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An infinite-dimensional semisimple Lie algebra
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The following has been an open question which is asked at the end of [1]:
If a Lie algebra Lover a field of characteristic zero is locally finite and semisimple,
is Lnecessarily locally finite-dimensional-and-semisimple? We will give a negative
answer to this question and investigate an interesting property of the Lie algebra
constructed for the above purpose. We should notice that the converse of this
question is true.

First we consider a well known Lie algebra. Let V be a vector space of in-
finite dimension over a field of characteristic zero, S the set of all transformations
of V considered as a Lie algebra, A the set of elements of S of trace zero (in the
sense in §4 of [2]) and F the set of elements of S of finite rank. It is shown in [2]
that A is infinite-dimensional and simple and that Cg(4A)={xe S:[x, A]={0}} is
the set of scalar multiplications. Itis easy to see that F2= A and F is locally finite.
Further the only ideals of F are {0}, A and F. Let o(F) be the locally solvable
radical of F. Since [o(F), A]={0} by the fact that A is not locally solvable,
o(F)=Cg(A)n F={0}. Thus F is semisimple.

Next we construct an infinite-dimensional semisimple Lie algebra. Let
f be a field of characteristic zero and S; be a Lie algebra over f with basis {x;, y;,
h;} and multiplication [x;, y;]1=h;, [x;, h;]1=2x;, [y;, hi]l=—2y; for i=1, 2,....
Let z be a derivation of @2, S; defined by x,~2x;, y;—> —2y;, h;—0 for i=1,
2,... . Consider the split extension L= @2, S;+Iz.

Let a(L) be the locally solvable radical of Land take an element w= Y"1, a;x;
+Xm by + Xk ey +dz (a;, by, ¢, deX) of o(L). Since [w, S,imsp+1]S
o(L) N Sy4m+p+1 =10}, we have d=0. Therefore wea(L)n @2, S;={0}. This
implies that Lis semisimple.

THEOREM. There are locally finite and semisimple Lie algebras over a
field of characteristic zero which are not locally finite-dimensional-and-
semisimple.

Proor. Let M be a locally finite-dimensional-and-semisimple Lie algebra
over a field of characteristic zero. Then for each element x of M there is a finite-
dimensional and semisimple subalgebra F, of M containing x. Since M=
> em Frand M22Y  F2=3 . F,=M, we must have M= M2,

Let F and L be the Lie algebras given above. Then F2=A#F and L2=
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®.S;#L. Therefore F and L are locally finite and semisimple but not locally
finite-dimensional-and-semisimple. Q.E.D.

We will show an interesting proerty of our Lie algebra L.

PROPOSITION.  Every finite-dimensional subalgebra F of L containing z is
of the form S®R where S is a semisimple subalgebra of F and R is the non-
trivial solvable radical of F.

Proor. Throughout the proof all a;, b; and ¢, will be elements of f.
Let X=>%,x, Y=>2,fy,and H=> 2, th,.

(1) F=(FnX)+(FnY)+(FnH)+1z.

Let w=x+y+h be an element of F where xe X, yeY and he H. Then
[w, z]1=2(x—y)eF. Hence 2x+heF and x=[2x+h, z]/4eF. Therefore
heF and yeF.

If Fn X={0}, then F is solvable. Hence we may assume that F n X #{0}.
Further assume that F€ @7, S;+fz and put A={1,...,n}. For x=Y1L, a;x;€
(FnX)—{0} we put A(x)={ieA: a;#0}. Consider X={A(x): xe(FnX)—
{0}} and Z* be the set of all minimal elements of X with respect to the order given
by inclusion.

(2) If A(x)=A(x')€2*, then x and x’ are linearly dependent.

Put 2*={A(u,),..., A(u,)}. Then by (2) the u; are determined up to scalar.
We denote A(u;) by A(i). Let [u;, FnY]#{0} withi=1,...,pand [u;, FNY]=
{0} with i=p+1,..., m. When [u;,, FnY]={0} fori=1,....m,[FnX, FnY]=
{0} and hence F is solvable (see the proof of (5)).

(3) For each u;=3 ;. 4y a;x; (1<i<p) there exists v;=3 ;44 bjy;€FNY
such that a;b;=1 for any je A(i). We put t;=[u;, v;]=23 jc4q) h; for i=1,..., p.

Let y'=>7_, ¢y, be an element of F such that [u, y']#0. Then [u,
(i, Y 11=2% jea a3¢;x;€(F N X)—{0}. By (2) there exists a non-zero element
a in T such that a%c;=aa; for any je A(i). Now v;=y'/a satisfies the condition.

4 A@)nA(j)=gfor1<i<j<p.

Let us write u;= 3 4;) @X. If A() N A(j)#8, then [u;, t;,]#0. Hence
A() N A(j)eX. By minimality of A(j) we have A(i) N A(j)=A(j). This implies
that A(i))=A(j). Therefore i=j by (2). '

(5) Let B=A—\Ul; A(F). ThenFnX=3% fu;+(Fn X;pix;) and [Fn
2ien Ix;, F N Y]={0}.

Let x=3%,a;x; be an element of FNnX. Since [x, t1=2 3 jc4u a;X; €
FNX, Y6 ajx;=bu; for some b;ef by (2). Therefore by (4) we have x=
201 (Xjea %)+ X jep ajxj=2%-; bu;+ 2 jep a;x;, which implies the first
assertion. To prove the second assertion we assume that there exist x=
2jesa;x; and y=31_; ¢y, in F such that [x, y]#0. Let C={jeB: a;c;#0}.
Then C#¢ by our assumption. Since [x, [x, y]]le (FnX)—{0}, CeXZ. We
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can take g with p<q<m such that A(g)=C. But since [u,, y] #0. We have
1<g<p. Thisis a contradiction.

6 FnY=XL,t,+(FnX,sty) and [FNn X,s¥y;, FNX]={0} can be
shown as in (5).

(N FnH=XI,t+(F N Xipth).

Let h=3 -, c;hy be an element of F N H and write u;=3 ;4 a;x; (1<i<
p). Then [u, h]1=23 ;.44 a;c;x;e FNX. By (2) there exists b;ef such that
a;c;=b,a; for any je A(i). Therefore by (4) h=31-; (T reac) ikl + Zren =
28y biti+ Zken iy

(8) Conclusion. Let T;=%u;+%v;+%; for i=1,..., p. Since [u;v]=t,
[u;, t;1=2u; and [v;, t;]= —2v; by (3), T;is simple. By (1), (5), (6) and (7) we have
F=30 T+ (F N XiepIx)+(F N Xiep Iy) +(F N Xiepth) +1z. We nowput S=
2Py Tiand R=(F N Xieptx)+(F N Xiep Ty) +(F N Xiep Th) +1(XF=1 ti—2). By
simple computation we have [S, > 7, t;—z]={0}. Thus [S, R]={0} by the
definition of B, and we have F=S®R. Since > !, T;=®%, T, by (4), S is
semisimple. On the other hand R ={0} by (5) and (6), R is solvable. Q.E.D.
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