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The notion of excellent quadratic forms was first introduced in [3] by M.

Knebusch and some basic properties were investigated there. However it seems

to the authors that the most important theorem, so to speak Ίhe structure theorem

of excellent forms', has not been known yet. The main purpose of this paper is

to give theorems of this sort (cf. Theorem 2.1, Theorem 2.4).

§ 1. Definitions and notations

Throughout this paper, a field always means a field of characteristic different

from 2. Let k denote the multiplicative group of a field k. The Witt decom-

position theorem says that any quadratic form φ is decomposable into φ Λ l φ f l ,

where φa is anisotropic, and φh^mH is hyperbolic. Here, φa is uniquely deter-

mined up to isometry by φ, and so we speak of φa as the 'anisotropic part' of φ.

The integer m above is also uniquely determined by φ, and will be called the

'Witt index' of φ.

For a form φ over k and an element aek, we shall abbreviate (a)®φ to

aφ if there is no fear of confusion. For any form φ over k, we denote the set

{aek\φ represents a} by Dk(φ) and the set {aek\aφ^φ} by Gk(φ). The latter

is always a subgroup of k. When φ and φ are similar, namely φ^aφ for some

a e fc, we write φπφ. We say that φ is a subform of φ, and write φ<φ,if there

exists a form χ such that φ^φlχ. We say that φ divides φ, and write φ\φ, if

there exists a form χ such that φ^φ®χ.

For an n-tuple of elements (α l 5 . . . , an) of k, we write <α l 5 . . . , αn> to denote

the 2w-dimensional Pfister form ® i = l s . . .> n<l, α, >. Since any Pfister form φ

respresents 1, we may write φ ^ < l > ± φ ' . The form φ' is uniquely determined

by φ, and we call φ' the pure subform of φ. A form φ over k is called a Pfister

neighbour, if there exist a Pfister form p, some a in fc, and a form T; with dim η <

dimφ such that φJLη^ap. The forms p and η are uniquely determined by φ.

We call p the associated Pfister form of φ, and η the complementary form of φ,

and we say more specifically that φ is a neighbour of p. A form φ over /c is called

excellent if there exists a sequence of forms φ = η0, ηί,...,ηt(t^O) over k such that

d i m ^ ^ l and ^(OgΞϊΌ —1) is a Pfister neighbour with complementary form

>/i+1. Each ff,. with O ^ r ^ f is uniquely determined by φ, and we call ηr the r-th
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complementary form of φ. The sequence of forms φ = ηo,...,ηt(t^0) is called

the chain of complementary forms of φ.

DEFINITION 1.1. Let φ be an excellent form and φ = ηo,...,ηt be the chain

of complementary forms of φ. If ρr(O^r^t — 1) is the associated Pfister form

of ηr, then the sequence of Pfister forms p0,..., Pt-i *s called the chain of Pfister

forms of φ.

DEFINITION 1.2. For a form φ and its subform φu there exists a unique form

φ2 such that φ = ψγ±φ2 We then write φ2 = (φ — ψ\)

LEMMA 1.3. Let φ0, φ 1 ? . . . , φt(t^.\) be a sequence of forms over k such that

for any / = 0,..., t— 1. Then the following statements hold:

(1) φ0 £ <<?0-<Pi> I < φ 1 - ^ 2 > l l < φ ί _ 1 - φ ί > 1 φt.

(2) If t is an odd number, then

± ζφ3-φ4> l ± <φt-2-φt.^ 1 φt))

(3) //1 is an even number, then

PROOF. The assertion (1) is proved easily by induction on t, and the other

assertions are clear from (1). Q. E. D.

REMARK 1.4. For a sequence of Pfister forms p0,..., ρt_ x (t^ 1), we consider

the following two conditions (e0) and (ex).

ieo) Pi < Pi-1, dim pi < dim Pi_\ for any i = l , . . . , ί — 1 and d i m p f _ 2 >

2dimp f _ 1 ^ 4.

(e{) pi < Pi-ί9 dimpf < dimpi_ι for any / = 1,..., f— 1 anrf dim pt_v ^ 4.

Let φ be an excellent form over k and p0,..., pt-x be the chain of Pfister forms of

φ. By [3], Lemma 7.16, pi<Pi_u dim p ^ d i m p ; . , for any ί = 0,..., t — 1.

Moreover if dim φ is even, then dim p ί _ 2 > 2 dim p r_ x ^ 4 and if dim φ is odd, then

d i m p ί _ 1 ^ 4 . These facts are easily shown by the definition of excellent forms.

Thus, for the chain of Pfister forms of an excellent form φ, if dim φ is even then

the condition (e0) is satisfied and if dim φ is odd then the condition {ex) is satisfied.

REMARK 1.5. For two Pfister forms φ and φ, it is well known that φ<ψ if

and only if there exists a Pfister form χ such that φ<S>X = Φ (cf. for example, [1] or

[4], Exercise 8 for Chapter X). So if a sequence of Pfister forms po,...,ρt.1
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satisfies (e0) o r (ex), t h e n f o r a n y i = l , . . . , t—\ t h e r e ex i s t s a P f i s t e r f o r m τt s u c h

that piOTjSPi-,.

The following two lemmas follow immediately from [3], Proposition 7.18

and Corollary 7.19. However these lemmas are easily verified and in order to

make our discussions self-contained, we give proofs of them.

LEMMA 1.6. Let φ be an excellent form over k, and φ = η0,..., ηt be the

chain of complementary forms of φ. If t^.2 then

PROOF. Let po> > Pt-i be the chain of Pfister forms of φ. Let c be an ele-

ment of D(η{). Then we have o/0-Lc>/i=Po and cηί±cη2 = pι. It follows from

Remark 1.4 that cηoλcηι=po>ρi^cηί±cη2, which implies that η0

>rί2-
Q.E.D.

For any form φ over k, we denote by det (φ) the determinant of φ.

LEMMA 1.7. Let φ be an odd-dimensional excellent form, and φ = η0,..., ηt

be the chain of complementary forms of φ. If t is even, then φ represents

det (φ).

PROOF. We proceed by induction on m, where t — 2m. First suppose m = 0,

so ί = 0 and dim<p=..l. Then we have <p = <det(φ)> in this case. Now assume

mg l. Our inductive hypothesis (applied to the form η2) implies that det(f/2)e

D{η2). The facts ηo±ηι&ρo and ηί±η2&ρi imply that det(η 0 )det0h)= 1 and

det(f/1)det(ίy2) = l respectively. Hence we have det(ηo) = det(f/2). By Lemma

1.6, we see that det(φ) = det(η 2)eD(η 2)^D(φ). Q.E.D.

§ 2. Main theorems

In § 1 we remarked that the chain of Pfister forms of an excellent form φ

satisfies the condition (e0) or the condition (ex). In this section, we shall rewrite

φ explicitly by its chain of Pfister forms.

THEOREM 2.1. Let φ be an odd-dimensional excellent form, and po> > Pt-ι

be the chain of Pfister forms of φ. Then the following statements hold:

(1) // t is odd, then

(2) //1 is even, then

φ ~ <Po-Pi> -L <Pi -Ps> -L J- < ρ f - 2 - P f - i >

Conversely, let pOi..ti pt^γ be a sequence of Pfister forms which satisfies the
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condition (ex). Then the form φ constructed as above is excellent, and the

chain of Pfister forms of φ is p o , . , pt-\-

PROOF. We first show that the statements (1) and (2) hold. We proceed

by induction on t. If ί = 0, then d i n κ p = l and hence φ « < l > . Now assume

ί^ 1. Let φ = η0,..., ηt be the chain of complementary forms of φ. We consider

the case where t is odd. By the induction hypothesis, we have η1&(pι—ρ2}l.

<p3 — p 4 > ± _L<pf_2 — pr_!>JL< 1 >. There exists a e k such that aη1^(pi — p2>-L

<p3 —p 4 >± l < p f _ 2 —p f-i>J-<l>. Then, we have aeD(ηx). The fact ηo^\

πp0 implies that aη0Laη^p0. Hence, aη0^(p0-aηί>ς*(p0-((pί-p2y±

<P3-P4>-L -L<Pί-2-Pί-i>J-<l»> By Lemma 1.3, we have φ = ηo*<Po-Pi>

We now consider the case where t is even. By the induction hypothesis

'h-<Pi-P2>J-<P3-P4>-L - L < A - i - < l » and therefore aηizζpι-ρ2>±.

< p 3 - p 4 > ± l < p f _ 1 —<1>> for some aek. The determinant of the right hand

side is 1. Hence άet(aη1)=l. Since the dimension of the form ηx is odd, we

have det(aηί) = aάet(ηι), so α = det(^ 1). It follows from Lemma 1.7 that a =

det ηί =det η0 eD(η0). Hence aη0Laηί^p0, and we have aηQ^^pQ

<Po-«Pi-P2>-L<P3-P4>-L -L<Pf-i - < ! » ) > . By Lemma 1.3,

Conversely, let p o,. . , pt-ι be a sequence of Pfister forms which satisfies the

condition (ex). In order to show that φ = <p0 —p 1 >±<p 2 — p 3 > l is excellent,

we define a sequence of forms η0,..., ηt as follows. *7o = (P::=<(Po~Pi>-L<P2~P3>

= <p ί_ 1 — <1>>, ^ = <1>. We shall show that φ = ̂ 0,..., ηt is the chain of com-

plementary forms of φ. For any i = 0,...,ί—1 we have ηiληi+ι^({pi — p ί + 1 >

-L<P»+2~Pi+3>J- )-i-«Pί+ι-Pi+2>-L<Pi+3-Pi+4>-L ) = Pi. Since dimpt <
dimp,..! for any / = ! , . . . , ί— 1 and d i m p ^ j ^ ^ we have d i m f y ^ d i m ^ ^ ! for any
/ = 0,..., t— 1. This shows that φ is an excellent form, φ = η0,..., ηt is the chain
of complementary forms of φ and p o ? , Pί-i is the chain of Pfister forms of φ.

Q.E.D.

REMARK 2.2. Let <p be an odd-dimensional excellent form, and p o , . ., pt-ι

be the chain of Pfister forms of φ. By Theorem 2.1, there exists aek such that

αφ = <p0 — p1>J_<p2 — p3>-L . By calculating the determinants of both sides,

we have a = det (φ).

COROLLARY 2.3. Let φ be an odd-dimensional excellent form. Let φ —

η0,..., ηt be the chain of complementary forms of φ and p o , , p f - i be the chain

of Pfister forms of φ. Then for any / = 0,..., ί,
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PROOF. It is easy to show that det(φ) = det(f/;) for any / = 0,..., t. Then
the assertion is clear from Theorem 2.1 and Remark 2.2. Q. E.D.

THEOREM 2.4. Let φ be an even-dimensional excellent form, and po> > Pr-i

be the chain of Pfist er forms of φ. Then the following statements hold:

(1) If t is odd, then

(2) //1 is even, then

<P~ <Po-Pi>-L<P2-P3> ± ± < p , - 2 - P , - i > .

Moreover, in both cases, we have α<p = <p0 — p!>_L<p2 —p3>JL / o r α n y a e

D(tit-X), where ηt^ι is the (t-i)th complementary form of φ. Conversely, let
Po> >Pf-i be a sequence of Pfister forms which satisfies the condition (e0).
Then the form φ constructed as above is excellent, and the chain of Pfister forms
ofφ is po,...,ρt-x.

PROOF. We first show that the statements (1) and (2) hold. We proceed
by induction on t. Let φ = η0,..., ηt = 0 be the chain of complementary forms of
φ. If ί = l, we have ηo±η1^ηo&po. Then for any a e D(ηt_ί) = D(η0), aηo^ρo.
We now assume that t> 1. We first consider the case where t is even. By the
induction hypothesis, for any 0 6 % ^ ) , aηί^{pι— p 2 >l<p 3 — p4>± ±
<p ί_3 — pf_2>-LPί-i We have ηι>ηt-i by Lemma 1.6, so αeD(^). This
implies that aηol.aηx^ρo, and so έwyo = <Po-flί/i> = <Po-«Pi-P2>J- -L
<p f_3-p ί_2>lp ί_1)>. Using Lemma 1.3, we have φ = ηo~<Po-Pi>-L<P2-P3>
l l < p ί . 2 - p ί _ 1 > .

We now consider the case where t is odd. By the induction hypothesis,
for any a sD(ηt_λ\ α ^ 1 ^ < p 1 - p 2 > l < p 3 - p 4 > l . l<p f _ 2 -p f _ 1 >. We have
ηo>y\t-ι by Lemma 1.6, so aeD(η0). This implies that aηo±aηι = p 0 , and so

2~Pf-i»> By Lemma 1.3, we

Conversely, let p0,..., pt-ί be a sequence of Pfister forms and suppose that
the condition (e0) holds. We have to show that φ = (p0 — p 1 > ± < p 2 ~ p 3 > l is
excellent. We define a sequence of forms ^0, .., f/ί as follows:

>7o = <P = <Po~Pi> J-<P2

••*, ̂ /r-2 = <Pί-2-Pr-iX ^f-i = Pf-i? Άt = 0.

We shall show that φ = ηo,...,ηt is the chain of complementary forms of φ. For
any ι = 0,..., ί - 1 , we have ^ l ^ + 1 ^ « p / - p / + 1 > l < p ι . + 2 - p ί + 3 > l ) l « p ί + i -
p / + 2 >±<p ί + 3 — p / + 4 >± ) = Pr Since dimp^dimpf.! for any / = ! , . . . , r—1



254 Daiji KIJIMA and Mieo NISHI

and dim p f _ 2 > 2 d i m pt_x ^ 4 , we have dim/y f>dimi// + 1 for any / = 0,...,ί—1.
This shows that φ is an excellent form, φ = ηo,...,ηt is the chain of complementary
forms of φ and p 0,..., Pt-1 *s the chain of Pίister forms of φ. Q. E. D.

COROLLARY 2.5. Let φ be an even-dimensional excellent form. Let φ —
η0,..., ηt be the chain of complementary forms ofφ and po, . , p f_, be the chain
of Pfist er forms ofφ. Then for any aeDiη^γ) and any / = 0,..., t— 1, we have

REMARK 2.6. In the above situation, for any aeD(ηt^^), aφ^ζpQ — p^l
<p2 —p3>± . Conversely, the following Lemma 2.7 shows that G(φ) =
G(pt-ι). Therefore if a is an element of k such that aφ^^pQ — p^λ
<p2 — p3>J- , then a must be an element of D{ηt_x).

LEMMA 2.7. Let po,...,pt_ί be the chain of Pfister forms of an excellent
even-dimensional form φ. Then G(φ) = G(p ί_1).

PROOF. We may assume that φ = <p0 —p1>l<p2—p3>_L . We first prove
that G(φ)'2ίG(ρt_ί). Let a be any element of G(pt_x). It is sufficient to show
that aeG((pι — pi+1}) for any / = 0,..., t — 2. The fact that P/>p ί+i for any
/ = 0,..., ί-2, implies that a eGip^^^Gipi) for any ί = 0,..., t-\. Then,
p i + 1 l<p ί-ρ ί + 1>^p /^αp t .^flp ί + 1_Lύf<p ί-p / + 1>^p ι .+ 1 lα<p | .-p ι .+ 1>. Hence
<pf —p i + 1>^α<p ί —p ί + 1>. Thus we see that G(φ)^G(p ί_1). We now show the
converse inclusion. We let dimp f_ 1=2π and dimρ ί_2 = 2m. By Remark 1.4,
we have n<m. We then define a form ψ as follows:

φ = <φ~p ί_1> = <po-Pi> I < p 2 - ρ 3 > l l < ρ ί _ 3 - p ί _ 2 > (t: odd)

φ = φlpt-i = Oo-Pi> J-<P2-P3> l l<ρ f_4-Pr-3>-LPί-2 (̂  even).

It is clear that φ e lmk where Ik is the fundamental ideal generated by all even-
dimensional forms of the Witt ring W(k). For any element a of G(φ), if t is odd
then <1, - t f > ® ^ ~ - < l , -α>®p f _ 1 e W(/c), and if t is even then <1, -a)>®φ
~<1, -ί7>®ρ f_!e W(k). Hence <1, -α>®ρ f _ 1 elm+ίk. It follows from the
Arason-Pfister's theorem ([4], p. 289, Theorem 3.1) that <1, -a}®ρt_ι^0.
Thus aeG{ρt-x) and G ^ c G ί p , . ! ) . Q. E.D.

§ 3. Applications

PROPOSITION 3.1. Let ψ be an ίsotropic excellent form and φ = η0,..., ηt be
the chain of complementary forms of φ. Then φa — {~~^)iγ\i for some i where φa

is the anisotropic part of φ.

PROOF. Let pθ9...9pt_1 be the chain of Pfister forms of φ. Since φ is
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isotropic, we have p o ~ 0 . By the fact that ρi\pi_x for any / = 1 , . . . , t— 1, there
exists i (O^i^t— 1) such that Py~0 for any j^i and pj is anisotropic for any
j>i. By Theorem 2.1 and Theorem 2.4, (^«<p 0 —p ] >±<p 2 —p3>_L . We
first consider the case where / is odd. Then, <p0 — p 1 > l l < p / _ 1 —pt > is hyper-
bolic and <p ί + i— Pr + 2>J- is anisotropic. This yields that φa~(pi+i — P +2)
± . From Corollary 2.3 and Corollary 2.5, we can readily see that φa^ηi+ι.
We now consider the case where i is even. Since φ » < p 0 —p1>J_ l < p t —p ί + 1 >

-l ^ < « P o - P i > l l < p I » - « p I + i - ρ ί + 2 > - L )>, we see that <p o ~Pi>
J_ ±<p t > is hyperbolic and <p ί + 1—p / + 2>_L is anisotropic. Again by
Corollary 2.3 and Corollary 2.5, φa = -ηί+ί=(-\)i+1ηi+1. Q.E.D.

We can strengthen Proposition 7.18 in [3] slightly as follows.

PROPOSITION 3.2. Let φ be an excellent form, φ = η0,..., ηt be the chain of
complementary forms of φ and po,...,ρt_ι be the chain of Pfister forms of φ.
Let s be a natural number with l ^ s ^ ί .

(1) If s is even, then the form (φ — ηs} is excellent. Its chain of Pfister
forms /s p o,...,ρ s_! //dimp s_ 2^4dimp s_ 1 and p0,..., p s_ 3, p s_ x z/dimps_2 =
2dimp s_1.

(2) If s is odd, then the form φ±ηs is excellent. Its chain of Pfister forms
is Po> — >Ps-i V dimp s _ 2 ^4dimp s _ 1 and p0,..., p s_ 3, p s _! if dimp s_2 =
2dimp s_1.

PROOF. Let s be an even number. Then we have ηs<φ by Lemma 1.6.
It follows from Theorem 2.1, Corollary 2.3, Theorem 2.4 and Corollary 2.5 that
<φ-*?s>«<Po-Pi>-L -L<Ps-2-Ps-i> If dimp s _ 2 ^4dimp s _ 1 , then the
sequence of Pfister forms po> >Ps-i satisfies the condition (e0). Hence by
Theorem 2.1 and Theorem 2.4, the form (φ — ηs} is excellent and its chain of
Pfister forms is po,.. , p s-i If dimp s_2 = 2dimp s_1, then we have <ps_2 — ps_!>
^aps.x for some aeD(ps_2). Hence <φ-^>«<p o -p 1 >J- l<p s _ 4 -p s _ 3 >
±αp s _ t . Since aeD{ps^7)^G{pi — pi+x) for any j = 0,..., 5 — 4 we have <φ — ηs}
»<p 0 —p 1>l ±<p s _ 4 --p s _ 3 >±p s _ 1 . So, the form (φ — ηs} is excellent and its
chain of Pfister forms is ρ0,..., p s - 3 , ρ s-i We now proceed to the case where s
is odd. Then similarly φ±ηs&(p0 — p1>± ±<p s _ 3 — p s _ 2 >lp s _j. If dimp s_2

^4dimp s_j, then the form φlηs is excellent and its chain of Pfister forms is
Po,..., p s-i. If dimp s_2 = 2dimp s_i, then we have < ρ s _ 2 - ρ s _ 1 > ^ α p s _ 1

for some aeD(ps_2). Hence < p s _ 3 - p s _ 2 > l p s _ 1 ^ < p s _ 3 - < p s _ 2 - p s _ 1 » ^
<p s _ 3 -αp s _ 1 >. Thus we see that φ±// s»<p0-p1>J_ l<p s_3-cfp s_1>. Since
aeG(Pi) for any / = 0,...,s-3 we have φ l ^ s « < p ϋ - p 1 > l _L<ps_3-ps_1>.
So the form φ±ηs is excellent and its chain of Pfister forms is p0,..., p s_ 3, p s-i

Q.E.D.



256 Daiji KIJIMA and Mieo NISHI

Let φ and φ be excellent forms. The following question emerges: when does
the form φlφ become excellent? We use the following notation: φ = ηo,...,ηt

is the chain of complementary forms of φ, p o , . ., ρt-λ is the chain of Pfister forms
of φ, φ = ξOi...9 £ sis the chain of complementary forms of φ and finally τ 0,..., τ s _ t

is the chain of Pfister forms of φ.

LEMMA 3.3. In the above situation, we assume that φ is even dimensional
and that τ 0 |p f _i, d i m τ o < d i m p ί _ 1 , άQt(φ)eD(ηt^ι) (if άimφ is odd) and
D(ξs_λ)(\ D(ηt-X)φφ (if άimφ is even). Then the following statements hold.

(1) If t is even, then the form φlφ is excellent and po> > Pt-\> τo> > τ s-i
is the chain of Pfister forms of φlφ.

(2) If t is odd and Cl^®Pr-i I A-2» then the form φlφ is excellent and
Po,..., Pί-2» <0>®Pr-i> Pt-u τo» » τs-i is the chain of Pfister forms of φlφ.

PROOF. We choose an element a as follows: if dim φ is odd then α = det (φ)
and if dim φ is even then a is a fixed element of D(ξs_t) Π D(ηt_x). Note that
αφ^<po-pi>l<p2~P3>-L and α ^ ^ < τ o - τ 1 > l < τ 2 - τ 3 > l . If t is even,
then aφ±aφ^(p0 — p 1 > l l<p ί _ 2 —p ί_1>±<τ0 — τ,>± . Thus, the form
φlφ is excellent and po,.. , p f-i, τ0,..., τs_j is the chain of Pfister forms of φlφ.
If t is odd, then

aφlaφ ^ <po-p,> l l <p ί_ 3-p f_ 2> I p ^ ! 1 <τo-τ,> l

= <Po~Pi> -L ' J- <Pt-3~Pt-2> -L

Thus the form φlφ is excellent and p o , . . . ,p,_ 2 , C l ^ Φ P ί - n Pί-i ? ^o? »τA-i i s

the chain of Pfister forms of φlφ. Q. E. D.

DEFINITION 3.4. For any natural number w, we denote by e(n) the number
such that 2e(n) is the least 2-power not less than n, and we put c(n) = 2e(n) — n.

PROPOSITION 3.5. For a form φ, the following statements are equivalent.
(1) φ is excellent.
(2) Let φa be the anίsotropic part of φ with άimφa = n and r be the Witt

index of φ. Then φa is excellent and r = 0 or c(n) (mod 2e(π)).

PROOF. (1)=>(2): Let φ = η0,..., ηt be the chain of complementary forms of
φ and po,.. , ρt-\ be the chain of Pfister forms of φ. By Proposition 3.1 there
exists a number i, 0 ̂  i ̂  t, such that φa = (— 1 Yηim Hence it is clear that the form
φa is excellent. If the number i is even, then φ ^ < p 0 —p1>± ±<p ί_ 2 —Pf_i>-L
<p / -p ί + 1 >± , iy,«<Pi-p/+i>l---. So < φ - ^ > ^ r / / = < p o - p 1 > l l < p ί - 2 -
Pi-ι}. Since dimpf = 2e(/i) and dimp l _1 divides the dimension of the form
<Po-Pi>JL J-<P/-2-P/-i>> we have 2e^+ι \άimpi_i\άimrH = 2r. So 2̂ "> | r
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and we have r==0 (mod2 e ( f l )) If the number / is odd, then <p»<p0 —Pi>-L -L

<pf _ 1 — pι>l , ηi~(pi — p ί + 1 > l . By Corollary 2.3 and Corollary 2.5, we

have φl ιy i «<p 0 -Pi>-L -L<Pi-3-Pι-2>-LPi-i. Hence 2«c> + 1 =2dimp / |

d i m p ^ j | d i m ( φ l ^ t ) = 2r + 2π. So 2 e ( π ) | r-f-/i and we have r=—n = c(n)

(mod 2'<">).

(2)=>(1): We have to show that φ^rH±.φa is excellent. We first consider

the case where r = 0 (mod 2e ( w )) It is clear that rH is excellent. Let p o , . , Pr-i

be the chain of Pfister forms of rH. Then for any /, Ogί:gί — 1, p f is hyperbolic.

Let τ 0,..., τ s _, be the chain of Pfister forms of φa. Then we have 2 e ( π ) + 1 |2r =

dimr//, hence 2 e ( n ) + 1 Idimp,-! . The fact dimτ o = 2β<π> implies that d i m τ o <

dimp r _! and τo\pt-ι. By Lemma 3.3, φ = rHLφa is excellent. We now con-

sider the case where r = c(n) (mod 2 e ( w )). We put m = e(dim φ) and r' = 2m — r — n.

Then r + n = 0 (mod2e<π>) and r' = 2m-r-n = -r-n = 0 (mod2e<">). By the

case where r = 0 (mod2e(Λ))» the form ψ = r'H±( — φa) is excellent. If dimφ is a

power of 2, then 2m = 2r + n. Hence r' — 2m — r — n — r and we obtain φ=—φ.

Thus (/> is excellent. If dimφ is not a power of 2, then r' — r = 2w — r— n — r —

2 m - d i m φ > 0 . So rf>r. We have ι // lφ^r r i f l ( -φ Λ )_Lr// lφ α = (r/-f-r + n)//

= 2mH. This implies that φ is the first complementary form of ψ and φ is ex-

cellent. Q. E. D.

REMARK 3.6. Let φ be an excellent form. By Proposition 3.1, φa = ( — l ) ^ t

for some f/f which is the /th complementary form of ψ>. Let r be the Witt index

of φ. Then r = 0 (mod 2*(π)) if i is even and r = c(ή) (mod 2e ( w )) if i is odd.

REMARK 3.7. Let n be a natural number, and we denote the 2-adic expansion

of n as follows: n = 2Γ o(2 s o+ + l ) + +2 Γ i (2 S i + + i ) + . . . + 2 r - ( 2 s - +

-hi), where r i + si + 2 ^ r i _ 1 for any /, 1^/^m. Let φ = <p0 — p ^ X be an n-

dimensional excellent form with the chain of Pfister forms p 0 , . . . , pt-\- By

Remark 1.4 and Remark 1.5, there exist Pfister forms τh l g / ^ ί — 1 , such that

Pi^TfSPi-i. We have (pι-ί— p . ) ^ < p . ® τ ί — P/>=p, ®τ;, where τj is the pure

part of τ, . Then <p 2 i — P2i+i)=P2/+i® τ2i + i» the subform of φ9 corresponds to

2Γi(2Sί + + l). It means d i m p 2 t + 1 =2n and d imτ 2 i + 1 = 2 5 H hi . As for

the height of a form φ, denoted by h(φ) (cf. [2]), if φ is an anisotropic excellent

form, then h(φ) is determined by m, rm and sm as follows:

(1) If rm > 0, sm > 0 then /?(<?) = 2m+ 2.

(2) If rm > 0, sm = 0 then /ι(φ) = 2m + l.

(3) If rm = 0, 5m > 0 then h(φ) = 2m + 1 .

(4) If rw = 0, sm = 0 then /i(φ) = 2m.
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