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1. Introduction

In this paper, we shall be concerned with the following elliptic variational
inequalities with obstacle ¥

—dutou=f in Q
(VD uzV¥Y in Q
u-¥)(-du+oau—-f)=0 in

under the three types of boundary conditions

(DC) u=y on I,

(NC) %l,;* - on T

and

0 wzy, Ez¢ w-w(%-9)=0 o,

where Q is a bounded domain in RN with smooth boundary I, n is the unit outer
normal to I', 4 denotes the Laplace operator and « is a positive constant. The
boundary conditions (DC), (NC) and (SC) are the Dirichlet condition, the
Neumann condition and the Signorini condition, respectively. The variational
inequalities (VI) have been investigated by many authors. For instance, we
refer to the papers [3], [4] and [6]. Applications of the variational inequalities
(VD) to physical problems have been given in [1] and [5].

Given a solution u of (VI), the domain Q is divided into two parts Q, and
Q, such that

Q; = {xe; u(x) = ¥(x)},
Q, = {xeQ; u(x) > Y(x)}.

Q, is called the coincidence set of u. It is of interest to give an estimate of the
size of Q,. Recently, A. Bensoussan, H. Brézis and A. Friedman [2] gave an
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estimate of the size of 2, under the Dirichlet boundary condition and N. Yamada
[7] obtained an estimate under the other boundary conditions. These estimates
are independent of a.

The purpose of this paper is to give an estimate depending on a such that
the coincidence set Q, converges to the whole set Q as a— o0, and to study the
behavior of solutions of (VI) near the boundary I'.  To prove our results we shall
make use of a comparison theorem (Theorem 2.1) and comparison functions
constructed by using the Bessel functions.

2. Notation and Preliminaries

Let Q be a bounded domain with smooth boundary I' and let W*:?(Q) and
W¥p(I') be the usual Sobolev spaces. For a maximal monotone graph § in R?
with 0 € f(0) we put

Bt(r) = max {z; z e B(r)} if reD(B),
B~(r) = min {z; zefp(r)} if reD(B),

Br(r) =p(r =+ if r¢ D(B) and r 2 sup D(B),
Bt =p ()= - if re& D(B) and r < inf D(B),
where D(p) is the domain of S.
We assume
2.1) feLl®(Q), ¥YeW?»*(Q) and ¢, Yy e W.2(I')
and put

K={veW"?(Q);, v= ¥ ae.in Q},

which is a closed convex set in W1-2(Q).
We consider the following elliptic variational inequalities

2.2) Sn(— Au + au)(v — wdx 2 S f(o—u)dx forany veK
Q2
with the boundary condition
Ju
2.3) ~ + dePu—y) ae.on I,

where o is a positive constant and n is the unit outer normal to I.
In the case
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(— o0, + ) if r=0,

(2.4) B(r) = _
if r#0,
the boundary condition (2.3) is the Dirichlet condition (DC).
In the case
2.5) pr) =0 forany reR},
the boundary condition (2.3) is the Neumann condition (NC).
In the case
0 if r>0,
(2.6) B() ={ (- o0, 0] if r=0,
¢ if r<O,

the boundary condition is the Signorini condition (SC).
By using the same method as in [3], we see that the problem (2.2) and (2.3)

has a unique solution u in W2-2(Q) which is continuous on Q, provided that the
condition (2.1) and

2.7) - %f:— +B(F—-y)<é aeon T

are satisfied. Hence, the problems (VI) with the three types of the boundary
conditions (DC), (NC) and (SC) have a unique solution ¥ which should be under-
stood in the sense of the solution of the problem (2.2) and (2.3).

The following comparison theorem will be used in the proof of our main
theorems. For the proof we refer to [3] and [7].

TaeoreM 2.1. For feL®(Q), PeW2>(Q) and &, JeWh>(I') let iie
W22(Q) n C(Q) be a solution of the inequalities

—di+aizf,i=2¥® in Q
il -
—a;l-+$eﬂ(u-—n/7) on T,

where B is a maximal monotone graph in R2.

Iff<f, V<P ae. inQ, <&, Y=V a.e. on I and f~<B*, then for the
solution u of (2.2) and (2.3) we obtain u<ii a.e. in Q.

3. Comparison functions

In this section we construct a comparison function which plays an important
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role in the proof of our main theorems.
Consider the initial value problem for the ordinary differential equation

@+ XLy - =y i © o),
(ODE)

u0) = p'(0) = 0,
where o and y are positive constants. This problem (ODE) has a solution u
of the following form

60 0= LR T

2in(M)se,— (LYl

® m!F<7N+m)\ 2

where I.(f) is the modified Bessel function of the first kind of order v and I'(¢) is
the gamma function (for the definitions, see [8]). By using the relation {¢~"I (1)}’
=171, ,(?), we get

¢.2) W) = \—/%1"(—]%,—)(‘—/23—1)1_%1121(\/&1)

= J—F(£>Z°°=o 1 /_g_)m12m+l.
2 2 m!I"(iz\’r—+m+l)\4

It follows from (3.1) and (3.2) that u(f)>0 and u'(f)>0 in (0, o), and that
Ou'(®)=p'(6t) for 0<0=<1 and t=0.

LemMA 3.1. For any positive constant C there exists a positive constant
R, such that

(i) W(RY)=C and ut)>C  for t>R,
1

(i) R,< (——21;’ ¢ )’,
1

Gi) R, /(-2—’;'9)2 as a\0,

@iv) R,\\0 as o/ oo.

Proor. Since u(t) /oo as t/ o0 and u(0)=0, there exists a positive con-
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stant R, such that y(R,)=C and u(f)>C for t>R,. Noting the relation

ACEN) e >

we obtain R, <<—2~]¥£)

Next it follows from u(R,)=C that

- 1 L/ R,\N™_C
r() e — o (E)" = £,
mir(-3 +.m) !

+ m

which implies that R, is strictly decreasing in a. Since u(R,)=C, we get

- 2 <awr(Y) sz

( )2m
am
m'F( N )
< 2NF(—1—V—) (_qu e

2 Ve

1
2
E—N—C—> as a\,0. Finally, R,< 2<x‘% for sufficiently large o, since

Hence, R,/ (

pQod) = l’r(_fz‘i)z:ﬂ__&l__a'f >C
x m'F<—2—+ m)

for sufficiently large «. Therefore, R,\,0 as &, c0.

LeMMmaA 3.2. For any positive constant C there exists a positive constant
R, such that

(i) WR)=C and p®2zC for t2R,
(i) R, <NC
Y

(i) R,\O0 as « / oco.

Proor. Note that 4'(0)=0 and p'(f), 700 as t,"00 by the relation (3.2).
Hence, there exists a positive constant R, such that u'(R,)=C and p'(1)=C for
t=R,.

By the relation

u(ﬂyg) =C +%r<_’2[>z;_ 1 ( ) (NC)Z"'H

!
mF(2 +m+1)
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we get R,<-‘Eg.

It follows from p'(R,)=C that

lr<i> )2 L (9‘—)"'R2m+1 -c
2 2 m!F(-—IZK + m+ 1) 4 :

Hence, R, is strictly decreasing in a.
Finally we obtain

1 m_{

a2 4> C
m!F(% +m+ 1)

W (2ud) = %X—a‘i +yI (%‘)Z;;l

for sufficiently large a«, which implies that R,<2a"§ for sufficiently large a.
Therefore, R,\,0 as a .

4. Estimates of the coincidence sets in the interior

In this section, we will always assume that there exists a positive constant y
such that

@“.n f+A49 —a?P < —y ae.in Q

and we consider the solutions u of (2.2) and (2.3) under the hypotheses (2.7) for
the three types B of (2.4), (2.5) and (2.6), that is, u is the solution of (VI) under the
three types of boundary conditions (DC), (NC) and (SC).

Put #=u—Y. We see that # satisfies the following variational inequalities

—du+aa =f in Q,

20 in Q,

“.2) i(—di+aii—)=0 in Q,
du _

T dep@ —¥) on I,

where f=f+4¥ —a?, $=¢_7%§ and Y=y — V.
Let () be the solution of (ODE) and for a point x, € 2 define the function
w(x) on 2 by

4.3 w(x) = u(lx — Xol).

It is clear that
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— Aw(x) + aw(x) = — in Q.

4.1. The Dirichlet problem

Taking B as in (2.4), the boundary condition yields the Dirichlet condition
(DC). In this case we have the following estimate.

THEOREM 4.1. Assume that (4.1) holds and 3, =ess-sup (y —¥)>0. Then
r
there exists a positive constant R, such that

(i) u(x) = ¥(x) for xeQ and dist(x, I') 2 R,,

(i) R,< (—2),&51)%,

Nl

Gii) R, /(—2%51) as a0,
@iv) R,\\0 as o/ .

Proor. Taking C=4, in Lemma 3.1, we obtain a positive constant R,
satisfying u(R,)=4,, u(t)>9d, for t>R, and (ii) ~(iv) in Theorem 4.1.

Let x,€Q such that dist (x,, )= R,. The function w(x) defined on Q by
(4.3) satisfies

w20, —dw+aow=—y=2f in Q.
Since w(R,)=46,, u(t)>4, for t>R, and dist (xo, ') =R,, for xeI' we get
w(x) = pllx = xol) Z 8y = P(x) = Y(x) — ¥(x).
Hence, by using Theorem 2.1 we obtain # <w in @, which implies #(xq)=u(x,)—

P(xo)Sw(xo)=0. Thus, u(xe)=P(xo).

4.2. The Neumann problem

Taking B as in (2.5), the boundary condition yields the Neumann condition
(NO).
For a given x, € 2 we put

4.4 0o(xo) = inf {cos (n(x), x — xq); xeI'},

where n(x)=(n,(x), n,(x),..., ny(x)) is the unit outer normal to I' at xeI' and
(n(x), x—x,) denotes the angle between n(x) and x—x,. If Q is convex, then
0o(x0)>0 for x4 € Q.

THEOREM 4.2. Assume that (4.1) holds, Q is convex and 62=ess;sup
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<¢— %—"I:) >0. Then there exists a positive constant R, such that
(i) u(x)=¥(x) for xeQ and 6O(x)dist(x, ) =R,
Gi)y R, <s,
Y
(i) R,\NO as a,/ oo.
Proor. Taking C=§, in Lemma 3.2, we obtain a positive constant R,
such that u'(R)=6,, u'(1)=48, for t=R,, and (ii) and (iii) are satisfied.

Let xo€Q be such that 6y(x,)dist (xo, I)=R,. Noting that 0<,(x,) <1
and Ou'(t)=p'(6t) for 001, for xeI” we get

(49 G () = By G (Inx) = #(1% = xol) c05 (n(x), x = %)

Z W(Ix = xo)8o(x0) -

It follows from 0,(x,) |x — x| = R, and (4.5) that
M zhzi@=0®-% ) o I

Hence, by Theorem 2.1 we obtain u(x,)= P(xo)-

4.3. The Signorini problem

Taking B as in (2.6), we obtain the Signorini boundary condition (SC).  In
this case we have the following estimate for the coincidence set.

THEOREM 4.3. Assume that (4.1) holds, Q is convex, &, =ess-sup (Y — V)
r

>0 and 6,=ess-sup (qﬁ—-——agl—)>0. Then there are positive constants R, and
r

- on
R, such that

(i) u(x)=¥(x) for xeQ and dist(x, ) 2 max {Ra, Fj%c.)—} ,

where 0y(x) is the same one as in (4.4),

1
(i) R,< (ZTNal)Z and R, < TNaz,

(ii) R,\\O and R,\0 as «/ oo.

ProoF. Taking C=4, in Lemma 3.1 and C=4, in Lemma 3.2, we obtain
positive constants R, and R, such that u(R,)=4,, u'(R,)=9,, and the condition
(i) and (iii) are satisfied. By using the same methods as in the proof of Theorems
4.1 and 4.2, we get
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w2, 22§ on I.

Hence, we obtain the assertion of Theorem 4.3.

5. Estimates near the boundary

We continue to impose the condition (4.1) on f.
Let u(f) be the solution of (ODE) and for arbitrary fixed constant a >0 put

wt) = w(t — a) for t> a.
It is easy to see that

N-1

v(t) + .

V() —av(t) <7y in (a, ).

For a given x, € I' we define the function w(x) on Q by

0 if |x— x| =Za,
w(x) =
v(|x — Xol) if |x— x| > a.

Then the function w(x) satisfies the following

we W23(Q) n C(Q),
.0 w=0 in

b

—Aw+aw= —y2f  in

B

where f=f+A¥—a¥. This function w(x) plays an important role in deriving
the estimates near the boundary.
In the case of the Dirichlet problem we obtain

THEOREM 5.1. Assume that (4.1) holds and 0,=ess-sup (Y —¥)>0.
r

Suppose that there exist a point xo€I" and a positive number r>R,, where R,
is the same one as in Theorem 4.1, such that Yy(x)=Y(x) for xeI and |x — x| <.
Then, we. have u(x)=Y¥(x) for xeQ and |x—xo|<a,=r—R,. Hence, a,~>r as
a—00 by Theorem 4.1.

Proor. Define the comparison function w(x) on Q by
0 if Ix = xol < ay,
W(x) =
M(lx = xol — az)  if |x — xo| > a,.

We shall show that w2y =y —¥-onI'. Incase xel and |x—xo|>r, we get
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w(x) = p(|x — xo| — a;) 2 u(r — a,)
= WR,) = 0; 2 ¥(x).
In case xe I and |x—x,|<r, it is clear that w(x)={(x). Hence, by Theorem 2.1
we get u(xo)=P(xo).
Next we shall consider the Neumann problem. For a given x,€I’ and
r>0 define 0,y(x,; r) by

0o(xq; r) = inf {cos (n(x), x — xo); xeI' and |x — x| = r}.

If Q is strictly convex, that is, I' does not contain any line segment, then 0y(x,; )
>0.

THEOREM 5.2. Assume that (4.1) holds, Q is strictly convex and 6,=

ess- sup<¢—gg’—>>0 Suppose that there are a point xo€l” and a number

on
r>R «/00(x0; 1), where R, is the same as in Theorem 4.2, such that ¢(x)= —a——(x)

for xelI' and |x—xo|<r. Then u(x)=%Y(x) for xeQ and |x— x0|§d =r—
R,/04(x0; r). Hence, a,—-r as a—00 by Theorem 4.2.

ProoF. Define the comparison function w(x) on Q by
0 if |x = Xo| < 4y

w(x) =
u(lx = xol — az)  if |x — xo| > 4,

In case xe I’ and |x—x,| =7, we get

(x) K (lx = xol = @) cos (n(x), x — xo)
2 W(lx = xol = 8)00(x05 1) 2 p'(r — 8,)00(x05 1)
2 1((r — 8)00(x05 1) = W(R,) = &,
_ _ oY
2 d(x) = $(x) —{3n_(x)'
. ow : _

In case xeI' and |x—x,|<r, it is clear that —a—n—(x)gt:ﬁ(x), since ¢(x)=0 for
xerl and |[x—xo|<r. Thus, the proof is complete.

Finally, for the Signorini problem we have

THEOREM 5.3. Assume that (4.1) holds, Q is strictly convex, 6, =ess}sup W

—¥)>0 and d,=ess-sup (¢—%—Z>>O. Suppose that there are a point xoeI’
r

and a number r>max {R,, R,/0,(xo; r)}, where R, and R, are the same as in
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Theorem 4.3, such that y(x)=¥(x) and ¢(x)=%—g:(x) for xeI and |x—x| <.

Then u(x)=¥(x) for xe Q and |x—x,| £a,=r—max {R,, R,/0o(xo; r)}. Hence,
a,—r as a—>oo by Theorem 4.3.

Proor. Define the comparison function w(x) on @ by

0 if |x = Xo| =,
w(x) =

ulx — xol —ay)  if [|x — xo| Z @,

The same calculations as in the proof of Theorems 5.1 and 5.2 show that
W@z ¥x) and )2 §x) on T.

This completes the proof of Theorem 5.3.
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