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Introduction

H. J. Bremermann [6] introduced a Dirichlet problem for plurisubharmonic
functions on some bounded pseudoconvex domain and characterized the Silov
boundary as the unique closed regular boundary for this Dirichlet problem, and
presented the following conjecture.

CONJECTURE. The Silov boundary of a bounded pseudoconvex domain Ω
with C2-boundary in Cn coincides with the topological closure of the set of
strictly pseudoconvex boundary points of Ω.

Recently, using Kohn's global regularity theorem [10] for 5, M. Hakim-N.
Sibony [9] showed that this conjecture is valid when Ω has C°°-boundary.

In the present paper, we consider this problem when Ω is a Riemann domain
over Cn and we show that the above conjecture is valid when Ω is a holomorphi-
cally convex set with respect to some uniform algebras of holomorphic functions
on Ω.

The author wishes to thank Professor F-Y. Maeda for his constant encourage-
ment and advice and Mr. M. Takase for his suggestions.

§ 1. Notation and definitions

A (unramified) Riemann domain over Cn is a Hausdorff space R with a locally
homeomorphic mapping p: R->Cn, called a projection of R. There is a unique
complex structure on R such that p: R->Cn gives a local coordinate system at
each point of R. We shall assume in this paper that R has a countable base of
open sets. Let Ω be a relatively compact subdomain of R and O(Ω) be the algebra
of all holomorphic functions on Ω and 0{Ώ) be the algebra of the restrictions to
Ω of holomorphic functions on some neighborhood of Ω.

Let Λ(Ω) = C(Ω) Π O(Ω), which is a uniform algebra. When A is a closed
subalgebra of A(Ω) which contains 1, we call A a uniform subalgebra of A(Ω).
Further when A separates points of Ω, A is said to be separating.

Let SA be the spectrum of A, i.e., the set of non-trivial continuous multi-
plicative linear functionals on A, which is endowed with the weakest topology
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making any Gelfand transform / oΐfeΛ continuous, where/is defined by/(χ) =

χ(f) for all χeSA. We denote by A the set of all Gelfand transforms of functions

in A. If A is separating, there is a natural topological imbedding Ω<=SA by the

point evaluation mapping λ: Ω->SA given by λ(z)(f)=f(z). When Ω = SA, i.e.,

λ is bijective, and so homeomorphic, Ω is called an yl-convex set or holomor-

phically convex set with respect to A.

We denote by ΓA the Siloυ boundary for A. A point z e Ω is called a

for A if there is anfeA such that/(z)= 1 and | / | < 1 on Ω\{z}, and a

point for 4̂ if there is an fe A such that /(z) = 1 and | / | < 1 on (U Π

for some neighborhood 1/ of z in R. Let M A be the set of peak points for A.

Since Ω is metrizable, by Bishop's Theorem [3], MA is the minimal boundary

for A if A is separating (see Gamelin [7]). When Ω has C2-boundary, a boundary

point z of Ω is said to be strictly pseudoconvex, if the restriction of the Levi form

of the defining function of dΩ to the complex tangent space at z is positive definite.

Let SP(dΩ) be the set of strictly pseudoconvex boundary points of Ω.

§ 2. Steinness of ^-convex set

E. Bishop [4] and H. Rossi [13] proved that the spectrum S0(Ω) of the

Frechet algebra O(Ω) with the topology of uniform convergence on compact

subsets of a Riemann domain Ω over Crt (abbreviated to c.o. topology) can be

given a structure of a Stein Riemann domain over C" and is precisely the envelope

of holomorphy of Ω.

We state this result as follows (see [2], [8] I-G).

THEOREM 1 (Bishop, Rossi). Let Ω be a connected Riemann domain over

Cn with a projection p = (pι,->., pn) and S o ( β ) be the spectrum of the Frechet

algebra O(Ω) with c.o. topology. Then SO(Ω) can be endowed with a structure

of a Stein Riemann domain over Cn with a projection p = (Pi9 -, pn) satisfying

the following conditions (a), (fo), (c), (d):

(a) The complex structure of SO{Ω) is compatible with the natural topol-

ogy, i.e., the weak * topology of Sow.

(b) The point evaluation mapping λ: Ω->S0{Ω) is locally biholomorphίc

and it is into biholomorphic when O(Ω) is separating.

(c) The Gelfand transformation gives a ring isomorphism from O(Ω) to

O(SO(Ω)); that is, O(SO(Ω)) = O(Ωr.

(d) If Ω' is a Riemann domain over Cn and a holomorphic mapping ψ:

Ω-+Ω' gives a canonical ring isomorphism ψ*: O(Ω')-+O(Ω) defined by ψ*(f) =

foψ, then there exists a holomorphic mapping h: Ω'->SO ( Ω ) such that λ = ho\l/.

F.T. Birtel [2] used this theorem to show the following proposition (see

[2] p. 44).
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PROPOSITION 2 (Birtel). Let K be a compact set in Cn with J t ^ 0 and A
be a uniform subalgebra of Λ(K) which contains the coordinate functions zί9

..., zn. If K is A-convex, then K is a Stein domain.

We extend this proposition as follows.

THEOREM 3. Let R be a Riemann domain over Cn with a projection p =
(pl9...,pn)and Ω be a relatively compact subdomain of R and suppose (Ω)° = Ω.
Let A be a uniform subalgebra of A(Ω) which contains jPi!«,..., jpjβ. If Ω is
A-convexf then Ω is a Stein Riemann domain over Cn.

PROOF. It suffices to prove that any connected component of Ω is a Stein
Riemann domain over Cπ, so we shall suppose Ω is connected.

If Ω is not a Stein Riemann domain, then by Theorem 1 the point evaluation
mapping λ is not surjective. Hence there is a point χ° of the boundary d(λ(Ω))
of λ(Ω) in SO(Ωy Let {χn}neN<^λ(Ω) be a sequence which converges to χ°. By
compactness of Ω, the sequence {zn = λ~ί(χtι)}neN has a cluster point z°edΩ.
Then p(χ°) = p(z°) in Cn. Since β and p are locally biholomorphic mappings,
there are neighborhoods V of z° in R and U of χ° in SO(Ω) respectively such that
the mapping p~lop: V-+U is biholomorphic.

Now we define a mapping X: Ω u V-*λ(Ω) U U by

on V

Since p = poλ on Ω, 1 is well defined and a biholomorphic mapping. We set
/=/oI for fe A(Ω). Then / is a unique holomorphic continuation of / to Ω U V
by Theorem 1 and clearly / extends continuously to Ω so that / = / on Ω, i.e.,
?eA(Ω)nO(ΩΌV).

Since (Ω)° = Ω, there is a point weV0\Ω for any neighborhood Vo of z° with
FQCZF. Consider the mapping φ: A-+C defined by φ(f)=f(w) Then φ is a
multiplicative linear functional on A. By Theorem 1, we have f(Ω)=f(SOiΩ))
for all/e,4(Ω), since iff(S0{Ω))\f(Ω) is not empty the function l/(/—c) for some
cef(S0(Ω))\f(Ω) is holomorphic on ί2 but (l/(/~c))^ = l/(/-c) has poles on
S0(Ω). It follows that |/(w)|^ | |/ | |β, so that φeSA. Hence by the hypothesis
that Ω is ^4-convex, there is a z e Ω such that φ = λ(z). Thus, if we show that there
is a function g e A such that g separates the points z and w for some Fo and
w e V0\Ω, then we obtain a contradiction.

Now Ω is a relatively compact subdomain of an unramified Riemann domain
.R, so Ω is finitely sheeted. Let Dε be a ball in Cn with center p(z°) and radius
ε > 0. Since Ω is finitely sheeted, we can take ε0 so small that each component of
p~ί(Dεo) Π Ω contains a unique point of p~ί(p(z0)) Π Ω. We denote the points
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of (p~\p(z0)) Π Ω)\{z0} by z1,..., zm. Since A separates points of Ω, there are
functions gj^A, j = l,..., m, such that gj(z°)φgj(zj) for j = l,..., m. By con-
tinuity of gj9 there are βj, j = l9...9m and connected neighborhoods Vj(z°) of
z° in # and 17/z') of z> in # for ; = 1,..., m such that F/z°)c=F, p(F/(z°)) =
p(Uj(zJ)) = Dεj and gjτ)ϊgjζ) for any τe F/z°) and any ζeUfaJ) n 0. Let
θ' = Min {ε0, fii,..., εm} and let Fo be the connected neighborhood of z° in JR such
that p(V0) = DE>. Then clearly FoczF, and any point w of Vo is separated from
each point of (p~1(p(V0)) 0 Ω)\V0 by some gj 0 = 1,..., m) and each point of
Ω\P~KP(^)) by some p, (i = l,..., n).

Hence for any point weFo\Ω there is a function geA such that ^ separates
the points zeΩ and w. Q.E.D.

§ 3. Silov boundary of Λ-convex set

R. F. Basener [1] showed that a peak point for A(Ω) is a limit of strictly
pseudoconvex boundary points. We can state this result as follows.

PROPOSITION 4 (Basener). Let Ω be a relatively compact subdomain with
C2-boundary of a Riemann domain R over Cn. Let A be a subset of A(Ω).
Then, we have MA<=:SP(dΩ).

We shall need the following lemma.

LEMMA 5. Let Ω be as in Proposition 4. Let A be a uniform subalgebra
of A(Ω) which contains O(Ω). Then any strictly pseudoconvex boundary point
of Ω is a local peak point for A.

PROOF. Let z e SP(dΩ). Since a projection p: R-*Cn is locally biholomor-
phic, (U, p) is a coordinate neighborhood of z for some small neighborhood U
of z in R. Then by H. Rossi [12] (the proof of Theorem 5.6), there are a suitable
regular affine transformation L and a polynomial F such that (F°Lop)(z) = 0 and
ReF<0 on (Lop) (U Π Ω)\(Lop) (z). If we set /=exp 0F°L°p), then by the above,
/is a holomorphic function on R such that /(z) = 1 and | / | < 1 on (UθΩ)\{z}.
Hence z is a local peak point for A. Q. E. D.

Now we state and prove our main theorem.

THEOREM 6. Let Ω be a relatively compact subdomain with C2-boundary
of a Riemann domain R over Cn. Let A be a uniform subalgebra of A(Ω) which
contains O(Ώ). If Ω is A-convex, then ΓA, = SP(dΩ) for any uniform subalgebra
A' such that AaA'<^A(Ω)9 especially ΓAφ) = SP(dΩ).

PROOF. AaA'aA(Ω) implies MΛc:MA>czMAφy Since Ω is metrizable,
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by Bishop's Theorem [3], we have ΓA, = MA>. Since MA>aSP(dΩ) by Pro-

position 4, it suffices to prove that SP(dΩ)aMA.

For z e SP(dΩ), by Lemma 5 there is an fe A such that /(z) = 1 and | / | < 1

on (U Π Ω)\{z} for some neighborhood U of z in R. By the assumption that Ω

is 4-convex, the point evaluation mapping λ is a homeomorphism. Since / =

foλ on 0, we have/(>l(z)) = l and | / | < 1 on λ(U nΩ)\{λ(z)}, i.e., A(z) is a local

peak point for A on SA. Then by the local peak point theorem of Rossi [11]

(see Gamelin [7]), λ(z) is a peak point for Λ. It follows that z is a peak point

for A. Hence z e MA. Q. E. D.

§ 4. Remarks

(1) Let Ω be a relatively compact subdomain of a Riemann domain R

over CM. Let H(Ω) be the topological closure of 0(Ω) in C(Ω). Then H(Ω) is

a uniform subalgebra of A(Ω). Ω is called an S^-set when Ω = Γ\™=1Ωn with

Stein domains Ωn in R. H. Rossi [12] showed the following results.

PROPOSITION 7 (Rossi). // Ω has C2-boundary and Ω is an Sδ-set, then

PROPOSITION 8 (Rossi). If Ω is an Sδ-set, then Ω is H(Ω)-convex.

From Proposition 8, Proposition 7 is an immediate consequence of Theorem

6. On the other hand, J. E. Bjδrk [5] presented an example of a bounded pseu-

doconvex domain Ω in C" such that Ω is jF/(Ω)-convex but not an S^-set. Hence

our Theorem 6 can be a proper extension of Proposition 7.

(2) In case Ω has C°°-boundary, applying Kohn's result [9] we can extend

the result of M. Hakim-N. Sibony [8] as follows.

PROPOSITION 9. Let Ω be a relatively compact pseudoconvex subdomain

with C^'boundary of a Riemann domain R over Cn and suppose A(Ω) is

separating. Then we have
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