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A note on bounded positive entire solutions
of semilinear elliptic equations
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In this note we are concerned with bounded positive entire solutions of the

second order semilinear elliptic equation

(1) Δu + a(x)f(u) = 0, xeΛV

where n ^ 3 and A is the n-dimensional Laplace operator. By an entire solution

of (1) we mean a function u e C2(Rn) which satisfies (1) at every point of Rn.

We assume throughout that a(x) is a locally Holder continuous function on Rn

and/(w) is a locally Lipschitz continuous function on (0, oo) which is positive and

nondecreasing for M > 0 . AS usual, |x| denotes the Euclidean length of xeRn.

Our result is the following:

THEOREM. Suppose that there exist locally Holder continuous functions

a*{i) and α*(ί) on [0, oo) such that

(2) - α » ( | x | ) g α ( x ) g f l (|x|) for xeR";

(3) tf*(0 and <z*(ί) are nonnegative for t ^ 0;

(4) ( ta*(t)dt = A* < oo and ( ta*(t)dt = A* < oo.
Jo Jo

Define the sets L* and L* by

(5) L* = {4\£>0 and £-f(β)A^(n-2)-ί>0},

(6) L* = {£\£ = c-f(c)A*(n-2)-1>0 for some c>0},

and suppose that L* i l l * /s nonempty.

Then, for any £ eL* Π L*? ί/ẑ re exists an entire solution u(x) of (1) which

is positive for xeRn and satisfies

(7) u(x) > £ as |x| > oo.

Observe that, in the case of /(M) = M>', if ^ = ^ l * > 0 then the set L* r\L*

becomes the interval:

L* n L* = (0,(l-r 1 X(«-2)/y^*) 1 ^- 1 ' ] for γ>ί;
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L* Π L* = (0, oo) if A* = A* < n-2 for y = l ;

L* () L* = (((n~2)μs j ί)
1/(>'-1), oo) for 0 < γ < 1.

In [4] Ni proved that, when/(w) = wy with y > l , if |α(x) |^φ*(|x |) for

and

(8) φ*(t) = O(tP) for p < - 2 as r — > oo,

then (1) has infinitely many positive entire solutions which are bounded and

bounded away from zero in Rn, and moreover that if in addition either α(x)^0

or α(x)?gθ for all xeRn

9 then (1) has infinitely many positive entire solutions

which tend to positive constants as |x|->oo.

Recently Kawano [2] improved Ni's result by showing that, when f(u) = uy

with arbitrary non-zero γ (allowed to be negative), the same conclusion as Ni's

holds even if condition (8) is replaced by the weaker one:

(9) ί°° tφ*(t)dt < oo for γ Φ 1,
Jo

(10) Γ tφ*(t)dt <n-2 for γ = 1.
Jo

Our result asserts more strongly that, when f{ύ) = uy with γ positive, if

Kawano's condition (9) or (10) is satisfied then not only infinitely many positive

entire solutions which are bounded and bounded away from zero in Rn can be

obtained, but also the limit of a positive entire solution as |x|->oo can be arbi-

trarily specified in the interval L# Π L* as above. Furthermore our result asserts

that the sign condition of a(x) is unnecessary in proving the existence of positive

entire solutions which tend to positive constants as |x|-+oo.

Related results are also contained in [3].

For the proof of Theorem we make use of the following lemma.

LEMMA. Suppose that there exist bounded positive functions w,ve

C&KR"), λe(0, 1), such that

Δw + a(x)f(w) ^ 0, xeR",

Av + a(x)f(υ)£0, xeR",

and

w(x) g ί (x), x e Rn.

Then (1) has an entire solution u(x) satisfying

w(x) g u(x) S v(x)9 xeRn.

This lemma was first proved by Akό and Kusano [1] and was recently proved
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by Ni [4] without the assumption of boundedness of w and v.

PROOF OF THEOREM. Let ^eL*nL*. From the definition we have £>0,
£-f(£)A*(n-2)-1>0 and £ = c-f(c)A*(n-2)-1 for some c>0. Define the
function z(t) on (0, oo) by

z(t) = £ - ^SI

It is easily seen that z'(t)^O for ί>0, z(t)^£ as ί-»oo, z(t)-+£-f(£)A*(n-2)-1

as ί->0, and (ίπ-1z'(ί))'=/(^)'w~1α*(0 f o r *>0. Therefore the function w(x)
on Kπ defined by

w(x) = z(\x\) for x Φ 0; w(x) = ^ - / ( ^ M ^ n - 2 ) - 1 for x = 0

satisfies 0<£-f(£)A*(n-2Yι^w(x)^£ for xeK", and w(x)-^ as |x|-*oo.
Moreover it is immediately verified that w(x) is twice continuously differentiable
in the whole space Rn and satisfies Aw(x)=f(£)a*(\x\)^. — a(x)f(w(x)) for every
xeRn.

On the other hand, the function y(t) on (0, oo) defined by

y(t) = c - -4^τ- Γ sn-*([S ra*(r)dr)ds (t>0)
t Jo \Jo /

has the properties that: / ( ί )^0 for t>0, y(t)->c-f(c)A*(n-2)-1 = £ as ί-^oo,
y(t)-^c as ί->0, and (ί«-y(ί))'= -/(c)ί"-1α*(ί) for ί>0. It follows that the
function i?(x) on KM defined by

ι (x) = y(\x\) for x # 0; t (x) — c for x = 0

satisfies 0<£<^v(x)^c for xeRn, v(x)->£ as |x|^oo, and Av(x)= - / ( φ * ( | x | ) ^
— α(x)/(ι;(x)) for every xeRn.

Thus we see that w(x) and u(x) satisfy all of the required conditions in the
above lemma, and so we conclude that equation (1) has an entire solution u(x)
satisfying (11). Since \im^x^(Xiw(x) = \im^x^o0v(x) = £, (7) is clear. This
completes the proof.
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