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Introduction

N. A. Baas [1] has studied a bordism theory based on manifolds with a
certain type of singularities, by reformulating a theory due to D. Sullivan.

The purpose of this paper is to study corresponding equivariant oriented
bordism theories. By the same way as [1; §2], we can define the notion of
oriented & ,-manifolds for each singularity class &%,={P,=pt, Py,..., P,} of
closed oriented manifolds, and those with G-actions for each finite group G while
G acts trivially on P,, Thus we obtain naturally a bordism group Q(&,)$(X, Y)
based on oriented &,-manifolds with free G-actions for each pair (X, Y) of G-
spaces. When n=0, Q(&)¢(—) coincides with the usual equivariant bordism
group Q%(—), due to Conner-Floyd [3], based on (closed) oriented manifolds
with free G-actions.

We study in §1 (and §5) some basic properties of oriented &,-manifolds
and the above bordism group, and obtain an exact sequence in Theorem 1.16
which is similar to that in [1; Th. 3.2]. In case that G=Z, for odd prime p,
we can define in § 2 the Smith homomorphism, and extend some results on Q§(—),
due to P. E. Conner [2] and C. M. Wu [8], to those on Q(%,)$(—) for each n.
Furthermore, we obtain in § 3 a theorem on the Q,-module structure of Q(&)%»
for an odd dimensional manifold P, of Dold type. Finally in §4, we study
oriented &,-manifolds with semi-free G-actions.

The author would like to express his hearty thanks to Professor N. Shimada
and Professor M. Sugawara for giving him the basic ideas and many helpful
suggestions.

§1. Oriented singular (G, &,)-manifolds

Throughout this paper, we will work in the category of compact oriented
smooth manifolds, and we allow the manifolds to have general corners, (see [4]
for manifolds with corners, whose coordinate neighborhoods are defined by
using open subsets of {(xi,..., x,,) e R™[x, =0,..., x,,=0}).

DErINITION 1.1. Let an oriented manifold V and oriented submanifolds
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ooV, 8,V,..., 0,V of the boundary oV (of codimension zero if 0;V = @) with induced
orientations satisfy the following conditions:

V=20,V UdVU-US8dV

and 0;V n 0;V is the intersection of the boundaries of J;¥ and d;V if i= j. Then
we call

V= (V’ 601/’ all/’-*" anV)
a decomposed (oriented) manifold of type n.
—V=(=V; —0,V, —0,V,..., —0,V)

with opposite orientations is a decomposed manifold.
Each 9,V is again a decomposed manifold by defining
ovno,y for j=xi,
0/{6;V) =
@ for j=i.

For each closed oriented manifold P, the product manifolds ¥ x P and Px V
with product orientations are decomposed manifolds by defining

0(Vx P)=08V x P, (P x V)= (—1)4mPP x 3,V

We may regard each decomposed manifold V of type n as the one of type
n+1 by defining 0.,V =g¢.

By a smooth map ¢: V-V’ of decomposed manifolds of type n, we mean a
smooth map ¢: V-V’ with ¢(6;V)<=d;V’. We denote simply the restriction by
©;=0|0;,V:0;V-0;V'. If ¢ and each ¢; are difftomorphisms, then we say that
@: V-V'is a diffeomorphism of decomposed manifolds.

Let us now fix a class of closed oriented manifolds
& = {Py = pt, Py,..., P;,...}, p;=dimP;,
where P,=pt is a one-point manifold, and put
&y = {Py =pt, Py,..., P,}.

NotAaTIiONs. Let I(n) be the set of all finite sequences of integersin {0,1,...,
n}. For each w=(iy,...,i;) € I(n) and j € {0,1,...,n}, set

(.’aw) = (jail’---sik)el(n)’ (CU,_]) = (il"'-’ik’j)EI(n);

lo| =k, p(w)= Z‘l‘=lpip p(jlw) = Zi,<jpi|'
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DEFINITION 1.2. A decomposed manifold A of type n is called an (oriented)
& ~manifold if it satisfies the following conditions (i) and (ii): _

(i) With each w € I(n), there is associated a decomposed (oriented) manifold
A(w) of type n such that

a) A(@)=A, and A(w)=¢ if i;=i, for some jx [ (w=(iy,...,iy)); and

b) for each g€ S, (the set of all permutations on w), A(cw)=A(w) without
considering orientations, and the identity map id: A(cw)— A(w) is a diffeomor-
phism of decomposed manifolds of degree &(o) (the sign of o), i.e.,, A(cw)=
&(0)A(w).

(i) With each wel(n) and i€ {0, 1,..., n}, there is associated a diffeomor-
phism of decomposed manifolds

a(i,w): 6;A(w) ~ A(i,w) x P; of degree (—1)PiP(ilo)

if @ consists of distinct integers and i w (x(i,w) is called a structure map), and
0,A(w)=¢ if i € , so that the diagrams

0,4(w) 29, 4G, w) x P,

(-3 jid lidxid

8, 4(cw) 242 4G, sw) x P,

a(j,i,w) xid
—_—

0,0,4(w) 24, 5. 4(, w) x P; A(j, i, ©) X P;x P,

I
0;A(w) N 0;A(w) jidx T

a(i,j,0) xid

8,0;4(w) ) 5, 4(j, 0) x P, » A(i, j, ) X P, x P,

of diffeomorphisms are commutative, where ¢ € S, and T'is the twisting map.
The dimension of &,-manifold A={A(w), a(i,w)} is defined to be that of
the ambient manifold A= A(g).

We see easily the following lemma by definition:

LeMMA 1.4. Let A={A(w), a(i,w)} be an &,-manifold and Q be a closed
oriented manifold. Then we have an &, manifold Q x A={(Q x A)(w), &'(i,w)}
by setting

Q x A)(w) = (—1)l*ldimC) x A(w), o'(i,w) =1id x a(i,w),

where x is the product of decomposed manifolds. Furthermore, we have an
& -manifold Ax Q={(4xQ)(w), a"(i,w)} by setting
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(A x Q)(w) = (—1)P@im04() x Q, o"(i,w) = (id x T)e(a(i,w) x id).

DEerINITION 1.5. Let A={A(w), a(i,w)} and B={B(w), f(i,w)} be £,
manifolds. By an &,-map f: A—B, we mean a system of smooth maps f(w):
A(w)- B(w) of decomposed manifolds such that the following diagram is com-
mutative:

3,4(w) 259, 4G, 0) x P,
Sflo), Jf(i,w)xid
3:B(w) 24, B(i, w) x P,.

If each f(w) is an orientation preserving diffeomorphism, then we say that
f: A> B is an & ,-isomorphism.

If A(w)<=B(w), 0;A(w)<0d;B(w) and the inclusion map i: A=B, i(w): A(w)
cB(w), is an &,-map, then we say that A is an &,-submanifold of B of
codimension dim B—dim 4.

Now, let G be a finite group, and let (X, Y; 1) be a pair of topological
G-spaces, i.e., 7: Gx (X, Y)-(X, Y) be a G-action.

DerINITION 1.6. If G acts on an &,manifold A by &, -isomorphisms,
i.e., if there is given a system ¢: Gx A—A of G-actions ¢(w): G x A(w)— A(w)
such that each

og, )={o(@)(g, ): A— A4 (9€0)

is an & ,-isomorphism, then we say that (4, ¢) is a (G, &,)-manifold. (We say
that it is (semi-)free if each G-action ¢(w) is (semi-)free.)

Furthermore, if there is given a system f: A—X of G-equivariant (continu-
ous) maps f(w): A(w)— X such that

f@)(A(w) = Y for any o = (iy,...,i)30

(in the special case Y=g, this means that A(w)=¢ for w> 0) and the diagram

0, 4(w) < s A(0) 29 A(ow)
a(i,w)J jf () Jf (ow)
A, ©) X Py~ (i, 0) o X———X

(ceS,) is commutative, then we say that (4, ¢, f) is a singular ((semi-)free)
(G, &,)-manifold in (X, Y; 7).
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We see easily the following lemma by Lemma 1.4 and by definition:

LemMma 1.7. Let (A4, ¢, f) be a singular ((semi-)free) (G, &,)-manifold
in (X, Y; 1) and Q be a closed oriented manifold. Then we have ((semi-)free)
singular (G, &,)-manifolds

(Q x 4,id x @, fopr) and (A4 x Q, ¢ x id, fopr)

in (X, Y; 1), where Qx A and AxQ are the product & ,-manifolds in Lemma
1.4 and (id x ¢) (w)=id x @(w), (¢ xid) (W)= @(w) xid, (f°pr) (w)=f(w)-pr.

DerINITION 1.8. For any singular (G, &,)-manifolds A=(4, ¢, f) and
A'=(A4, ¢, f") in (X, Y; 1), the disjoint sum A+ A’, the oppositely oriented
manifold — A and 6,4=(6;4, 6,0, 6,f) (i€ {0, 1,..., n}) are defined naturally by

A+A =(A+4,0+0¢,f+f), —A=(-4,0,1);
(6:4) (w) = A(w,i), (0:9) (@) = @(w,i), (5:f)(w) = f(w,D).

Then 6,4 is a singlular (G, &,)-manifold in (Y; 7)=(Y, @; t) by definition,
and we say that A is closed if oA=g, ie., if A(w)=¢ for ©30. Further, §,4
can be regarded naturally as a singular (G, &, _,)-manifold in (X, Y; 7).

DEeFINITION 1.9. We say that a singular ((semi-)free) (G, &,)-manifold
(4, ¢, f)in (X, Y; ) bords if there exists a singular ((semi-)free) (G, &,)-manifold
(B, @, F) in (X, X; 1) satisfying the following conditions (i) and (ii):

(i) (A, @) is an oriented (G, &,)-submanifold of (0yB, d,P) of codimension
zero except 0-boundary, i.e., for each w € I(n) with ©0 and ix0,

A(w) = (6oB) (@) = B(w,0), 0;A(w) < 0(doB)(w)
as oriented manifolds, and
Bi,0,0)| 0;A(w) = a(i,w), P(@,0)|G x A(w) = ¢(w),
where o aynd B are the structure maps of A and B, respectively.
(i) F(w,0)| A(w) = f(w), F(0,0)(B(w,0) — Int A(w)) = Y
for each w € I(n) with w0, where Int means the interior in B(w,0).
(In the special case Y=g, these mean that 6y(B, @, F)=(4, ¢, f).)
We say that A=(A, @, f) is bordant to A'=(A4', ¢', f') if
A+ (-A)=A+(-A) o+, f+[)
bords. We write this as A~A'.

Then we have the following basic lemma:
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LemMMA 1.10. The relation ~ of bordism between singular ((semi-)free)
(G, &,)-manifolds in (X, Y; 7) is an equivalence relation.

This lemma can be proved by the same way as the proof of Baas [1; Lemma
3.1.] for the unoriented case. Especially, the transitivity can be proved by using
the following

LemMmaA 1.11 (Pasting Lemma). Let (A4, ¢,) (k=1,2) and (B, ¢) be
(G, &,)- manifolds, and suppose that (B, ¢) and (— B, ¢) are oriented (G, &,)-
submanifolds of (0¢0Ay, do@1) and (0oA,, 6o¢,) of codimension zero except
0-boundary, respectively. Then, by identifying the disjoint sum A+ A, along
B, we obtain naturally the pasted (G, &,)-manifold

(4, @) = (A1, ©1) U (s,p) (42, @2)

of (Ay, ¢,) and (A,, ¢,) along (B, ¢).

In § 5, we will prove this lemma which may be clear intuitively.
By Lemma 1.10, we can define a bordism group as follows:

DErFINITION 1.12. We denote the bordism class of a singular free (G, &,)-
manifold (4, ¢, f) in (X, Y; 1) by [4, ¢, f], and set

QL DUX, Y5 1) = {[4, ¢, f1|dim 4 = m}
which is an abelian group by the disjoint sum. Thus, we have a graded abelian
group

ALDUX, Y3 1) = 2L DX, Y3 1),

the bordism group of singular free (G, &,)-manifolds in (X, Y; 7). This has a
natural left Q,-module structure given by the product Q x 4 in Lemma 1.7, where
Q, is the oriented cobordism ring [7].

By replacing the term ‘‘free” by ‘‘semi-free” in the above definition, we may
define the bordism group

O(L)UX, Y1) = Zu0(L)uX, Y5 7).

Now, we have the following Baas-Sullivan exact sequence in our bordism
theory. Let

BlA, ¢, f1=[A4 x P,,, ¢ x id, fopr]  (cf. Lemma 1.7),

be the homomorphism of degree p,.,=dim P, induced from the right multi-
plication by the closed manifold P,,;. By regarding each singular (G, &,)-
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manifold (4, ¢, f) naturally as a singular (G, &,,)-manifold with &, A(w)
=@, we have the homomorphism

(1.14) y: ALK, Y5 1) — AL EX, Y5 7)
of degree zero. Finally, the Bockstein homomorphism
(1.15) 0: AL p+ DX, Y5 7) — UALUX, Y5 1)
of degree — p,.,—1 is defined by
(4, ¢, f1 = [84+14, 054190, 81 f]  (cf. Def. 1.8).
Then we can prove the following theorem:

THEOREM 1.16 (cf. Baas [1; Th. 3.2]). We have the following Baas-
Sullivan (BS) exact sequence:

s QPN Y1) L QP U, Y ) s QP )X Y1)
BN YO0 4 23 NS

Similarly we obtain the BS exact sequence for the bordism group O(&,)%(X,
Y; 1) of singular semi-free (G, &,)-manifolds.

Proor. This theorem can be proved by the same way as the proof of
[1; Th. 3.2]. We only give the proof of Im f=Ker y in the absolute case Y=g.

For any singular (G, &,)-manifold (4, ¢, f) in (X; 1), we obtain a singular
(G, &, ,)-manifold (B, @, f) in (X, X; ) such that

B(w) = (=DI®II x (4 X Ppiy) (@), B(n+1,0) = (=D 4(w);
0oB(@) = (—1)1®10 x (4 x Pp.y) (),
{ Op+1B(@) = (=1)I®I1 x (4 X P,yy) (@),
0:B(w) = (=11 x 04 X Ppyy)(@) (I =isn),

3B(n+1,0) = (—1)*1*15,4() O<is<n);
P(w) =id x (¢ x id)(w), @(n+1,0) = p(w);
f(@) = (fepr) (@), f(n+1Lw)=f(w);

where w € I(n) and I=[0,1] is the unit interval. Then

(60B) (@) = B(w, 0) = (—1)I*10,B(w) = (4 X Py.1)(w),

50(B’ @af) = (A X Pn+1, @ X id,f"pf).
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Therefore, yof=0 by definition.
Conversely, assume that [4, ¢, f]1e Q(<,)3(X; ) belongs to Ker . Then
there exists a singular (G, &, )-manifold (B, ¥, F) in (X, X; 1) such that

50(B’ ‘p’ F) = (A, o, f)
and hence
0oB(®) N 044 B(w) = 0,4 100B(w) = 0,114(@) =98  (wel(n)).

Therefore, (B, ¥, F) can be considered as a singular (G, &,)-manifold (B', ¥, F)
in (X, X; 7) by setting

B'(w) = B(w), B'(0,w) = 0,B'(w) = 0uB(w) + 0,+1B(w),
6iB’(w) = 0;B(w), 0;B'(0,w) = 0;,0¢B(w) + 0,0, B(w)
for w e I(n) with @0 and 1<i<n. Thus, we see easily that
(66B) () = (= 1)I®10,B'(w) = A(®) + (6,+1B X Ppi1)(®),
which shows that [4, ¢, f1=—B[0,+ (B, ¥, F)]€Im f as desired. q.e.d.
For any free (G, &,)-manifold (4, ¢), let
n(w): A(w) — A(w) = A(w)/p(w)

denote the orbit G-bundle. Then there exist a unique smooth structure and a
unique orientation on A(w) such that n(w) is a local diffeomorphism and preserves
orientation locally. Furthermore, A(w) is a decomposed manifold by defining
0;A(w)= () (8;4(w)) and the structure map a(i,w): J;4(w)— A(i,w) x P; induces a
unique diffeomorphism

a(i,w): 0,A(w) — A(i,w) x P,

so that A={A(w), &(i,w)} is an & ,-manifold. We call 4 the orbit &,-manifold

of (4, ).
Then, by using the result of Conner-Floyd [3; (19.1)] in case n=0 and by
the same way as its proof, we have the following

THEOREM 1.17 (cf. [3; (19.1)]). The bordism group
AL = AL EPD
of free closed (G, &,)-manifolds is isomorphic to the bordism group

Q&L )£(BG) = A&,)e(BG) (e: the trivial group)
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of singular & ,-manifolds in the classifying space BG of G, i.e., there exists an
isomorphism

L: U&,)§ == AS)«(BG), LA, 9] =[4, f],

of degree zero, where A={A(w)/p(w)} is the orbit & ,-manifold of (A, ¢) and
each f(w): A(w)—BG is a classifying map of the G-bundle n(w): A(w)—A(w).

ProoF. (1) Construction of L. For each w € I(n), we choose a classifying
map f'(w): A(w)—»>BG of the G-bundle n(w) such that f'(cw)=f'(w) (6 €S,).
Then, by induction on |w|, we can construct a classifying map f(w): A(w)—BG
such that the diagrams

alZ(w)———————> BG Z((D)

%1
(i, ) f, @) id BG
pr %’)

AG,0) x P,— A(i, w), A(cw)

are commutative, as follows.
If || Z2max {|o'| | A(w")x@} and A(w)xg, then d4(w)=¢ and we can take

f@)=f"(o).
Assume inductively that we have constructed f(w) as desired for each w
with ||=r. If |w|=r—1 and 0A(w)=g, then we can take f(w)=f"(w).
Consider the case |w|=r—1 and d4(w)>=@, and denote by 0; f(w) the com-
position of

2,A(0) 24, 4G, 0) x P, P A(, 0) L4, BG.

Then, by the inductive assumption and the pasting condition (ii) in Definition
1.2, it is not difficult to see that &, f(w)=0,f(w) on §;,A(w) n 9;A(w). Therefore,
we obtain a map

0f(w): 04(w) — BG, 0f(0)|0A(w) = 6,f(w).

Since 9;f(w) is a classifying map of the G-bundle n(w);: 9;4(w)—d;A(w), 3f(w)
is that of n(w)|0A(w): 0A(w)—0A(w). Thus, by the usual homotopy extension
property, there exists a classifying map

f(0): A(w) — BG, f(w)|04(w) = df(w),

of m(w), which is homotopic to f'(w). Further, we may take as f(cw)=f(w) by
the inductive assumption.
Therefore, the desired f(w) is constructed for each w with |w|=r—1.
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(2) Lis isomorphic. It is easy to see that L is commutative with the BS
exact sequences, i.e., the diagram

e QPG P QPN s AP ri)§ ——s S )G —> -

| g | !
s AP 2(BG) s (,) 4 (BG) Tos AP ,14)4(BG) - Q(S,)1(BG) —--

is commutative. When n=0, Lis isomorphic by [3; (19.1)]. Thus Lis isomor-
phic for each n by the five lemma. q.e.d.

By the same way, we have the following
ProrposiTION 1.18 (cf. Wu [8; Prop. 2]). There exists an isomorphism
L: Q&Z)%r(X; 1) 3 QL)X x 8Pt X p) (p: odd prime)

of degree zero, where p=exp (2ni/p) is the standard Z ,-action on the infinite
sphere S®.

In conclusion of this section, we notice that the bordism groups
ALNer (X, Y1), O0(F)% (X, Y;1)  (p:odd prime)

are Zp-equivariant homology theories respectively, i.e., we can prove the fol-
lowing theorem by using the results of Wu [8; Prop. 1] in case n=0:

THEOREM 1.19 (cf. [1; Th. 3.3], [8; Prop. 1]). Let p be an odd prime.
Then the bordism group Q& ,)%7(—) forms a homology theory on the category
of pairs of topological Z ,spaces and equivariant maps, where the induced
homomorphism

he: AL DX, Y5 1) — ALDE(X', Y5 1)

of an equivariant map h: (X, Y; ©)—~(X’, Y'; ©') is given naturally by h,[A,
0, f1=[A4, @, hof] and the boundary homomorphism

60: Q(yn)gp(xa Y, 7) — Q(yn ggl(Y; T)

is given by 8o[ A, ¢, f1=[604, 609, d¢f] (cf. Def. 1.8).
The same holds for 0(%,)%»(—).

Proor. The homotopy, excision and exactness axioms can be proved by
the entirely analogous proof to that of [1; Th. 3.3], and we only give the proof
of the excision axiom.

Let U be an invariant open subset of Y with UcInt Y, and i: (X - U, Y-U)
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=(X', Y)—-(X, Y) be the inclusion. Then, by definition, we have the com-
mutative diagram

s UENE X, Y1) L QP B (X, Y1) T QS ) B, Y1) s
i*I i*I i*I
s QP I (X, Y50 L QB (X, Y 30 L QP ) B (X, Y 1)

of the BS exact sequences. When n=0, i, is isomorphic by [8; Prop. 1]. Thus
iy is isomorphic for any n by the five lemma. q.e.d.

§2. The Smith homomorphisms

In this section, we study free Z,-actions on &,-manifolds, where p is an
odd prime.

DEFINITION 2.1.  Let A=(4, ¢, f) be a singular free (Z,, &,)-manifold in
a Z -space (X; 1) of dimension m. Then we say that an equivariant map

g = {g()}: (4, ) — (§**1, p), m <2k + 1,

(p=exp (2mi/p) is the standard Z,-action on the (2k+1)-sphere S2¥*!) is t-
regular on S?*~1, if the following conditions (i) and (ii) are satisfied :

(i) B = {B(w), a(i, )| B(w) n ;A(w)}, B(w) = g(w)™'(S?*7"),

is an invariant &,-manifold of 4 of condimension two.

(i) The invariant normal bundle N={N(w)} of B in A is trivial, i.e., the
one of B(w) in A(w) (cf. [4; Th. 1]) is trivial and is induced from the trivial
normal bundle S2*~1 x R? of S2¥~! in S?*¥*1 by the map g(w) | B(w).

Thus, (B, ¢| B, f|B) is a singular free (Z,, &,)-manifold in (X; 7).

TaeorREM 2.2 (cf. [3; (34.7)]). Such a manifold (B, ¢|B, f|B) always
exists, and the homomorphism (called the Smith homomorphism)

4: AL )er(X ;1) — AL )oe(X ;5 1)

is well-defined by setting A[A, ¢, f1=[B, ¢|B, f|B]. Further, 4 is commuta-
tive with the BS exact sequences.

ProoF. Let (4, ¢, f) be a singular free (Z,, &,)-manifold of dimension m
in (X; ), and choose an equivariant map g'(w): (A(w), ¢(w))—(S?**1, p) for
each o such that g'(cw)=g'(w) (6€S,). Then there exists an equivariant map

9(0): (A(w), (w)) — (S?¥*1, p)  foreach o,
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satisfying the following conditions (2.3.1-3);
(2.3.1) The induced maps g(w), §'(w): A(w)—S?**1/p are homotopic.
(2.3.2) g(w) is t-regular on S2*~1/p.
(2.3.3) The following diagrams are commutative:

aiA(w)__g_(ﬂ)L-—)SZk.*" A((D)%k
a(i,w) 2li, ) id S2k+1
g(ow)
A(i, @) x P; A, w), Alow)

In fact, we can construct g inductively by the same way as the construction in
the proof of the Theorem 1.17, by using a collar system I'(4)={I'(A(w))} of 4
(cf. Th. 5.4), as follows.

If |w]zmax {|o'|| A(w')=¢} and A(w)=@, then we obtain g(w) satisfying
(2.3.1-2) by using the usual t-regularity theorem [3; (10.4)] and the homotopy
lifting property. Since dA(w)=g, (2.3.3) is trivial. We notice that g(w) is also
t-regular on S2¥~! by (2.3.2).

Assume inductively that g(w) is constructed as desired for each w with |w|=r.
If |w|=r—1 and 0A(w)=g, then we can obtain g(w) by the same way as above.

Consider the case |w|=r—1 and 0A(w)>@. By using a collar I'(A(w))
={U(A(w)), 2{A(»))} in I'(A), let

h(w): U = v, U(A(w)) — S?**+1/p

be a map whose restriction on U (A(w)) is the composition of

U/(A(@) 24N 5. 4(w) x [0, 1) P 8,A(w)

60, 4G, ) x B, 25 A, @) £, g2,

Then, by the inductive hypothesis, we see that h(w) is t-regular on S2k-1/p,
Further, it is homotopic to g'(w)| U. Therefore, by the t-regularity theorem and
the homotopy lifting property, there exists an equivariant map g(): (A(w), ¢(w))
—(S2k+1, p) such that §(w)| U="h(w) and it satisfies (2.3.1-3) -as desired.

Thus we have a desired &,-manifold B. Further, we can prove that 4. is
well-defined as usual by using a similar consideration to the above construction
of g. We can also see easily that 4 is commutative with the BS exact sequences.

’ q.e.d.

We have the following exact sequence containing the Smith homomorphism
4 in the above theorem.
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ProposiTION 2.4 (cf. Wu [8; Th. 2]). The sequence
s QPDE(SIX X pxT) s QP )E(X; 1)

QL DEX; D) o QL DE (S X X; pXT) — oo
is exact, where the two homomorphisms n and &2 are defined by

A, ¢, f]1 =[A, ¢. pref],

2P[A, 0, f1=[S' x 4, p x @,id x f].
Further, they are commutative with the BS exact sequences.

ProOOF. We can prove the proposition by the analogous proof to that of
[8; Th. 2] in case n=0, and we only give the proof of Im £ > Ker © based on the
t-regularity theorem and the similar inductive process to the construction in the
proof of Theorem 2.2.

Assume 7[A4, ¢, f1=0 for [A4, ¢, f1€e AL ,)Z2,(S* x X; px 1), i.e., assume
that there is a singular (Z,, #,)-manifold (W, ¢’, ') in (X, X; 7) with

50(”/’ (PI, f/) = (A, ?, p['of).

Then we can construct a smooth approximation
Fy = {F w)}: (4, ¢) — (S', p)

of pryof={pr;of(w)}: (4, )—(S', p) by the similar construction to that of f
in the proof of Theorem 1.17, by using the smooth approximation theorem and
the extension theorem [3; (10.1)].

Furthermore, we can extend F, to an equivariant smooth map

F = {F(w)}: (W, ¢") — (D2, p)

by the same way, and it can be replaced by the one such that there exists a regular
value ye€D?/p—(S/pU {0}) of F(w) for each w, by the similar construction to
that of g in the proof of Theorem 2.2. Thus, there exist p-regular values y,
p(»),..., pPP~Yy)e D2 —(S* U {0}) of F(w), and

N(w) = F(@)"'({y, p(y),-.-, P71 (0)}),  OiN(w) = N(w) n ;W (),

with natural orientation form an & ,-submanifold of W of codimension two.
Since F(w)(W(w,0))=F ,(A(w))<=S!, we see that

0oN(w) = N(w) n 0oW(w) = g, Nw)=¢ if w>30;

and we obtain a singular free (Z,, &,)-manifold
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(N, oy f3): o) = ¢'(0) | N(w), fy(w) =f"(w)|N(w),

in (X; 7).
Consider a closed invariant tubular neighborhood

(D* x N, p x o) = {(D* x N)(w) = D? x N(w), p x ¢y(w)}
of N in W [4; Th. 1], such that D? x N(w) n 0, W(w)=¢ and
0{D? x N)(w) = D? x §;N(w) (i = 0), =8! x N(w) (i=0).

Then, W(w)=W(w)—Int (D*x N(w)) satisfies the equality

0 W(w) = 0,W(w) + (—S! x N(w)),
which implies (6, W) (w)=A(w)+(—1)(S! x N)(w). Thus

[4, ¢, f1=1[S' X N, p x @y, id x fy] = Z[N, @y, fv],

and [A4, ¢, f]1eIm £ as desired. q.e.d.
Now, we consider the reduced group.

LeMMA 2.5. There holds the split exact sequence

0 — (L2 (X;1) S QL )Z(X;7) =5 QL) — O,

where &, is the homomorphism sending (A, ¢, f) to its orbit &,-manifold Alp
and ()2»(X; 1)=Kere,. Thus, the reduced group O(&,)%»(X; 1) has its
own BS exact sequences.

Proor. Fix a point xe X. Then a right inverse homomorphism of &, is
given by sending [A]e ALy, to [Z,xA, oxid, fle AZL,)Z7(X; 1) where
a(k,))=k+Imod p and f(w)(k x A(w))=1*(x) for 0= k,l<p. q.e.d.

It is easy to see that the Smith homomorphism 4 maps Q(¥,)Z»(X; 1) to
(L )22,(X; 7). Thus, 4 is commutative with the BS exact sequences of reduced

groups.
The following theorem is well-known when n=0 by the results of Conner-

Floyd [3; Ch. VII].

THEOREM 2.6. Let &,={Py,=pt, P,,..., P,}.
(1) If each p;=dim P, is odd for i=1, then the Smith homomorphism

4: ﬁ(yn)ff-;-] I g(yn)gf:—1 (k g 1)

is an epimorphism, and ﬁ(y,‘)g;:O (k=0).
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(2) In particular, if p;=3 (mod 4) for i>1, then
4: ULV, == UL )%p,, (k20).

Proor. (1) Since 3Z;=0 (k20) by [3; (34.3)], we see the latter half by
the induction on n, by using the BS exact sequence. Hence, we have the com-
mutative diagram

~ )
0 — WLty > AL Do, — (S Fp, — O
s J4 Z
~ ~ )
0— XLy DZ, 1 APV, — WL )Py, — O

of the BS exact sequences. Since 4 is an epimorphism when n=0 by [3; (34.9)],
the same holds for any n by induction.

(2) By the same way, we see (2) since 4 is isomorphic when n=0 by [3;
(36.4)]. q.e.d.

§3. (G, ¥,)-manifolds
In this section, we study the module structure of
APz =Hx )% (&, ={pt, P}, p: odd prime).

THEOREM 3.1. Let P be a torsion element in Q4 of odd dimension m.
Then we have

) APZ=0 (k20),
Q@ APz, ~0% @05, (kz20).

Here (Z»=Q(pt)Z» is the reduced bordism group of oriented closed manifolds
with free Z -actions.

Proor. (1) is shown in Theorem 2.6 (1). Hence we have the BS exact
sequence

0—)5‘52"

1, i 5
o —— QPG — 9, —0
Let p* be the order of 3%p_ [3; (34.2)], and let ¢ and ¢’ be the integers such that
2t+p*t'=1. Further, let W be an oriented manifold bounded by 2P. Then, for
each [M, p]eQ%_ , we can associate a (Z,, &,)-manifold (#,={pt, P})
(M x W, ¢ xid) with

0o(M x Wy =9, 8,(M x W)=03M x W)= (~1)2mM x P,
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(M x W)(1) = (—1)***m2M, o1, 8) =id, (cf. Lemma 1.7).

It is easy to see that a right inverse homomorphism is given by sending [M, ¢]
to (—1)**~™[M x W, ¢ xid] € Q(P)?, ,. g.e.d.

Further, we obtain some results on the Q,-module structure of Q(P)z».

THEOREM 3.2. Let P be an odd dimensional closed oriented manifold of
Dold type, i.e., the kernel of the homomorphism

B: Qu— Qu, BIM]=[M x P],
is equal to 2Q,. Then we have a natural isomorphism
0: 4e=0% ® 0. 2(P)y ™= Q(P)Zr
by sending [M, ¢1®A to [M x A, ¢ xid] given in Lemma 1.7.

Proor. By using the BS exact sequence and the assumption on the map S,
we have the following short exact sequence of Q,-modules:

0 — Q4/PQy -1 Q(P)y -2 20, — 0.

Now, we consider the following commutative diagram

020 ®0.(Q4/ PQy) 997, 02:0,.0(P), 22, (320,20, — 0

b I b

0— Q% — apzr s 07 —0
with exact rows, where the vertical maps 0, (i=1, 2) are defined as follows:
0:(IM, o] ® {N}) = [M x N, ¢ x id],
0,([M, 9] ® 2N) = [M x 2N, ¢ x id].

We notice that the image [M x N, ¢ xid] of 6, is independent of the choice of N
in a class {N} € Q,/PQy, since (% is p-torsion. Further, these maps 0; (i=1, 2)
are isomorphic, because they have natural inverse ones respectively. Thus, the
middle map 0 is also isomorphic by the five lemma. q.e.d.

REMARK 3.3. In general, the two modules 4, and Q(P)Z» are not neces-
sarily isomorphic, as is seen from the following simple counterexample when p=3
and P=CP(2) (the complex projective plane).

Using of the BS exact sequence:

s 07 L, 07 T, GCPR))E 2 05 =0,
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and B[S, p]=CP(2) [S', p]=3[S5, p] [3; (46.3)], we see that Q(CP(2))2:~Z,.
On the other hand, As={xe A*|degx=5}=0%:~Z,, by the above relation
between [S?, p] and [S3, p]. Thus, 454 3(CP(2))Z> as abelian groups.

§4. Z,-actions for an odd prime p

In this section, we study &,-manifolds with Z ,-actions for an odd prime p.
We notice that every Z,-action for an odd prime p is always semi-free. Thus,
the bordism group

IS Ner(X, Y1) = 2nO(F )X, Y 1)

of singular (Z,, &,)-manifolds is defined in § 1.
Now, we consider another bordism group.

DErFINITION 4.1.  Let A=(A, ¢, f) be an m-dimensional singular (Z,, &,)-
manifold in (X, X; 7) such that ¢(w) is free if Oe w, i.e., oA=(09A4, 0o®, 6of)
is an (m—1)-dimensional singular free (Z,, &,)-manifold in (X; 7). We say
that such two manifolds A=(4, ¢, f) and A'=(A4', ¢’, f') are bordant, if
A+(—A’) bords by a singular (Z,, &,)-manifold W=(W, @, F) in (X, X; 1)
(cf. Def. 1.9) satisfying the following additional condition: For each w, ®(w) is
free on

(60W)(w) — Int {A(w) + (- A'(@))} .

Then we see that this bordism relation is an equivalence relation by the same
way as Lemma 1.10.

The set of bordism classes of such singular (Z,, #,)-manifolds is denoted
by #(&,)%(X; t) which is an abelian group by the disjoint sum. Thus we
have a bordism group

M(F)E(X5 1) = X M )7P(X: T)

which is naturally an Q*-module (cf. Def. 1.12). Further, the same BS exact
sequence as Theorem 1.16 holds for this bordism groups.

The following proposition can be proved by the same way as the proof of
Wu [8; Prop. 4] in case n=0:

ProrosiTION 4.2. The diagram

ML )X 1) —2 s Q(P)E (X 1)

| | 4

M(F )% (X 1) —2 s Q(F )22 (X 1)
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is commutative, where A is the Smith homomorphism, 8, is a natural homomor-
phism of degree —1 given by 0,[A4, @, f1=[004, 9@, 0of], and ¢, is defined by

tx[4, @, f1=[D* x 4, p X @, fopr], (D* x A)(w) = D? x A(w),
S' x A(w) U D? x (§pd)(@) (i =0)

0{D? x A)(w) =
D? x 0;,A(w) (ix0),

(p is the standard Z ,-action on the two-disk D?).
Further, 6, and ¢, are commutative with the BS exact sequences.

DErFINITION 4.3, Let (4, @) be a (Z,, #,)-manifold and let F,(w) be the
fixed point set of codimension 2k in A(w). F,(w) has a natural orientation
induced by that of Z -invariant neighborhood of F,(w) [4; Th. 1]. Further,
F,.={F,{w), ax(i,w)} has a natural &,-structure by defining

0iF (@) = Fp(w) N 0;A(w), ap(i,0) = a(i,w) | 6;F y(w).

In this sense, we call F,, the fixed point set of codimension 2k in A4.
For the next theorem, we consider a homomorphism

(44.1) vi O(F e (X5 1) — M(F )3 (X 5 7)

of degree zero given as follows. Let [4, ¢, f]e0(#)%7(X; 1), and let F,, be
the fixed point set of (A, ¢) as above. We then have a normal disk bundle
Va(w): D*(w)—>A(w) (ie., a closed Z,-invariant tubular neighborhood in
A(w) with natural orientation) for each w. D,(w) is a decomposed manifold
by defining

OoD,(w): the associated sphere bundle of D, (w),
0iDa(@) = vy (@) 1(G;A(w)) (ix0).

Since we may suppose that the map a(i,w) is an isometry for the action
¢(w), the induced one ap(i,w)=a(i,w)|d;D,(w) is a difftcomorphism

op(i,w): 0;D,(w) ~ D, (i,w) x P;, degoap(i,w) = dega(i,w).

Let @y(w)=¢(w)|Z,xDy(w) and fo(w)=f(w)|Dy(w). Then the class
[Daxs @2k f21] is an element of #(&,)%7(X; 7). Put

(4.4.2) v[4, ¢, f]1 = > [D2ks P2k faid -

0<ks[dim4/2]

THEOREM 4.5. The sequence
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s QP E(X; 1) —E5 0(£,)20(X; 7)

s (S )2 (X5 1) 2 QP )Zey (X T) — -

is exact, where i, forgets freeness and 6, is the homomorphism treated in
Proposition 4.2. Further, these homomorphisms are commutative with the
corresponding BS exact sequences.

The proof is entirely analogous to those given by Strong [6; Prop. 2] and
Wu [8; Th. 1], so we omit the proof here.

In conclusion of this section, we study the module structure of the bordism
group O(P)Z» =0(&,)%», & ={pt, P}, as is done for the bordism group Q(P)Zr
in §3.

When p=3, we have the following

THEOREM 4.6. Let P=kH (the disjoint sum of k copies of H), where H is
a free generator of Q, and k is an odd integer. Then the map

0: Ay = 0% ® 0, 2(P)x — O(P)32, 0([M, 9] ® 4) = [M x 4, ¢ xid],

is an isomorphism.

Proor. Because ¢0%* is a free Q,-module [8; §5] and any torsion in Q,
has order two, we have

O(P)%s ~ 0%3/PQ, _,, and Q(P), ~ Q,/PQ,_,,

(m=dim P) by the BS exact sequences. Using these results, we obtain the result
easily. q.e.d.

REMARK 4.7. If we consider the case when k is even in the above theorem,
then the map 0 is no longer isomorphic in general. For example, put P=CP(2).
By the analogous method to Remark 3.3 and the explicit abelian group structure
of 0%3[9; § 3], we have

P ~20Z02Z0Z,

A4 ~20ZDZOZ® Z,

§5. Collar systems of (G, &,)-manifolds

In this section, we consider the notion of collar systems of (G, &,)-manifolds
according to K. Jinich [5; §3], and prove the pasting lemma (Lemma 1.11),
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which is used in the previous sections.
For the present, we do not consider the orientations of manifolds.

DEerINITION 5.1. ‘Let A4 be a decomposed G-manifold of type n, ie., A is
a decomposed manifold of type n and G acts on A by isomorphisms of decomposed
manifolds. A G-collar

I'(A) = {Uf4), (4|0 =i < n}

of A is defined to be a system of open invariant neighborhoods U(A) of 0;4 in
A and G-equivariant diffeomorphisms

7 A = 2(A): 0,4 x [0,1) =~ U(A) (G acts on [Q, 1) trivially)
such that 4;|0;4 x0: 9;4A—UA) is the inclusion and
2{0;0,A x [0,1)) = U(A) n 0,4,
A(A(x,8),0) = A j(A(x,1),5), (ixj, xe€0;0;4).

Furthermore, I'(4) induces a G-collar I'(9,4) with U (9, 4)=g, U(0,4)=U(A)
n o,A and
2(0,A) = A(A)]0,0,4 x [0,1): 8,0, 4 x [0,1) = U(3,4) (ixk).

K. Janich has proved the following lemma by induction on the number of
corners:

LemMA 5.2 ([S; 3.4]). Any decomposed G-manifold A has a G-collar I'(A)
which induces the same G-collar I'(0;0;4)=1(0;0;A) of 0,0;4=0;0,A.

DEFINITION 5.3. Let (A4, ¢) be a (G, &,)-manifold. Then we say that
I'(4) = {I'(A(w)) | w e I(n)}
is a collar system of (4, ¢), if it satisfies the following conditions (i) and (ii):
() I'A) = {UA(0)), i{(A(@)|0=i<n} (wel(n)

is a G-collar of the decomposed G-manifold A(w) satisfying the condition of the
above lemma, and I'(A(w))=TI"(A(cw)) (6 € S,,).

(ii) The structure map o(i,w): 0;A(w)= A(i,w) x P, maps U (J;A(w)) onto
U (A(i,w)) x P; and the diagram

8,0:4(w) x [0, 1) B2, 5 4G, ) x Pyx [0, 1) 225 5, 4(i, w) x [0, 1) x P,

1@ G xid]
U;(6:A()) )| Y0 Aw) U, (4G, w)) x P;
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of diffeomorphisms is commutative, where I'(6;4(w)) = {U {(0,A(w)), A,(0;A(®))} is
the induced G-collar of I'(A(w)) on J;A(w).

Then we have the following theorem by ﬁsing the results of Jinich [5; 3.4]:
THEOREM 5.4. Any (G, &,)-manifold (A, ¢) has a G-collar system.

Proor. For each o with |w|=max {|o'||0A(w')>x@}, we can choose
I'(A(w)) satisfying (i) by the above lemma. Then 0;4(w) N 0;A(w)=¢ if i= j and
(ii) is trivial.

Assume inductively that we have constructed I'(4(w)) as desired for each @
with |w|=r. Take welI(n) with |w|=r—1 and 0A(w)=x¢@. Then the inductive
assumption implies that

I'(0;A(w)) = {U (0;A(w)), 2/(0;A(w))|0 < j < n}
is a G-collar of 0;4(w) for each i, where
U (0;A(w)) = a(i,w)™ (U (A(i,»)) x P;)

and 1;(0;A(w)) is the diffeomorphism defined by the commutative diagram in (ii).
Thus, by the collar germ extension lemma [5; 3.4], we have a collar I'(A(w)) which
induces the above G-collar I'(9;A(w)), and the construction of I'(4(w)) is com-
plete by induction on ||. g.e.d.

Now, we prove the pasting lemma for (G, &,)-manifolds.

Proor oF LEmMmA 1.11. For k=1, 2, we choose a G-collar system I'(A4,)
of (4,, ¢,) by the above theorem. Then I'(4,) induces an equivariant diffeomor-
phism

(.5.1) Ao(A@)): Godi(@) x [0,1) = Ug(A(w))  (k=1,2).

By pasting the restrictions of 1y(A4,(w)) on B(w)<=dyA,(w), we obtain an equivari-
ant homeomorphism

(5.5.2) Aw): B(@) x (—1,1) & V(o)
where V(w)=Uq(A,()) U Uo(Ax()), such that
Hw)(x,0) = x,
Hw) (x,1) = Ao(A1(@)) (x,1) and  Aw)(x,—?) = do(4,()) (x,1)

for x e B(w) and 0<t<1. Then we have the following commutative diagram of
homeomorphisms and inclusions from the property of the collar system (cf.
Def. 5.3):
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B)x(~1,1) 29, pw < Adw)
U U U
0.B(@)x (= 1,1) 29, p(w)n8,d(0) < 0,4(w)
(id X T)o (a(i,w) X id) l a(i,w) i
. A(l,w)Xxid . .
B, 0)x (=1L, 1)x P, "= V(i,w)x P; <= A(i,w) X P;

where a(i,w) is a homeomorphism induced by «(i,w) (k=1, 2). We give the
smooth structure of the pasted space A(w)=A4(w)U p,)A2(w) such that A(w) is
smooth. Since we have the above commutative diagram, such a process makes a
well-defined smooth structure of the ambient manifold A = A(g). q.e.d.
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