r)->0 as r 4 0 and
J | ° | <

μ(B(x°, r)) ̂  α(r)rπ+m-α for r > 0.

Hence for fe>0 and r= |x-x° | ,

|x - y\*~ndμ(y) ̂  (br)*~nμ(B(x° , 2r))
^ | | < / 2

On the other hand,
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f |x - y\*-dμ(y) = \brμ(B(x, t))d{-t«-»)
J\χ-y\<br JO

^ (n - (x)Cm-ίbmrm

if \x-x°\<r0 and br<r0. Taking b = α(2r)1/2(π-α>, we obtain (6).

3. Proof of Theorem 2

First we shall be concerned with the case ap^n. In the proof of Theorem 1,
we have shown that

lim \x - x°\-*[ Km{x, y)f(y)dy = 0.
x-*x° .)\x-y\Z,\x-x°\/2

Let a(r) be a non-increasing positive function of r>0 such that lim,.|0 α(r)=oo,

f*\rι*-*>p-«a{r)[ f{y)pdy\KP"l) — < oo.
JoL JB(x°,r) J

Consider the set

; 2"fe ^ |x - x°| < 2~k

for each positive integer k. By definition,

CβtP(£<*> B(x°, 2)) ^ 2k»M2-*

Setting £ = w? β l £ ( Λ ), we have

f [2fc(«-^)Cαp(£ n B(x°, 2-k+1)\B(x°9 2~k); B(x°,

oo Γ C Ί1/(P~1)
^ Σ 2fc(«-αP+^)α(2-k)\ / W d y < oo,

fc«lL J|y-x°|<2-k + 2 J

which implies that £ is (α, p)-thin at x°. We also derive

lim |x-x°|-»f Xm(x, y)/(y)dy = 0

and thus obtain our theorem for αp^n.
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Next we treat the case ocp>n. For this purpose it suffices to prove

lim \x - x°\-m{ \x - y\*~nf(y)dy = 0.

χ->x° J\x-y\<\x-x°\/2

Γ2rΓ r ~]l/(p-l) r

Letb(r)=\ IS^-^P-Λ f(y)pdy\ s~1ds9r>0. Then \ f(y)pdy^
JO L JB(x°,s) J JB(x°,r)

const. fc(r)p~1rM"(α~m)p. Consequently, using Holder's inequality, we obtain for

\x - χθ\-m\ \χ - y\*~nf(y)dy
J\x-y\<\x-x°\/2

J|*-y|<|*-*°|/2

^ const. b(2\x - x°\y/p' > 0 as x > x°.

The proof is now complete.

REMARK 1. Let/be a non-negative function in Lp(Rn) and set

/(yYdy}1

JB(x,r)

= ooj,

( P " 1 ) _ ^ = ooI

If 0 < m < α and ί/{_w#oo, then Ca^mtP(E1 Π 5(0, α); β(O, 2α)) = 0 for every

α>0, which is equivalent to Ba_mp(Eί) = 0. Here B α _ m p denotes the Bessel

capacity of index (α —m, p) (cf. [3]). We also have Ba_mp(E2) = 0 on account

of [4; Theorem 2.1]. By these facts and Theorem 2, we may state that the

potential Uζ is (α, p)-finely m times differentiable JBα_wp-q.e. on Rn if Uζψco.

REMARK 2. Let α;?^n and let £ be a set satisfying

where Ek = E n 5(x°, 2"fc+1)\B(x°, 2"*) and Gfc = B(x°, 2-fc+2)\5(x°, 2" f e-1). (This

is stronger than the condition that £ is (α, p)-thin at x°.) Then there is a

non-negative function feLp(Rn) with the following properties:

(7) J|x° - y\*-m-"f(y)dy < oo;

(8) (°°Γr(α-m)p-J / 0 ; ) ^ Ί 1 / P - ^ - < oo
J o L Jβ(jcθ,r) J r



Fine Differentiability of Riesz Potentials 513

(9) Um \x - x°\-m[κm(x, y)f{y)dy = oo.
x-*x°,xeE J

To construct such/, take sequences {ak}, {bk} of positive numbers such that

limk_o oα f c=oo and

tp^-^aζ{Cx,p(Ek; Gk) + bk}γi" < oo.

Then for each fc, there exists a non-negative function fk such that fk — 0 outside

G* ll/JS<CβfJ,(£ fc; GfcH&t and ί/{k^l on Ek. Consider the function / =

Σ f - i 2~mkakfl Then (7) is fulfilled and

00 Γ f Πl/n

Σ 2*(»-«P+-«P)\ /t^^έfy < oo,
fc=lL Jβ(x°,2-fc) J

which yields (8). As in the proof of Remark 3 in § 2, / is seen to satisfy (9).

4. Appendix

We shall show below that in case <xp<n, a set EcRn is (α, p)-thin at xΌ if

and only if

\ C Λ i P { E Π B(x\ r);B(x°9 2))y«p-»^L < oo,
o f

which is equivalent to

[\r*P-nBαp{E Π B(x°, Λ ) ) ] 1 / ^ " 1 ) — < oo.
Jo ty r

Ifp>2, then l/(p-l) < land

^ const. Σ [ 2 k ( n - a ^ C a p (E f c ; B(x°,
fc=l

where £fc = £ n B(x°, 2-k+ί)\B(x°, 2"fc). If p^2, then we have

C. iF(£ Π B(x°9 r); B(x°, 2)) ̂  Γc β i P (B Π B(x°, 2s)\β(x°, s/2); 5(x°, 2 ) ) - ^ - ,
J θ 3

so that the inequality of Hardy (cf. [5; Appendices, A.4]) gives
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rn-n dr[r*P-nCΛtP(E Π B(x°, r) B(x°,

^ const.[\s*P-ttCatP(E ΓΊ B(x°, 2s)\B(x°, s/2);B(x°,

These arguments readily yield the required assertion.

s
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