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1. Introduction

In this paper we consider the higher order functional differential equation of
the form
(E) xM()+F(t, x(t), x(g1(1)),..., X(gn(D)),-.., x"~D(D),..., x("D(gy(£))) =0
and its particular cases

(A) xM() — -1 (0 fu(x(9x(1) = O,
(B) xM(1) + Zh=1 PO SX(g4(1)) = 0,

where the deviating arguments g,(t) are of general type.
It is assumed that the function F(t, u,..., uy, ud?’,..., u§p~?) satisfies either
the condition

€)) F(t, ug,..., uy, uSV,..., u®P,..., uMuy >0
or the condition
) F(t, tigye.., tiy, a0y u,e, My < 0

in the domain

Q= {(t, uj?): te[a, ®), uou; >0, 0<I<N, 0<g<n-—1}.

By a proper solution of equation (E) we mean a function x e C*[[T,, o), R]
which satisfies (E) for all sufficiently large ¢ and sup {|x(¢)]: t>T}>0 for any
T>T, We make the standing hypothesis that equation (E) does possess proper
solutions. A proper solution of (E) is called oscillatory if it has arbitrarily large
zeros; otherwise the solution is called nonoscillatory.

When equation (E) is ordinary (g,(t)=t, 1 <i<N), the oscillatory properties
of (E) satisfying (1) are essentially different from those of (E) satisfying (2). In
case (1) holds, the “property A’’ is typical for equation (E): if n is even, then all
proper solutions are oscillatory, and if n is odd, then every proper solution is either
oscillatory or monotonically tending to zero as t—co. On the other hand, when
(2) holds the “property B’ is typical: if n is even, then every solution is either
oscillatory or else tending monotonically to infinity or to zero as t—oo, and if n
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is odd, then every solution is either oscillatory or tending monotonically to infinity
as t—oo.

In many cases the same situation is typical for retarded equations of the form
(E) (g{()<t, 1<i<N). For standard results in this direction the reader is
referred to the book [1].

Oscillatory properties of solutions of functional differential equations with
deviating arguments of mixed type are in general essentially different from those
of ordinary and retarded differential equations. The first results on oscillation of
first order functional differential equations generated by deviation of arguments
of general type were independently obtained in the papers [2, 3,4]. One of the
coauthors of the present paper seems to be the first to have discovered that all
proper solutions of higher order functional differential equations involving
both retarded and advanced arguments may be oscillatory [5]. He showed
that all proper solutions of the even order equation

3) xM(t) — p*x(t+no) — q"x(t—nt) =0

are oscillatory provided the positive constants p, q, o and 7 satisfy pec>1 and
get>1, and that the same is true of the equation

xM(f) — p|x(t+0)|* sgn x(t+0) — q|x(t—7)|? sgn x(t—7) = 0

for any positive constants p, q, «, f, ¢ and 7 such that a>1 and 0<f<1. (Note
that the odd order case of (3) has been studied by Ladas and Stavroulakis [6].)
Some results on oscillation of functional differential equations with general
deviating arguments can be found in the papers [7, 8, 9].
Here we deal mainly with equations (A) and (B). Throughout the paper we
assume the following conditions to hold:

(A) Pns 9r € C[[(l, OO), R]’ ph(t) = Oa limt—wo gh(t) = 0, IShSN,

(B) f,e€C[R, R] and uf,(u)>0 for u#0,1<h<N.

Under additional assumptions on the nonlinearity of f, we give explicit conditions
under which all proper solutions of equations (A) and (B) are oscillatory. As a
consequence we are able to see that there is a class of functional differential

equations with a single deviating argument, all proper solutions of which are
oscillatory.

2. Main Results

Let g,(t), I<h<N, be fixed. We define the subsets .=z, and £, of [a, )
as follows:
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o, = {te[a, 0): g,(t) > t}, R, = {te[a, 0): g,(t) < t}.

&, and £, are the sets on which the deviating argument g,(f) is advanced and
retarded, respectively.
The following four theorems are the main results of the present paper.

THEOREM 1. Let n>3 be odd. Suppose that there are integers i, j and
k, 1<i,j, k<N, and a positive number M such that the following conditions
are satisfied:

@) [ toan-r1piar = oo;
®) [ =g 0-1p ot = o
(6) Sy " 1p(t)dt = o0;

fi(u) is monotonically increasing for lu|>M and

O

gw du S—m du ——

< 0, < 00,
M fu(u) -m fu(u)
Then all proper solutions of (A) are oscillatory.

THEOREM 2. Let n be even. Suppose that there are integers i and j, 1<,
J<N, and a positive number M such that the conditions (4), (5) and (7) for h=i, j
of Theorem 1 are satisfied. In addition suppose that there are an integer k,
1<k<N, and a positive number m such that

® SA, [t—gut)]"" ' p(t)dt = co;
fi(u) is monotonically increasing for lu|<m and
m du S‘—m‘—d—u~
v S"O Si(w) < % o Fo(®) < 00.

Then all proper solutions of (A) are oscillatory.

THEOREM 3. Let n be even. Suppose that there are integers i and j, 1<,
J<N, and a positive number M such that the following conditions are satisfied:

(10) [ 200~ p(ar = o

(11 g .t""lpj(t)dt = o0;
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fu(u) is monotonically increasing for |u|>M and

® du ~® du e
(12) SMf—h(u) < o, S-Mf——,,(u) <o, h=ij.

Then all proper solutions of (B) are oscillatory.

THEOREM 4. Let n>3 be odd. Suppose that there are an integer i, 1<
i< N, and a positive number M such that the conditions (10) and (12) for h=i of
Theorem 3 are satisfied. In addition suppose that there are an integer k, 1<
k<N, and a positive number m such that

(13) (=001 pidt = co;

fi(u) is monotonically increasing for |u|<m and

m  dy -m dy
S+o T =% S~ofk(u) <

Then all proper solutions of (B) are oscillatory.

0.

(14)

Let us now consider the following equations which are particular cases of
equations (A) and (B):
(©) xM(f) — p(t) f(x(g(2)) = O,
(D) xM(1) + p(0)f(x(9(1)) = 0.

We suppose that p, g € C[[a, ), R], p(t)>0, lim,_, , g(f)=0, fe C[R, R] and
uf(u)>0 for u#0. Let o/, Z<[a, o) be the sets on which the deviating argu-
ment g(t) is advanced and retarded, respectively, that is,

& = {te[a, ©): g(t) > t}, 2 = {tela, ©): g(t) < t}.

The following corollaries are immediate consequances of Theorems 1-4.
They show that in some cases the presence of a single deviating argument of
mixed type is sufficient to force all proper solutions of a functional differential
equation to oscillate.

COROLLARY 1. Let n>3 be odd and there exists a positive number M such
that f(u) is monotonically increasing for |u|>M and

{_tow-r1m1p0dt = oo

[, =2t~ 11p(0at = co;
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S =1 p(f)dt = oo;
o

® du ~* du
SMW«D, S_M},m<oo.

Then all proper solutions of (C) are oscillatory.

COROLLARY 2. Let n be even and there exist positive numbers M, m such
that f(u) is monotonically increasing for \u|>M, |u|<m and

L [9(t)— 1" p(f)dt = oo
S, 2L g(t)— f1p()dt = oo

[ r—g@rpdt = oo;
z

b < oty <
S'Zo%< o, Si’:}g(%<oo.

Then all proper solutions of (C) are oscillatory.

COROLLARY 3. Let n be even and there exists a positive number M such that
f(u) is monotonically increasing for |u|>M and

{290 11(ydt = oo;

g t"~ip(H)dt = o0;
o

S‘” du < o, S“” du

0 o ) S

Then all proper solutions of (D) are oscillatory.

Q0.

COROLLARY 4. Let n>3 be odd and there exist positive numbers M, m
such that f(u) is monotonically increasing for |u|>M, |u|<m and

[ =290~ p(tat = oo;

[, g1 1pds = oo;
x

g“’du<oo,g

M f(u)

~® du

) =

@



650 A. F. IvaNov, Y. KiTAMURA, T. Kusano and V. N. SHEVELO

Slffﬁ) * S:f?u)

Then all proper solutions of (D) are oscillatory.

ExampLE 1. By Theorems 1-4 all proper solutions of the equations
x(M(t) — p|x(t+sin £)|* sgn x(t +sin t) — g|x(t—sin 1)|# sgn x(t —sin t) = 0,
xM(t) + p|x(t+sin £)|* sgn x(t+sin t) + q|x(t—sin t)|# sgn x(t—sin t) = 0,
are oscillatory provided p>0, ¢>0, «>1 and 0<f<1.

ExAMPLE 2. Define the function f(u) by
J@y=u* O0<u<l), f=u’ W21, f(-u)=-f(u),
where 0<a<1 and f>1. Then from Corollaries 1-4 it follows that all proper
solutions of the equations
x"(t) — f(x(t+sint)) =0,
xM(t) + f(x(t+sint)) = 0,

are oscillatory.

3. Proofs of Theorems

PrROOF OF THEOREMS 1 AND 2. Let x(f) be a nonoscillatory solution of (A).
Without loss of generality we may suppose that x(?) is eventually positive. From
(A), x((t) is eventually positive, so that there is an integer [ € {0, 1, 2,..., n}
such that I=n (mod 2) and

(15) x() >0, 0<i<l, (—Dx()>0, I<i<n,

for all sufficiently large ¢, say t>t,>a. Let T>t, be so large that g,(t)>t, for
t>T, 1<h<N.
First suppose that I=n. Then integrating (A) and using (15), we have

i

as ¥ =z 0@ + | EoI0E v as

g (t(n S)Z)v pi(8) fi(x(g;(s)))ds, t=>T.

Take any T'>T and let T,=supr.r max {g(?), t}. Dividing (16) by f(x(t))
and integrating over [T, T;], we obtain

T x'(2) T: 1 t (t—s)2
ST TGy % = S FA€10) S =21 Pi()fi(*(9:(s)))dsdt
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T Ti (t—s)""2 fi(x(gi(s)))
=S pi(S)S (n—sz)! ' j)":(z(t)s) drds

T Tt (t—s)""2  fi(x(g:(5)))
Jo 20 G Ly e

(17)

v

) (1= )2 £,(x(g,(5)))
2 g pil) [ GO LD dras.

Since I=n>3, lim,_, ., x(f)=oc0 and the number T in (17) may be chosen so large
that x(s)>M for s>T. Since f(x(?)) is increasing for t> T, f{(x(g:(s)/ f(x(®)) =1
for s<t<g(s), seZN[T, T']. From (17) it follows that

Ti  x'(¢) gi(9) (f — s)n~2
XT fi(x@)) @ = Smn[r,r']pi(s) gs (n-2)! deds

B (_nlLle Smn[r T’]pi(s) Lgi(s)—s]""ds.

Letting T’— oo in the above and using (7), we see that

® du
is—s"‘lisdsgn—llg < 00,
[ 0@ =T ds < =117
which contradicts (4). .
Next suppose that 2<I<n. In view of (15) we have

(18) X = zg;{-(‘(T__Tl);—,_lxanr) +f i‘(%’%;_—fxw(s) ds
> S; (t(%s)zl)_;x(')(s)ds, t>T,
and
x0) = Tzt (=)L w0 + (- 1 [Ty ar
> | p )9, ar,
the latter of which yields in the limit as s— oo
19) 0@ > ("6 £y0xlg, 0, 12T

Combining (18) with (19), we have for t>T

0 2 [ G (T ) 5, 07 e ) drds
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2 [ (T as)paiteta, 0

(20)

= St <S; (I—Z()r'—(:?_n[_s_ K dS>Pj(’)fj(x(gj(’)))dr

T
= e, D[ (=T)"2p,017,(x(9,00)ar,

where c(n, [) is a positive constant depending only on n and [. Take any T'>T
and let T;=supr<.<r max {g;(¥), t}. We divide (20) by f/(x(?)) and integrate over
[T, T;], obtaining

Jo sty 4= <00 7y, =T tp o o dsas

=c(n, 1) S:j (s=T)"2p;(s) SSTJ m——“fjﬁjcng;)))) dtds
1) , -
> c(n, 1) S: (s=T)"2p;(s) ST Jixlg () fgfgif('t(;)))) dtds

- ® fi(x(g,(5)))
s—T"z.sng Ji S dtds.
( ) p_]( ) s fj(X(t)) S
Note that lim, ., , x(f)= o0, since [>2. We can take T so large that x(s)>M for
s>M. Since f(x(g($N/f(x(1))=>1 for s<t<g(s), se; N [T, T'], we conclude
from (21) that

>c(n, 1) S

o iN[T,T']

_ 1 (® du
Tyt sTosis < ot 17 7 A <o
[ ey 6= TP L0,9) =Sl s < cn, 71 |
which contradicts (5).
Now suppose that I=1. This is possible only if n is odd. Then it follows

from (19) that

p ® (r—gp)n?
@2) x> | CZOEE O fixgmar, 12 T,

Take any T'>T and let T,=supr<,<7- max {g,(¢t), t}. Dividing (22) by fi(x(?))
and integrating over [T, T,], we obtain

T x,(t) Tk 1 @ (,-__t)n—z
ST FACIO) Rk S,. YACIO)] S =y PO Se(x(gu(r))) drdt

Tk r —f\n—2
@ =( e O LEGON 4 g,

(T =072 £ux(@ ) 4
2, ipiay 2§ O LD gy
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If we suppose that lim,_, ., x(f)=x, < 00, then it follows from (23) that

pi(N(r=T)tdr < c(n—2)'gxo _du_ 0
y K - xm Sfi(u) ’
where ¢ is a positive constant. But this contradicts (6), and so we must have

lim,_, ,, x(f)=o00. In (23) T may be chosen so large that x(t)>M for t>T. Then
(23) yields

)2 sty = |

SJRH[T,OO

T =" fi(x(gi(r))
Pi(r) ST =T f),i(x(t)) dtdr

r(r=p"? _ 1 S -1
> = - n
- Sxkn[T,T'lpk(r) ST (n—2)! ddr (n—1)! dkn[T.T’]p"(r)(r Tyridr,

A N(T,T"]

and letting T'— oo and using (7), we are again led to a contradiction to (6).
Finally suppose that /=0, which is possible only if n is even. In this case we
have

— %) = £t (- )OS 4 0w ar

for s>t>T. Choose T'>Tso that g, ()>Tfort>T', 1<h<N,andlet T*>T’
be fixed. Using (15) and (A), we see from the above that

, T* (s_t)n*z *
@ —x©=( CDp @), T<t<T"

Dividing (24) by f(x(?)) and integrating over [T, T*], we obtain

T* ’(t) T 1 T* (s _t)n—2
- o ar= fk(xm)g T P94 () dsd

t

(T (5 (=07 f(x(g,(5)
= {, o, G20 Fiey) s

™ S (s—=0)"? fi(x(gi(5)))
> ST’Pk(S)ST TR kfk(xzt)) dtds.

If lim,_, , x(f)=x, >0, then from (25) we see that

(" nG-Tr1ds < o,
3

which contradicts (8). If follows that lim,_, , x(f)=0. In (25) T may be taken so
large that x(s) <m and x(g,(s))<m for s>T. Noting that f(x(g.(s))/fi(x(t))>1
for gi(s)<t<s, se #.n[T', T*], we conclude from (25) that

[s = 9u()1" pp(9)ds < (n—1)1 [ 2

—_— < ©
gakn[r',oo) o Jfr(u) ’
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which also contradicts (8). Thus the proof of Theorems 1 and 2 is complete.

ProOOF OF THEOREMS 3 AND 4. Let x(f) be a nonoscillatory solution of (B).
We may suppose without loss of generality that x(t) is eventually positive. From
(B), x("(t) is eventually negative, and so there is an integer /{0, 1,...,n—1}
such that I=n—1 (mod 2) and

(26) xO(1) >0, 0<i<l, (=1 xO(@) >0, I<i<n,

for all sufficiently large ¢, say t>t,>a. Let T>t, be so large that g,(t)>1, for
t>T, 1<h<N.
First suppose that 2<I<n—1. Then we have

7) X(f) = X! (L(‘_Tll)_xmm + S'T %T—_s—%;—!—zx”)(s) ds
> gT %iLxm(s)ds t>T,
and

@8) 20 = Tist (-0 EZHT0) + (~) PO e

> g —E;—?Tp ") Fi(x(g.()))dr, s>t>T.

Combining (27) with (28) yields inequality (20) and the subsequent proof proceeds
exactly as in the corresponding part of the proof of Theorems 1 and 2.

Next suppose that /=1, which is possible only if n is even. From (28) we
then have

0 = ("D 50 g e, > T,

wherefrom the proof is the same as in the corresponding part of the proof of
Theorems 1 and 2.

Finally we consider the case where /[=0. Note that this is possible only if
nis odd. From the equation

—x'(t) = T3zt (= 1)ix(s) (fi—_’};'!‘ _S ((rn-_t)Z;'!2 X0 () dr

and in view of (26) and (B) we obtain

—x@ > | S i )x(aus)) ds

for T<t<T*, where T* is sufficiently large. Thus we have obtained inequality
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(24) and from this point on the proof is entirely the same as in the corresponding
proof of Theorems 1 and 2. This completes the proof of Theorems 3 and 4.

4. We conclude with the remark that the results obtained for equations
(A) and (B) may easily be extended to more general equations of the form (E).
For instance, in case n is even, if we assume that the function F(t, uq,..., uy,
ulV,..., u{r~1) satisfies the inequality

F(ta Ug,..., Uy, ug)l)a'"’ ugvn—l)) sgn Uy = ph(t)fh(uh) Sgn Uy, h = i: j’

in the domain Q and that the functions p,(f) and f,(u) satisfy the conditions of
Theorem 3, then we conclude that all proper solutions of (E) are oscillatory.
Theorems 1, 2 and 4 allow similar generalizations.
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