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1. Introduction

The linear differential equation
n 2 J 2y =
(1.1) 2" — 2y =0,

where z is a complex variable and g is an integer larger than n, has an extended
form of the well-known Airy equation. For n=2 and q=3 (1.1) is exactly the
Airy equation which has a long history of investigations. Two linearly inde-
pendent entire solutions of the Airy equation Ai(z) and Bi(z) are called the Airy
functions of the first and second kind, respectively. Their properties have been
studied in great detail (see [5, 6]). For instance, we here give a brief exposition
of the global behavior of the Airy function of the first kind
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Ai(z) is recessive on the positive real axis argz=0 and admits the following
asymptotic behavior as z tends to infinity:
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The negative real axis arg z= + = is the actual Stokes line of 4i(z). By means of
the asymptotic behavior (1.3) and an application of the principle of the argument,
we see that zeros of Ai(z) are located in a small sector including the Stokes line,
more precisely, just on the Stokes line, and moreover can obtain an exact number
of zeros contained in a disk with a sufficiently large radius, though we can also
use Lommel’s method to know the zero-free domains of Ai(z).

C. A. Swanson and V. B. Headley [7] defined the Airy functions of the first
and second kind satisfying a second order linear differential equation of the form
(1.1), where g is an arbitrary integer larger than 2, in terms of the modified Bessel
function of the first kind and investigated continuation formulas, linear depend-
ence relations, zero-free domains, the distribution of zeros and other properties.

In this paper we shall define the Airy function of the first kind satisfying the
higher order linear differential equation (1.1) which reduces to the original Ai(z)
when n=2 and g=3. As not explained explicitly anywhere, the Airy function of
the first kind should be defined as a particular entire solution of linear differential
equations of the form (1.1) which is principally recessive on the positive real axis
arg z=0. For that reasoning, we have to assume that n is even, i.c., n=2N, N
being a positive integer. _ o

In order to define the extended Airy function of the first kind, we first in-
vestigate the global behaviors of solutions of the linear differential equation (1.1).
Such investigations have been done by H. L. Turrittin [8], J. Heading [2] and B.
L. J. Braaksma [1]: 'But we here use our theory of solving a two point connec-
tion problem established in the papers [3, 4] to obtain the desired result. We
shortly explain our method (see [4: Section 8]). By the change of variables
z=1t" we can rewrite (1.1) in the form ’

(1.4) [2{2 — n}---{2 — n(n — 1)} — n*t1*]y =0,
where 2 denotes the differential operator t%. If we put

y1r=9J
(1.5)

yo={2 -—nn—p+ D2 —n(n—p+2)}-{2 —nn-1}y

r=213,..,n
and denote the column vector (yy, y,,..., ¥,) by Y, then we have
nn—1) 1 0
nn-2) 1
dY _
(1.6) = 0 Y.
n 1

argan 0 ceeeene 0 0
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A further application of the shearing transformation
(1.7 X = S(vY, S(t) = diag (t74(»= ), t=a(=2) =4 1)

reduces (1.6) to the system of linear differential equations

ax
(1.8) tW = (Ao + Aqtq)X,
where
P 0
do=| P2 Lp=(=-p+e  (G=12..m),
0
01
A 0" )
7 !
n" 0 ...... O

We now apply our general theory to this system of linear differential equations.
We can immediately obtain a fundamental set of solutions of (1.8) which are
expressed in terms of convergent power series

(1.9) &m=miqmw G=1,2,..,n),

where the coefficients G;(m) (j=1, 2,..., n) satisfy the systems of linear difference
equations

[ (m + p; — Ap)G;(m) = 4,G;(m — q),
(1.10)

G0 #0, G(N=0 (r<0) (G=12,..,n).
On the other hand, we derive formal solutions of (1.8) at t=o00, an irregular
singular point of rank g, with the following form

(1.11) X*() = exp (%— t‘f)t“* i:‘,o H¥*(s)t™s (k=1,2,..,n)),

where the characteristic constants 4, = nw}~! (w,=exp (2ri/n)), y,=(n+q) (n—1)/2
(k=1, 2,...,n) and the coeflicients H*(s) (k=1, 2,..., n) satisfy the systems of
linear difference equations

[ (lk - Aq)Hk(s) = (AO = Hx + 5 - q)Hk(S - ‘1),
(1.12)

H¥0)#0, H®) =0 (r<0) (k=1,2,.,n).
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Then we can prove the following expansion formulas, together with the explicit
determination of the Stokes multipliers T%;:

(1.13) X = 1 3 G
= 2 (32 ™ E B ©ghiim + 5) )
=35 TS B s) (=120,
k=1 1=1 s=0

where we put

1

o

r<——’”+f’;‘”*+1)

Q0
[ ity 5) =17 3 ghi(m + sy

(1.14)

[ 951(’”) = 7,1“

(wg =exp(2nri/q); j, k=1,2,..,n; 1 =1,2,..., q).

The functions x%(t, s) satisfy nonhomogeneous linear differential equations of
the first order and hence have the global integral representations which yield their
global behaviors in the whole complex plane. From (1.13) and the global be-
haviors of xX(t, s) we can consequently solve the connection problem for (1.8),
obtaining the following result:

(1.15) X,()~ kﬁ::l THXYY)  (j=1,2,.,n)

as t— oo in the sector S(Iy, ,,..., [,)=5,,(4;) N S;,(42) N --- n S, (4,), where

2n,

1
(1.16) S,(l,‘):——3£+%t-l§argl§t< -2 2

q

I running over all integers.
Returning to the original linear differential equation (1.1), we rewrite the

above result in the form of

THEOREM 1. Let y{(z) (j=1, 2,..., n) be a fundamental set of entire solu-
tions of (1.1) of the form

(1.17) y) =2 %

m=0

(ili[1 r'im+1+ 4 ;j))—l(z‘lq"‘)"'

(j=1,2,.,n).
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Then we have
(1.18) yi(2) ~ ,‘Z=Zl THy2) (=12,..,n)

as z—oo in the sector S(l, I,,..., 1,)=S},nS3,n--nSt, Sk(k=1,2,.,n)
denoting the sectors

(1.19)  S%: (2l = 3)n ———(k—l)<argz"<(21—l)7z———(k—1)

(l=0,+1+2,.),
where y*(z) (k=1, 2,..., n) are formal solutions of (1.1) of the form

(n )(n ) ©
(120) o) =exp(Lokizn)e IO

() =1; k=1,2,...,n),

hX(s) being the first component of the column vector H¥(s). In the above the
Stokes multipliers T%, are given by

Pj—Hi
1§ k 1 w,\ /T 1-1)(py—
21) Th=——371\(7 ff=DEmHI
2r) 2 n2 q
(n+4)(n—1)
=9 1 q~§(1—1)w‘(l(k—l)-n(t~1)){(j—1)+——2—-—"'”)fl"")}

n=1 1
(Zn)TnZ

Gok=1,2,n1=0,+1, +2,..).

As an example illustrating the above theorem, we consider the most simple
differential equation, where n=gq. In this case the linear differential equation
(1.1) has only constant coefficients and exp (wt~!z) (k=1, 2,..., n) are its global
solutions. The Stokes multipliers corresponding to (1.21) are rewritten in the
form

- k=1\j—
(1L22) T =en-"F a2 ) " Gok=1,2.,m),

which are independent of I, i.e., the sectors (1.19), and then the relations (1.18)
imply the identical formulas

23 y@ =27 F (T (m+ 1+ 22 L)) @y

m=0 \i=1

= —n”__"._ n—j 3 zmm
(27!)'-';—1”% " n.zsx:ol"(nm +n—j+1)
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~ X Tiny"(2)

n—j n ) .
= ( ’)lu T kz_:l(wf,")l“" exp (wk~1z) G=1,2,..,n).
2n) 2 n2 *°

This fact is easily checked by expanding the exponential functions in the last line
of (1.23) in terms of power series and taking account of the relation

{n (h=0),

3 U-DEmR = 3 =D =
k=1 0 (I<h<n-—-1).

k=1
As to the Stokes multipliers in other cases, refer to and compare with the results
in [8, 2, 1].

2. Definition of the extended Airy function of the first kind 4i(z)

We now define, as already explained, the extended Airy function of the first
kind Ai(z) by an entire solution of an even order, i.e., n=2N (N 21)-th order
linear differential equation (1.1) which is principally recessive on the positive real
axis argz=0. As a matter of course, such a function is uniquely determined.
In fact, we put and then obtain

@.1) 4i) = 3 ey ~ 5 (jgl & Th V@)
as z tends to infinity in the sector S(ly, I,,..., l,). Since the positive real axis

arg z=0 is included in the sector

q
2 S1,1,..,1,2,2,...,2)=Sin---nS¥nS¥*'n---nSP: 0 S argzn < %

and among the exponential factors of formal solutions (1.20) the exponential
factor for k=N +1 is principally recessive on the line arg z=0, we only have to
determine the constants ¢; (j=1, 2,..., n) by the equation

(2.3) ZoTh=dmer  k=12.,m),

where d;; denotes the Kronecker delta and /; is set equal to 1 for ISk<N and 2
for N+1<k<2N. We now calculate the determinant composed of the Stokes

multipliers appearing in (2.3) and its cofactors.
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N+1 TN+, TN+1
iyt TR-TiHi

N+2  TN+2...TN+2
T3 T33%Tii

T T -Tih
(2.9)

=N L@ NG-D  LLp=No-1)
I g oMY Wy
1 @7 @f ¥ DU=D... gl Dn-1)
- 1 w=! -..@-1G-1 e p=1n=1
=anq_%n(n l)w;NM 1 g wy (G-1) w; n—1)
1 1 . 1 e 1
it ceeh—1
1 wg 0 g~
1 co'f}’" ...a,‘(]N'—l)u—n ...a,‘(IN'-l)(n-l)
_nn(n—1)

_ - -N ,~N+ - N-
=a"g"q 2z oMV y(w7V, o7¥,..., 07!, 1, 0,..., o)1),

where we have put

(n+4)(n—-1)

=9 2 =+ —-n
(2.5) a =T M o ,

2n) 2 n
and V (x4, x,,..., X,) denotes the Vandermonde determinant. Let us denote the
cofactor corresponding to (1, j) element @ ;NU~1 of the Vandermonde determi-

nant in (2.4) by (—1)/*14;. Putting x;=w;¥N"1* (j=2, 3,..., n), each 4; (j=1,
2,..., n) has the following form:

1 xz...xé.—z x{...x;‘l

1 x ...x«i—z xi...x""l

(2.6) : :3 :3 .2 :3 = (xx = X)) Py j(x3, X3,..., X,)
: 25i<ksn

1 xpeoxi™2 xjexn?

G=12,...,n),

where P,_;(x;, X3,..., X,) is a fundamental symmetric function of degree n—j,
ie.,

P,_ (X X35.e0s X)) = X; X 000X
(2.7) n ,}( 25 N3seeey n) 2§i1<iz<z'"<in-j§n igViz in-y®

Po(X35 X350005 %) = 1 (j=12,..,n).
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Taking account of (2.4-7), we find from (2.3) that the constants c; (j=1, 2,..., n)
are given by

(= 1)i*14;
Van(og¥, 0¥, 1,..., ¥ 1)

28) ¢ = aiga =D M

(_ I)j+lP2N—](w;N+l:'“s l’“'y wlqv—l)
) NM(CO N+1 __ w;N)(w;N-f-Z — w;")---(a)f"’"l — (D;N)

= glgaUb

-fl i (n+49)(1—n) "
= Qn) 2 g W RUTU (L )P, (o7, 1., o}

2| [T s (3)]

In the above P,_;(w;N*,..., 1,..., }~1) can be calculated as follows:

G=12,.,m.

2.9) A =+ o) (x + gV (x + Deeo(x + 0 ) (x + 0]
=(x + I)It[ {x2 + 2xcos( 2; ) + 1}

= PonN'l + PleN—-Z + et Pn—zx + P,.—],

whence
_ _ 1 [
@10) Py y(@7* e Ly 07 = 1),[ & /(x)l=o
(G=12,...,n).

From this, we easily see that all P,_;(wz"*!,..., 1,..., ©}~!) are real number, that
is, all ¢; are real number, and moreover we have the symmetric relations

2.11) P,_(w;¥1,. ,1,..,08 ) =P;_ (0¥, 1,.., o))
J\%q q j q q
(G=1,2,..,N).

Thus we have defined the extended Airy function of the first kind Ai(z) as follows:

n Bj-
4i() =1 % (= 1)iga¥ ™D P (@, 1., 0 Yy (2),

(n+ll)(l n)

(2.12) S
7=(3) Ijsm( 0

We here make a remark. In the definition of the original Airy function of the
first kind and the like by C. A. Swanson and V. B. Headley the constant factor
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y is dropped and is included in the Stokes multipliers, but, for simplicity of later
considerations, we take the above definition (2.12) in this paper.

We shall now show linear dependence relations. It is easy to see that di(w}z)
(k=0, +1, £2,...) are solutions of the linear differential equation (1.1) and

(2.13) Ai(wtz) = jilcjy,(w:z)= ,Z ¢,0k=Dy (2)
= =1

holds. Let k; (i=1, 2,..., n) be mutually distinct modulo g. Then we have

(2.14) Ai(z) = i)":1 0 Ai(wkiz),
where
@.15) @ = (@8 = D(@§ = (@b — D@kt = 1)-( - 1)

(w'qtt —_ wﬁ‘)(w';’ —_ w";i)...(w:;i—l —_ w’;i)(w";in — w";l)(a)zn—w:l)
G=1,2,..,n),

which obviously reduces to the well-known relation and the like in [7] when n=2.
We can moreover calculate the Wronskian

W [4i(wk z2), di(wk2z),..., di(wkrz); 2]

(2.16) =cycc, [1 (0k — ok
15i<jgn

— e : kj—kg ) {( kj+ki _l_) .}
o cnléilzljgnsm(————q 7 )exp g + 5 )i -

From this, it follows that Ai(wk'z) (i=1, 2,..., n) make a fundamental set of
solutions of the linear differential equation (1.1).

3. Stokes phenomenon of Ai(z)

We shall now investigate the Stokes phenomenon of the extended Airy
function of the first kind Ai(z).
We have defined Ai(z) such that

q
Ai(z)~yN*1(z) as z—> oo in S(1,..., 1,2,...,2): 0 Sargzn < =,
A v

-

The asymptotic behavior of Ai(z)in the sector S(1,..., 1,
A

N
immediately derived from (2.1), replacing T3* by T}t

1, 2,..., 2) lying below is
N+l
(j=1,2,..., n) as follows:

Ai(z) ~ yN*1(z) asz— o0 in S(l,..., 1, 1,2,..., 2): =" Sargzn <0,
e v

-
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whence we have
. a
(3.1) Ai(z) ~ yN*i(z) as z— o0 in — _1’;_ Sargzn < —J”T

Like this, in order to investigate the Stokes phenomenon of Ai(z), we have only
to evaluate the coefficients in the right hand side of (2.1), which become the
Stokes multipliers of Ai(z). We first calculate them. From (1.21) and (2.8) it
follows that

n w.(l(k—l)—n(l—l))Mw(q(k—l)—n(l—l))(j—l)( — l)-””Aj

n
k =
(-2) jgl CjT“ jgl (D;NMV,,(CD;N, CO;N+1,..., 1,..., (Dg_l)

{(k=1)=-n(1-10}M {(k=1)-n(1-1)} =N+1 N-1
_ @4 V(0 , w1, 1,..., 0¥
oMY (0%, 0¥, 1., o))

exp[ (L=M(G=D=n0=1) ] o [J= k= D=nU=D) ]

_ n =—-N;11 _ q
exp[ DD o] T in (252 1)
n Jj==N+1 q
= D} (k=1,2,..,n;1=0, £ 1, +£2,.).

We can therefore rewrite (2.1) in the following form:
3.3) Ai(z) ~ ,‘5;‘,1 Dk y*(z)

as z tends to infinity in the sector S(Iy, l,5..., Ip).

We are now in a position to analyze the global behavior of Ai(z) in the whole
complex plane 0<argz<2mn. Considering (1.19), we see that if z lies in the

q
sector &;: 77:,— kZargzrn< %(k-f—l) when k successively runs over 1, 2,...,q—1,

then the subscript Iy, ,-, of SN*1"k only increases its value by 1, the others
being unchanged, successively, where N+1—k is considered as a number k=N
+1—k(mod 2N) (1=k<2N). From this fact, taking account of (3.2) and (3.3),
we can obtain the asymptotic behavior of Ai(z) in the whole complex plane
0<arg z<2n and summarize results derived in the following

THEOREM 2. Let gq=pn+v=n (u21,0sv<n). We put
2N-1 7
IT sin (.]__-.I_-_IE. 7:)
j=1 q
zﬁl sin (—L n)
q

J=1

(k=0,1,2,..).

G4)  d, = exp[ (n = Lk ni]
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Then we have
(3.5) Ai(z) ~ dppy¥*1(2) + dppy 1 YN@) + oot i YVHT(2)
+ Ao 1yntr+ 1YV (@) + Ao iyntr 2PV THE) 4

+ d(p-l)n+n—1yN+2(z)

as z tends to infinity in the sector

r 4 r+1
3.6) L pntr' (2p + —A—,>n§ argzr < (Zp + N )7:

=01,.,u;r=01,.,2N-1; pn +r < g,

where the superscript N—r of y¥~'(z) is considered as a number f=N-—
r(mod 2N) (1=#Z2N), d_; (k>0) is set equal to zero and moreover the last
(2N —1) Stokes multipliers are vanishing, i.e.,

3.7 Au-tymtvit = Quetyntviz == dypyy—y = 0.
Similarly, in the whole complex plane —2n<argz<0, we have
3.8) Ai(2) ~ d,,y¥*(2) +~ a,n+1y~+z'+...+ 3,,,+,y"“+'(z)
+ A 1yt r e 1 VYUY 4 Ay pypar s 2VVTH(2) + o
+ dip- tymsn-19M(2)

as z tends to infinity in the sector

q
3.9) L pntry — <2p + r;} 1 )n Sargzn< —(Zp + —I’V-—)n

p=0,1,.,u;, r=0,1,..,2N - 1; pn + r < q),

where the superscript again keeps the meaning stated above and d, denotes the
complex conjugate of d,.

In order to obtain the asymptotic behavior of 4i(z) on the Riemann surface,
we may only make p and r run over positive integers and 0, 1,..., 2N —1, respec-
tively, with the Stokes multipliers d, and d,.

From the above relations (3.5) we can see where the Stokes phenomenon of
Ai(z) occurs. Consider the Stokes phenomenon of A4i(z) in the whole complex
plane 0< argz<2n. We put

(3.10) 0=+~ k  (k=0,1,..,q—1).
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In the first n sectors, according as z moves from & to &, (k=0, 1,...,n—1),
yN*1-k(z) appears for the first time, and then all y*(z) are appearing in the right
hand side of (3.5) as far as z reaches the sector &(,_y,+,+;. From this fact we

have, putting 0= arg z%,

(3.11) Ai(z) ~ Y™ (2) (050 <06y,

(3.12) Ai(2) ~ diw 1 -ny" M2 (0 S0 < 0iyy)
(k=N,N+1..,(u=Dn+v-1).

We have to pay attention to the last (n—1) sectors because some of the
Stokes multipliers vanish there. We see that pN+1-(v+1)(z) yN+1-(v+2)(z)
yN+1-(n+v=1)(7) one after another disappear in the sector &, according as k
takes (u—UDn+v+1, (u—Dn+v+2,..., un+v—1 successively. On the other
hand, y"(z), y»~v"4(2),..., y¥"**1(z) one after another become dominant in
the sector 6,<6<6,,., when k takes (u—1)n+v, (u—Dn+v+1,...,(u—Dn+v
+ N —1 in succession, and after that, because of the consecutive disappearance of
others, yN~v*1(z) becomes dominant. Consequently, we have

3.13) Ai(z) ~ diy 1 -py"M2) (B S0 <6iyy)

k=(u—-Dn+v(u—Dn+v+1,..,(u=—Dn+v+ N-2),
(3.14) AI2) ~ dym e (Bpno SO <Eor).

The half-lines arg zg =0, (k=N, N+1,...,q—N—1) therefore are the actual
Stokes lines of Ai(z) in the whole complex plane 0 <arg z <2m.

4. The distribution of zeros

From the global behavior derived in the preceeding section we can now
investigate the distribution of zeros of Ai(z) on the Stokes lines.

Let Q, P, and P, be points of intersection of the circle |z| =p with one of the
Stokes lines 6; (k=N, N+1,...,q—N—1), the rays 0=0,—¢ and 0=0,+¢, ¢
being an arbitrarily small positive number, respectively. From (2.12) and (3.12-
14) we then have for a sufficiently large p

(4.1) AOP; arg Ai(Z) = arg dk—N

noe e Nk < _ n—k.))
+arg{equp<cos(0,, €+ N n>v+tsm 0, — ¢+ o



(4.2)

(4.3)

(4.4)
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+ == Dliogp+ i 26, — o))+ log (1 + )
— arg Ai(z)|op,2:=0

_Z— "sm(eu —et Nk n>+ = q%;n 00
+ = DE=M 1y (1) - arg 4i(2)loposmos

dp,garg Ai(z)

=[ 5 pnsin(0+ "5 ) + 2 E= R g CmDE=Nn o |
dop, arg Ai(z)

L (=1 (kn+ L=MN 2 4+ o(1) - argAdi(z)lop,sz=0s
Ap,g arg 4i(2)

_[n 3. n—k—1
_[7;) sm<0+——————N n)

(n—q)(n—1) 5, (n—1)(k+1—N) O
+ =gl gy - 7r+o(l)j|

Opte

Hence we have for a sufficiently large p and a sufficiently small &

4.5)

dop,op,0a1g Ai(z)

-2, {sin (0 + 23K n ) —sin (0, + 2= =L ) - (2= L)n4o(1)
=%p32sin<—7—:'—> - (”; L )ﬂ + o(1),

from which it follows that putting

(4.6)

m+(”_l> ,
7o (3)
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4.7 Aop,gp,0 arg Ai(z) = 2mn + o(1).

Consequently, we obtain the following result on the distribution of zeros of
Ai(z) on the Stokes lines.

THEOREM 3. There exists an integer mq such that for any integer m=m,
exactly m zeros of Ai(z) are located on each Stokes line arg z=§(2k+ 1)
(k=N, N+1,...,q—N—1) in the disk |z| <p, p denoting the number (4.6).

5. Lommel’s method

The well-known Lommel’s method is very effective for the investigation of
the location of zeros of Ai(z) satisfying a second order linear differential equation
of the form (1.1) (see [6, 7]). As for the extended Airy function of the first kind,
we can only use Lommel’s method to investigate the location of N-zeros of Ai(z).

Let a be an N-zero of Ai(z), i.e.,

4.1 Ai(a) = Ai'(a) == Ai®Y(a) = 0.

From the definition (2.12) we easily see that Ai®)(z)=A*)(Z) (k=0, 1,...), which
implies that & is also an N-zero of Ai(z).

By the change of variables z=ax, where x is a real variable, the linear dif-
ferential equation (1.1) becomes

4" 4i(ax)) — asxadi(ax) = 0.

$.2) x" %

This and the integration by parts lead to

d‘i " (Ai(ax))Ai(bx)dx

1 1
(5.3) a"S x‘l'”Ai(ax)Ai(bx)dx=S

= [a"14i"=D(ax)Ai(bx) + (— 1)a"2bAi"~2)(ax)Ai'(bx)

+eoF (= DV 1aNPN-14i(ax) AiN-D(bx)]L,

v (" A (iax) -L (Ai(bx))d

+ (=00 o caitaxy Ly (Ao,

where b is an arbitrary complex number and x, is an arbitrary real number.
Interchanging a with b in the above, an another relation can be obtained. From
two relations just derived, we then obtain the so-called Green’s symmetric iden-

tities
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G.4) (et — b‘l)Sl x40 Ai(ax) Ai(bx) dx
= [{a""14i"""V(ax)Ai(bx) — b" ' Ai(ax) Ai*~V(bx)}
+ (= 1){a"2b4i"~2(ax) Ai' (bx) — ab" 2 Ai' (ax) Ai"~2)(bx)}
+
+ (= DF1{a"B¥=1 4i™) (ax) Ai™= 1 (bx)

— @V 1BN i -D(ax) AiM(bx)} L,

Loy gN
(5.5) (a"—b‘l)g A (itax) Lo (aiox))ax

= [{a™N"1BN 4N~ (ax) 4iM(bx) — a¥b*+N1 4™ (ax) 4iN 1 (bx)}
+ (= D{a®*=2BN*1 41D (ax) Ai*+D (bx)
— @Vt 1pItN=2 fi(N+1)(gx) AiN-2)(bx)}
+
+ (= DM {ash" 1 di(ax) i V(bx)
— a" 1b14i"V(ax) 4i(bx)}1L,.

Assuming that a=re'® is a nonreal N-zero of Ai(z) and putting b=a in these

identities (5.4) and (5.5), we can investigate N-zero-free domains of Ai(z). For
instance, if 0<f< Zn—qn, then, taking account of (3.11) and letting x, tend to

infinity in (5.4), we have
(5.6) (a1 — Eﬂ)gwx‘i‘"lAi(ax)lzdx =0,
1

which is a contradiction. Thus there are no N-zeros of Ai(z) in the sectorial

domain O< argz< fnéfn’ and like this, we can conclude from (5.6) that there

are no N-zeros of Ai(z) in sectorial domains where Ai(z)—0 as z— 0.
We now put x,=0 and then obtain

(5.7) sin g6 S: X9-1| di(ax)|2dx
= (=1)sin (n — 1)0 r 11 4i=D(0) 4i(0)

+( — 1)?sin (n — 3)0 r"~1-94i(*=2(0) 4i(0)
+

+ (= 1)¥sin 6 r*~1-94iM(0) 4i¥-1(0),
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(5.8) sin 6 S' | AiM(ax) |2dx
V]

= (— Dsin (g — DO r 14i™M(0)A4i™"~1X0)
+ (= 1)2sin (g — 3)8 r-1Ai®~1(0)4iV-2)(0)
+
¥ (= DVsin(g — n + 1)0 r~14i®=1(0)4i(0).

We here calculate 4iV~1(0)A4i"~)(0) (j=1, 2,..., N). Since

(5.9) AIG=D0) = y( — D)"it1gd "D p_ (7%, 1., oY)

<A (e = = G- e
G=1,2,..,n),

(5.10) AiU~1(0) 4i("=(0)
= y2( = D iga TP (@7, L, 0}1)2

x {!jlr 1+ i—;i')r(l +L‘L1;J—“i)}"’(j — D)ln - j)!

<0 (=1,2,..,N),

where we have used the symmetric relations (2.11). Taking account of (5.10),
we can see that sectorial domains where one of the relations (5.7) and (5.8) does
not hold are N-zero-free domains of Ai(z). For instance, it is easily seen that
the sectorial domains

_qysin(n—1)8 _1y2 Sin(n — 3)6
(.11 {ol( SRl 5o, (1 S me W,
_ 4\~ _siné
(=D ngo >0}

and

_ ,, sin(g — 1)8 _1y28in(g — 3)8
(5.12) {o|( G105 0, (— 1 SIS0 >0,

_wsin(g—n+1)8
(=D sin g6 >O}

are N-zero-free domains. ~We have already shown that zeros of Ai(z) are located
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on the Stokes lines arg z= Jq-t—(2k+ 1) (k=N, N+1,..., g— N —1), where sin g0 is
vanishing. We can therefore mention that as long as either of the right hand
sides of (5.7) and (5.8) is not vanishing on a Stokes line, there exist no N-zeros
of Ai(z) on that Stokes line. As an example illustrating the above fact, we
consider a case when n=4 and q=8. In this case the Stokes lines are given by

7 9

=g Lo 9
al'gz— 8n’ 8”9 8”9

—

11
8

.

Only on the Stokes line arg z= —58— 7 in the upper half-plane we have

(= 1Dsin30>0, (—1)?sinf>0

and also
(—1)sin70 <0, (— 1)?sin50 < 0.

From this, we can insist that there exist no 2-zeros of Ai(z) on the Stokes lines
5

argz=-gm and l—gln.
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