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1. Introduction and results

Let D denote the Euclidean half-space R"x (0, + o0), where n>1, and let
0D denote the Euclidean boundary of D. Arbitrary points of D and 0D are de-
noted by M =(X, x) and P=(T, 0), respectively, where X, Te R” and x € (0, + o0).
We write [M| for the Euclidean norm of M.

If p is a signed measure on 0D such that

) {, a+IPy1diul (P) < +oo,
then the Poisson integral I, of u is defined in D by the equation
LD = 25, )7 xIM =PI 1du(P),

where s, is the surface-area of the unit sphere in R**1. The condition (1) is
necessary and sufficient for I, to be harmonic in D (see Flett [5], Theorem 6), and
we say that a measure u on 0D is of class & if (1) is satisfied. If, further, pu is
non-negative, we write ue F+.

For each point P of D and each positive number r, we write

o(P,r)={MeD:|M—P|=r},
(P, r)={QedD: |Q-P| <r},

and we denote surface-area measure on o(P, r) or 0D by s.
If h is the difference of two non-negative harmonic functions in D, then the
function .#(h, P, -), defined on (0, + o) by

M(h, P, 1) = r-"-zg o, XHODAS(O),

is real-valued and continuous on (0, + c0) and is bounded on any interval of the
form [a, + o), where a>0. Inthecase where h>0 in D, the mean .#(h, P, r)
is a decreasing function of r and a convex function of r~»~1 on (0, + o). Papers
dealing with this mean include those of Dinghas [2], [3], Kuran [9], [10] and
the author [1].



236 David H. ARMITAGE

Here we compare the behaviour of the three functions
I(T, y), 4, P,r), wx(P, 7))

as y—»0+ and r—0+ for a measure u of class #. Analogous work on Gauss-
Weierstrass integrals has been done by Watson [12]. Some of the work pre-
sented here is inspired by [12], but consideration of .#(I,, -, -) in this context
seems to be new.

Before proceeding to the main results, we give the following lemma.

Lemma 1. Ifve #* and P=(T, 0) e dD, then the following are equivalent:

1
(i) S £-7=2y(x(P, £))dt = + oo,
0
(i) lim,,o, yTU(T, y) = + 0,
(i) Tim,o, (I, P, 7) = +00.

THEOREM 1. Suppose that ue #,ve F*, that P=(T, 0)e oD and that one
of the conditions (i), (ii), (iii) in Lemma 1 is satisfied. Then

L((P, 1)
v(z(P, 1))

. I1(T,

< lim inf,_q, _ﬁ_g_;m%%

M1, P, r) .
20 Pr) < limsup,_¢+

< lim inf, o, %«%

u(z(P, r))
v(T(P, 7))

lim inf,_,,

< lim sup,.¢;

Much work has been done on angular limits and fine limits of ratios of
harmonic (and even superharmonic) functions (see, for example, the papers of
Brelot-Doob, Doob, and Naim, cited in [8]). We remark that Theorem 1 fails
if the upper and lower normal limits are replaced by angular or fine upper and
lower limits. To see this it is enough to consider the case where v is n-dimen-
sional Lebesgue measure on 0D (so that I,=1) and u is n-dimensional Lebesgue
measure restricted to that part of 6D which lies on one side of a hyperplane passing
through P and meeting 0D in an (n—1)-dimensional plane. In this case it is clear
that u(t(P, r))/v(z(P, r))—1/2 as r—0+, but I /I, possesses neither an angular
limit nor a fine limit at P.

By taking v in Theorem 1 to be n-dimensional Lebesgue measure on 0D, we
obtain as a corollary the well-known result that if u possesses a symmetric deriva-
tive | at P, then I, has a normal limit / at P. (See [8], Theorem 3.1, for a proof of
the corresponding result for a ball.) By making other appropriate choices of v,
we obtain the following.

THEOREM 2. Suppose that a>0, and let f be a real-valued, continuous,
increasing function on [0, a] such that f is differentiable on (0, a) and
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©) So =72 f(1)dt = + oo.

Define functions w and & on (0, a] by

(n+D7SQ)  f f0) #0
[fr2s0ar i s@=0

a(r) =

and
2(sp+ 1)~y f(0) if fO=#0
7N ena @y (B goa i s =0
If ue # and P=(T, 0)e dD, then

liminf,_ . M < liminf,_, "—#—(—Ia—‘)"rir—) < liminf, o4 1T, y)

f(r) (r) 467)
< blim SUPy -0+ —I“(é{#y) < lim sup,_,o+i%—%§l—rl s vlim‘ sup,_.orJr W .

COROLLARY. Suppose that pe & and that P=(T,0)eoD. If0<a<n+1,
then

liminf, ,o.r~* p(t(P, r)) < A, ,liminf, o, r**1=2.g(I,, P, r)
< By, liminfy, o, y" I (T, y) < B, ,limsup,.o. y""*I (T, y)
< A, limsup, o, r"ti7eg(1,, P, r) < limsup,, ¢ r~u(e(P, ),
where
Aypn=n+1-a
and
By = Sy 1(n+1)"1{B(x+2)/2, (n+1—a)/2)} 1.
Further (corresponding to the case a=n+ 1),
liminf, o4 r™""*u(z(P, r)) < liminf, .o, (log (1/r))~*.#(I,, P, 1)
< 2715, 4 (n+ )7 iminf, o, (y log (1/y) (T, y)
< 27sy4q(n+ 1) limsup, o, (y log (1/y) (T, y)
< limsup,.o4+ (log(1/M)~1k(l,, P, r) < limsup,,o4 r~ " 1u((P, 7).

An obvious consequence of the Cdroliary is that if its hypotheses are satisfied
and if either
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lim, o4 r=*u(x(P, 1))
or
lim, o, r**i=e.g(I,, P, r)

exists for some o such that 0<a<n+1, then

limy_, o, y*~2I (T, y)

exists. We give next some partial converses of these results. For this we require
some new terminology. If g is a real-valued function on (0, + o), we shall say
that g is slowly increasing if for each positive number ¢ there exists a positive
number é such that

g) — g(v) > —¢

whenever (1-d)v<u<wv<d. Thus the slowly increasing property is a condition
on the behaviour of g near 0. In particular, it is easy to show that if the function
u—ug'(u) exists and is bounded above on some non-empty interval (0, a), then
g is slowly increasing.

THEOREM 3. Suppose that ue &, that P=(T, 0)e 0D and that 0<a<n+1.
Suppose also that

liIny—~0+ yn—aI“(T', y) = l’

where | is finite.
(i) If the function r—sr**1=2 g (I,, P, r) is slowly increasing and is bounded
on (0, 1], then

lim, o4 r"* 172l (I,, P, 1) = 5,4 H{(n+1) (n+3)B((x+2)/2, (n—a+3)/2)} 1.
(ii) If a#n+1 and the function r—>r=*u(z(P, r)) is slowly increasing and
is bounded on (0, 1], then
]imr->0+ 1‘_a#(T(P, r)) = Ba,nl'

Our final result limits the size of the set of points P=(T, 0) in dD for which
|.#(1,, P, r)| grows rapidly as r—0+ (and, a fortiori, limits the size of the set of
points for which |I (T, y)| grows rapidly as y—0+.) For each y such that 0<y
<n, let m, denote the Hausdorff measure on 0D constructed from the function
t—tY. (See, for example, [7].) Then the Hausdorff dimension of a subset E
of 0D is

inf {y: m(E) = 0}.

THEOREM 4. Suppose that pe & and that 0<a<n. Let
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S, = {PedD: limsup,o. r"*1=2|#(I,, P, r)| = + o}
and

T, = {PedD: limsup,_q, r"**~*|.4(I,, P, r)| > 0}.

Then m(S,) =0 and the Hausdorff dimension of T, is at most a.

2. Preparatory lemmas

Throughout this section, we suppose that P=(T, 0) € dD, and given a measure
uon 0D, we define a function u* on [0, + o0) by writing

#*0) =0, p*(r) = u(x(P, r))  (r>0).

LemmA 2. If ue &, then
(i) r 7 lp*(r)-0  (r—o0),

(ii) S t="=2u*(t)dt exists and is finite,
1

(iii) #(I,, P, r) is bounded and continuous on each interval [a, + ),
where a>0, and tends to 0 as r—oo.

To prove (i), note that if »>r,>0, then
l*(r) — p*(ro)lr==1 < (Jul*(r) — |ul*(ro))r—"!

< (" et = [P—QI"dlu] Q)

dD\t(P,ro)

Since pe &, the last integral can be made arbitrarily small by taking r, to be
sufficiently large, and (i) now follows easily.

If r,>r; >0, then

3

S" (s | < S 12| *¥()dt

= () el ) = ) + |7 e
Since

[ erramr = IP—Q"~1dlul(©),

ry t(P,r2)\t(P,ry)

we find, by using (i) and the fact that y e &, that the expression on the left-hand
side of (3) can be made arbitrarily small by taking », and r, to be sufficiently
large. The result (ii) now follows from the general convergence principle for
integrals. '
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By working with u* and u~ if necessary, we may suppose, in proving (iii),
that ue #*. The continuity of .#(I,, P, -) is proved in [2], Theorem 1. It
therefore suffices to note that, by [9], Theorem 4,

M(Iua P’ r)—>0 (r—»oo),

since there is no positive constant ¢ such that the function M+ cx minorizes I,
in D.

Lemma 3. If ue # and r>0, then
A, P, 1) = S“’ r=2u%(b)dt.
LEMMA 4. If ue & and y>0, then

1T, ) = @n+ 2y |7 102 + oy errunar
0
= 2n+1)(n+3) (55 1)"1y? gw (1+2(y2 4 2)-0+912_4(I, P, f)dt.
1]

To prove Lemma 3, we note first that by an easily justified change of order of
integration

ATy P, 1) = iz ( x2M— QI 1as(M)au(©),
where S denotes the sphere of centre P and radius r. Next, by noticing that the
(ball) Poisson integral of the function M+~ x2 on S is the function
M x2 — (n+1)"Y{|P—-M|> — r?},

we find that the inner integral in the above equation is s, ,(n+1)"'r when Qe
7(P, r). Similarly, by using the Poisson integral formula for the complement of
a closed ball (see [8], Lemma 9.1), we find that when Q € dD\7(P, r) the inner
integral is s,,,(n+1)"'r"*2|P—Q|~""1. By the monotone convergence theorem,
this continues to hold when Q € dD\t(P, r). It now follows that

A Ly P, 1) = (n4 D)%) + |7 o dun(o)
= (n+ D7t lim, . (1t (0) + | o2,
and the result follows by Lemma 2(i).

. In proving Lemma4, we may again suppose that pe #*. -To prove the
first equation in Lemma 4, we have
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[ee]

25 (L) = 3 |02+ 1P= QR 0r2du(@) = » [ (02 + ) oraux)
0

= ylim,. o (y? + r2)~CD2pX(r) + (n+1)y Sw H(y? + )" I2pX()ds.
0

Since, by Lemma 2(i), the limit here is 0, the result follows.
Since u* is increasing on [0, + c0), it follows from Lemma 3 that

MLy, Py 1) = —r7"2u%(r)

for all but countably many non-negative values of . Hence by the first equation
in Lemma 4,

Sn+1(2n+2)—11“(7~, y) - _ ygoo t"+3(y2 + t2)—(n+3)/2j1(1”’ P, t)dt
0
= —y[" 32 + "I (1,, P, 017
+ 43y 22 + a1, P i,
0o

Since #(I,, P, t)—0 as t—c0 and t"*3.#(I,, P, t)—0 as t—»0+, by Lemmas 2(iii)
and 3, the second equation in Lemma 4 follows.

3. Proof of Lemma 1 and Theorem 1

The equivalence of (i) and (iii) in Lemma 1 follows from Lemmas 3 and
2(ii)). By Lemma 4, for each positive y

YT, ) = @+ D))t | 02 + 2oy,
0
so that, by the monotone convergence theorem,
lim, oo+ (T, 3) = @n+2) (50 )7 -7 20%0)d,
. 0

Hence, in view of Lemma 2(ii), we have the equivalence of (i) and (ii).

In proving Theorem 1, we need only consider the inequalities between the
upper limits, for if these are proved, the inequalities between the lower limits will
follow by working with — u instead of u.

We start with the final inequality. Let the value of the last upper limit be
A. The inequality is trivial if A= +oc0. We therefore suppose that A< + co and
let A be such that A<A < +o00. Then there exists a positive number rq such that
u*(r)<Av*(r) for all r such that 0<r<r,. By Lemmas 3, 2(ii) and 1, if 0<
r<rg, then
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(L Por) = (" rrear = (P err@ar+ 01)  (r-0+)

r

<A S =1=2y%(0)dt + 0(1) = (A + o(1)) S°° £-n=2y%(1)dt

=4+ o(1))#(,, P, 1),

whence the required inequality follows.

In proving the penultimate inequality in Theorem 1, we may suppose that
the value of the penultimate upper limit, k say, is not +00. Let K be such that
k<K< +o00. Then there is a positive number r; such that

A, P,t) < K4, P, t)
whenever 0<t<r;. Hence by Lemmas 4, 2(iii) and 1,
2715 (n+ 1) (n+3) U (T, y) = y3S” "t 2(y? + 2~ (D12 4(1,, P, t)dt
0
+0(*) (y—-0+)

< Ky {2y 4+ 2y 09, P, it + 0()
0

= Ky-"gw 142(y2 4 2)- 4912 (I, P, Hdt + 0()%)
1]

= K27%5,,{(n+1)"Y(n+3)7U(T, y) + 0(»°)
= (K + o(1))27%s,, 1(n+1)"1(n+3)7 (T, y),

and the required inequality follows.

4. Proof of Theorem 2

To deal with the case where f(0)=0, define a measure v on dD by writing
WE) = (s)™* S S'(IP=Q)IP—-Q|'""ds(Q),
Ent(P,a)

for each Borel subset E of dD. Then
V) =f(r) 0<r<a), v¥r)=f(a) (r=a),
so that condition (i) in Lemma 1 holds. Hence, by Lemmas 4 and 1,
I(T, ) = @n+2)(ss )™y [ 1002 + 20920 (0dt +00)  (v-0+)

=&(y) + o(I(T; ),
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so that
I(T, y) = (1 + o(1))¢(»).
Also, by Lemma 3,
A, P, r)= Sa "2 f(0)dt + 0(1) = (1 + o(1))w(r) (r-0+).

The case where f(0)=0 of Theorem 2 now follows from Theorem 1.
To deal with the case where f(0)#0, let v be f(0)5,, where &, is the Dirac
measure concentrated at P. Then v¥(r)=f(0) for all positive r. Also,

I(M) = 2s,+ )" f(O)x|M~P|™*"1  (MeD),
so that, in particular,
I(T, y) = 2(s,+ )" f Oy = &(3),
and by Lemma 3,

(I, P, 1) = £(0) S“’ 124t = o).

Again we can apply Theorem 1.
If we take f(r)=r* for each r € [0, 1], where 0<a<n+1, then the conditions
of Theorem 2 are fulfilled and for re (0, 1]

(n+1)~1pn-1 (x=0)
o) ={(m+1-0)Y(r=mt=1) (O<a<n+l)
—logr (@ =n+1).

Also, if y €(0, 1], then in the case where a=0
E) = 2(sp+ )"y,

and in the case where O0<a<n+1,
1
274+ 1715, 1800) = yS 1ot 1(y2 4 12)-( 4324y
0

1
— ya—n—lg (t/y)*H1(1 + 12]y?)~(n+3)24y
)

1/y

2
— 2—1ya—n S ua/2(1+u)—(n+3)/2du,
0

so that in the case where a=n+1
) =2(n+1)(s5+ ) ¥(=logy + 0(1))  (y—0+)

and in the case where O<a<n+1
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50D = (14D e )y | w2+ o) (750+4)

= {(n+ 1) (ns )7 B(2+2)/2, (n—a+1)/2) + o(1)}y*~".

Collecting together these results and applying Theorem 2, we obtain the Corollary.

5. Proof of Theorem 3

The proof depends on the following form of a Tauberian theorem of Wiener.
THEOREM A. Let ¢ and  be real-valued functions on (0, + o0) such that
D (T1e0d < + oo,
(ii) S: ¢(Ot~i*dt £ 0 for each real number u,
(iii) ¢ is bounded on (0, + ) and slowly increasing,
(iv) there is a real number k such that

wt {7 danwas — k(7 s0a @-04).
0 0

Then Yy(u)—k as u—-0+.

This result is given by Hardy [6], Theorems 233 and 235. Note that in
Theorem 233 Hardy gives details of the corresponding result in the case where
u—o00. To pass to the case where u—0+ (Theorem 235), it is necessary to ob-
serve that a function  on (0, + o0) is slowly increasing if and only if the function
t—1(t71) is slowly decreasing in the sense of [6], §6.2.

To prove Theorem 3(i), we note that, by Lemmas 4 and 2(iii),

@ YT ) = An+ ) (13 (s )y [ 202 4 2y

x A, P, )ydt + o(1) (y-»0+)

= 20+ D(1+3) 607 | SOt + 0(D),
where
@.() = 2t Y (L + 2)~ 52 (+ > 0)
and
trtize g(I,, P, t) O<t<1
Vi) = [ 0 (t>1).

The functions ¢, and y; satisfy the hypotheses (i) and (iii) of Theorem A. Also,
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by (4), the hypothesis (iv) is satisfied with

k=5, l2m+ Dn4+3) |7 9,0y
= Sp 1 H{(n+ D (n+3)B((x+2)/2, (n—a+3)/2)} 1.
The hypothesis (ii) is also satisfied, since
S“’ b (Oivdt = S‘” v (eV)e= oy
(4] — 00
= 2-1B((n+3— ot iu)[2, (2 +a—in)2) # 0.

(See, for example, [4], p. 120, formula (21).) We can now apply Theorem A to
obtain y,(r)—k as r—0+, which is the required result.
To prove Theorem 3(ii), we note first that by Lemmas 4 and 2(ii),

1
yel (T, y) = 2n+2) (sn+1)“y"“'“g H(y? + 12"+ D2pX(Hdt + o(1)
0

) .
= @G5y 07y [ 92t )0 + 0(1),
where
¢2(t) — tm+1(1 + t2)—(n+3)/2 (t > 0)
and
teu*(1) O<t<)
Y1) = [ 0 @>1).

The functions ¢, and Y, satisfy the hypotheses (i) and (iii) of Theorem A. Also,
by (5), the hypothesis (iv) is satisfied with

k=50 l{@n+2) | 60171 = B,
0
The hypothesis (ii) is also satisfied, since
Sw ¢, (Dt7tudt = Sw e’d,(ev)e i vdy
0 —00

=2"1B(n+1—a+iu)/2, Q+a—iu)/2) # 0

([4], loc. cit). We can now apply Theorem A to obtain ,(r)—k as r—0+,
which is the required result.

6. Proof of Theorem 4

This proof is borrowed from [12]. We can assume that S, and T, are
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bounded. By the corollary of Theorem 2,
limsup,_o4 r"*17¢|.#(I,, P, r)| < limsup,_ o4 r"*1=*(l),, P, 1)
< (Aa,n)_l lim SUpP;-o0+ T_“lll,l (T(Pa 7‘))

Further, if J(P, r) denotes the closed n-dimensional cube in 0D with centre P,
edge length 2r and faces orthogonal to the co-ordinate axes, then

lim SUP,-o0+ "_“IN| (T(P’ r)) < (2\/n)a lim SUpP;—o0+ (27'\/}1)_“'[1,1 (J(Pa r))
< (2{/m)*limy_, 04 [sup, {(diam (J))~*|u| (J): PeJ, diam (J) < 6}]

where J denotes any non-trivial, n-dimensional interval in 6D. Hence if Z denotes
the set where this last limit is infinite, we have S,=Z. By [11], Lemma 4, m/(Z)
=0, so that m,(S,)=0.

The result for T, is trivial when a=n, and when 0<a<n it follows from the
fact that T,= S, for each § such that a<f<n.
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