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Regular points for a-harmonic functions
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Let D be an open set in the n-dimensional Euclidean space R* (n=2) and let
0<a<2. A boundary point x,€ 0D is said to be regular for D with respect to
a-harmonic functions, or simply a-regular for D, if fgpe, =¢,,, Where ¢, is the
unit point measure at x, and B%, denotes the balayage to the complement CD
of D with respect to the a-potentials, i.e., the potentials of the kernel |x|*~" (cf.
[1; Chap. V]). Denote by Dg,, the set of all a-regular points for D. In the
problem section of [2], J. Vesely asks whether there exists a relatively compact
open set D such that

1 Dz, # Dg,, whenever a # o O<a,a <?2).

One of the purposes of this note is to answer this question, that is, to construct
an open set D with property (1).

Through a communication with J. Vesely, the author learned that M. Kanda
of Tsukuba University indicated him another solution to this problem which is
more probabilistic.

Now, let us recall Wiener’s criterion for a-regularity ([1; Theorem 5.2]):
Wiener’s criterion: Let D be an open set and E=CD. Let 0<g<1 and

E,=En {xeR"; ¢g**"' < |x—xo|l < ¢*}, k=1,2,....
Then, x, € 0D is a-regular (0 <a<2) if and only if

(2) zzo=l Cu(Ek)qk(a—n) = 00,

where C, denotes the a-capacity (Riesz capacity of order «; cf. [1; Chap. II]).
Now, we extend the definition of a-regularity for 0<a<n by the above equality
(2). In section 1, we shall construct an open set D for which (1) holds for O<a,
o' <n.
By the definition of the a-capacity, we see easily that if 0<a<a’<n, then
C(F) = Co(F)d(F )~ =

for any bounded Borel set F, where d(F) denotes the diameter of F. Therefore,

in veiw of Wiener’s criterion, 0 <a<a’'<n implies D¢,, = D%, for any open set D.
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Thus, in connection with Vesely’s problem, we can ask whether there exists an
open set D for which

(3) Ua<ﬂ Dgeg # Dfeg
and
(3)’ ma>ﬁ' Dgey 7& Df;g

hold for all B, p’'€(0, n). In section 2, we shall construct an open set D for
which (3) and (3)’ hold for all 8, ' €(0, n—1].

§1. For aeR" and r>0, let B(a, r) denote the closed ball with center at

a and radius r.
Let 0<g<1, 0<f<n and for each k=1, 2,..., put

a, = (27'(¢* + ¢**1), 0,...,0)eR"
rip =271 (1 —q)g kB,
Consider the sets
E® = U B(ay, ry ) U {0} and D® = CE®,
Then, we have

LemMMA 1. Let O<a<n. Then 0e(DP)z,, if and only if a=p.

ProOF. First, note that E{Y’ =B(a,, rp).k=1, 2,....
Since C(B(a, r))=A,r""%, A,=C,B(0, 1)), we have
Tt CAEP)GH ™ = 4, T2 (re,g)" 0k @™
= 4277 (1= )" Ty KOOI,

Hence, by Wiener’s criterion, 0 € (D®)z, if and only if

TR, k(rmo/(B=m = oo,

i.e., if and only if a > B.

Taking 7, ;=271(1—q)q*[k(log k)2]'/~™ in place of r,z we can similarly
construct a closed set E® such that, for D® =CE®, 0 (D®)z,, if and only
if a>p.

Now, let {§,}2-, be an enumeration of all rational numbers in the open
interval (0, n). For each m, let x,,=(0,..., 0, 1/m)e R" and let E be the closure
of

Up-y {Xm+x; x€ E(Bm}

Then we have
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THEOREM 1. Let D={xe R"; |x|<2}\E for the closed set E defined above.
Then, for any distinct o, «’ € (0, n),

1):eg # l)feg'

ProOF. Let O<a<a’'<n. Then there is m such that a<f,, <a’. Set E,, =
{X,+x; xe E#»}  Since B(x,, p)N E=B(x,, p)NE, for some p>0, x,, is y-
regular for D if and only if x,, is y-regular for CE,,. Thus, by Lemma 1, x,, is
o'-regular but not a-regular. Hence Dg,, #Dg,,.

§2. Letn=2and O0<g<n~2. We use the notation:
Ly =A{(t X2, x,); 0 St S n—1, (Xl xP'2 S /(D}, k=2,3,.,
where f,(t)=2"1(1—¢q)g*k'/t*1-m (0<t<n—1) and fi(n—1)=0,
Ly ={t0,.,0;0=<t=<n-1},
E =Ly U U2, {0,..,0,27Y(g*+g**)) + x; xe L},
O ={(xpsee0 X Xl S g%, i=1,2,...,n}, k=1,2,..,
Qi =1{(0,..,0) + x; x€Qy},
T(s, 1) = {(X1,--s X); 0 S xy S5, (Zhz xPHV2 S 1}
T(s, r) is a cylinder and the a-capacity of T(1, r) is estimated as

a,rmt7e < C(T(1, r)) < byrmie if r<1,

where a, and b, are positive constants depending only on a« and n (cf. [3;
Theorem 5.2]). By the above estimate and the equality C,(T(s, r))=s""*C,(T(1,
r/s)), we have

asr=17% < C(T(s, 1)) < b,sri1-2 if r<s.

To simplify the calculation, we modify Wiener’s criterion in the following
form: Let P,=(a,0,...,0) and D be the complement of E. Then, P,edD is
y-irregular if and only if

281 CH(E N Q4,)g" ™™ < 0.
LeEMMA 2. If O<a<fB<n-—1, then Py&DZ,, and Pye D?,,, i.c.,
\Up<p Doy # DE,,  forall Be(0,n—1).

ProOF. First, we show P, e D! There is an integer N such that if k=N,

reg*

then C4(E N Qy 5) = Cy(Ly N Qi 5) = C4(T(q", fi(B))). Hence we have
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2ien C4(EN Oy, pg*tb—m

=_>_ ZIZO=N aﬂqk(ﬂ+1—n)(2—l(l _q)qkkl/(ﬂ+1—n))n—1—ﬁ
=aq27 (1 —g)" P XN kT

= 0.

Next we show that Py&Dg,,, if a< B. There is an integer N and a con-
stant &, 0<e<1, such that if j=k>N, then C,(L;n Q, ) = C(T(2g*, f(B—q*))
and jn~1-0)/(B-a¥+1-m < j-1-e< k~1-¢  Thus, by countable subadditivity of C,
(cf. [1; Chap. I1]) and the fact that C(L,)=0 for 0O<a<n—1, we have

2N g TMCL(EN Qx,p)
S XN Ei CoT 24", f,(B—4*))
S TEn g T, b,2g¢ (271 (1—g)gd jHBm e 1mmy-ia
S e YRy kTt B, g/
S XinkiTr< o0,
where ¢, ¢’ are constants depending only on ¢, n and «.
Now we consider the following function f, instead of f;:
Jul®) = 271(1 = g)g*(k(log k)?)1/*1=m (0 <t < n—1),
fln=1) =0,
and construct [, and E by this f, as before. Then, for D=CE, we have
LeMMA 3. If 0<fB<a<n—1, then Py DE,, and PyeDe,,, i.e.,
Nasp D2y # DE,,  forall Be(0,n—1).

ProOF. Let N be a sufficiently large integer. Then as in the proof of Lemma
2, we have

DR=N C[f(E NQk g ™
SENGET T, Ci(TR4 , f;(B—4%)))
¢ Y iy g1 (k(log k)2) (=1 =PI (B=ak+1=m $0  gitn=1-p)

¢ Ein (k(logk)?)~1/(1+da%) < oo,

IA - NIA

IIA

where ¢, ¢’ and d are positive constants depénding only on g, n and f. Thus,
PyeDE,,.
If f<a, then
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Sen CAEN Qg™ 2 Tty ColT(¢*, Su(B))g =
Z;‘LN c(k(log k)2)(n—1—a)/(ﬂ+1—n)

o0,

v

which shows P, e Dz, ,.
Now we have
THEOREM 2. There exists an open set D with the property
Ua<p Dieg # Dfe, and  Mgsp D, # DI,
for all B, p'e(0, n—1].

Proor. Using the sets E and E constructed above and the sets E("~1 and

E(=1) given in the previous section, we can easily construct a required open set
D.
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